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Abstract. The objective of this work is to model the soot generation in the combustion of turbulent
jet diffusion flame of the biodiesel substitute, methyl decanoate. Fuel oxidation and soot generation
were described using a simplified kinetic mechanism based on the HACA mechanism, and the
flamelet concept was applied to the temperature and mass fraction equations of the species. Two
empirical equations were used to calculate the volume fraction and soot number density, which
presented results compatible with the literature.
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1 Introduction

The search for clean and renewable energy has been, in recent decades, a subject of global
interest, both because of the need to reduce environmental and economic impacts. Studies on
different types of energy and their viability have been in focus and in terms of engines, alternatives
to gasoline and conventional diesel have been considered. However, the study of combustion and
generation of pollutants is still challenging.

Biodiesel, for example, has a highly complex structure that makes it difficult to model [5].
Therefore, biodiesel substitutes, such as methyl decanoate (MD − C11H22O2) have been widely
accepted, due to the simple formulation and combustion characteristics similar to those of biodiesel.

One of the main pollutants generated in the combustion of biodiesel is soot, which is defined as a
cluster of carbon microparticles and other solid materials dispersed in the air. Soot particles evolve
and change over the course of the burning process and predictions about their spatial distribution,
volume fraction and numerical density are important for the development of favorable engine
conditions to reduce this pollutant.

In this work, we model the formation and oxidation of soot in the combustion of turbulent
diffusive flames from MD. We describe the flamelet concept, the turbulent reactive flow equations
and the semi-empirical equations that characterize the stages of soot formation and oxidation.
Comparisons are presented and are in accordance with the results of the literature.
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2 Model formulation

2.1 Flamelet concept

In turbulent and diffusive combustion processes which one the reaction velocity is faster than
the transport phenomena the flamelet concept can be used. In this concept, the turbulent flow field
for certain variables is interpreted as a collection of asymptotically thin flames, so they come to be
considered as laminar flames. In this way, the turbulence and the chemical part of the combustion
process are modeled separately [3].

The flamelet concept is applied to the mass fraction equations of the chemical species involved in
combustion and to the temperature, becoming one-dimensional and time-dependent equations [7].
That is, a coordinate transformation is done, applied to the flame surface, with a new Z coordinate
and time τ . The variable Z represents the fraction of the fuel-oxidant mixture.

Considering realistic situations, treating finite chemical reaction rate and fluctuations in the
flow field, the temperature and mass fraction of species equations are written as [7]:

∂Ψ

∂τ
=
χ

2

∂2Ψ

∂Z2
+ ω̇Ψ; (1)

where Ψ represents the temperature and mass fraction of species, χ is the scalar dissipation rate,
ω̇Ψ is the source term.

The scalar dissipation rate is associated with the convection and diffusion effects of the mixing
process and it is expressed as χ = 2D(∇Z)2, where D = DZ , or D = Dk, or D = DT is the molar
diffusivity of Z, mass diffusivity of the species k or thermal diffusivity, respectively. The scalar
dissipation rate is directly involved to the system turbulence, since the greater the turbulence, the
greater the fraction gradient of the mixture and, therefore, the greater the scalar dissipation rate.
Peters (1984) approximated the scalar dissipation rate using the error function [7]:

χ = χst
exp{−2[erfc−1(2Z)]2}
exp{−2[erfc−1(2Zst)]2}

; (2)

where χst is the stoichiometric scalar dissipation rate, taken equal to 5/s and 10/s [10].
If we consider global mechanisms, mainly the one-step mechanism, and a high Damköhler

number, which means taking the chemical reaction infinitely fast, there is an approximate solution
to the Burke-Schumann solution for the main variables [8]:

For Z < Zst: 
YF = 0;

YO2 = YO2,2

(
1− Z

Zst

)
;

T = T1 +Q1Z.

(3)

For Z ≥ Zst: 
YF = YF,1

(
Z − Zst
1− Zst

)
;

YO2
= 0;

T = T1 +Q2(1− Z);

(4)

where YF is the mass fraction of the fuel, YO2
is the mass fraction of the oxidant, T is the

temperature, Zst =
YO2,2

νYF,1 + YO2,2
is the stoichiometric mixture fraction, YO2,2 and YF,1 are the

mass fractions of the oxidizer and fuel in the free stream, respectively; T1 is the initial temperature,
Q1 and Q2 are parameters to the adiabatic temperature of the flame.
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2.2 Turbulent flow equations

The other variables involved in the problem are expressed using the complete Navier-Stokes
equations and to model the turbulence, which encompasses several scales, numerical procedures
such as the LES (Largy Eddy Simulation) technique are applied. The LES technique consists
of applying a spatial filter [9] to conservation equations, whose variables are rewritten as the
sum of two terms: one of average values, which represents large-scale movements and they are
solved numerically; and a floating-value term, which represents small-scale movements and they
are modeled.

In the LES technique, the Reynolds and Favre averages [3] are used, presented respectively in
the equations (5) and (6). The Favre average is composed by a density weighted average and it is
indicated for modeling compressible flows with large variations in density.

Φ = Φ + Φ′; with Φ′ = 0 and Φ = lim
∆t→+∞

(
1

∆t

∫ t0+∆t

t0

Φ(t)dt

)
; (5)

and

Φ = Φ̃ + Φ′′; with ρΦ′′ = 0 and Φ̃ =
ρΦ

ρ
= lim

∆t→+∞

(∫ t+∆t

t
ρΦ(t)dt∫ t+∆t

t
ρdt

)
. (6)

Using the described averages, the equations for reactive turbulent flow are obtained:

∂ρ

∂t
+
∂(ρũj)

∂xj
= 0; (7)

ρ
∂ũi
∂t

+ ρũj
∂ũi
∂xj

= − ∂p̃

∂xi
+
∂φij
∂xj

−
∂(ρũ′′j u

′′
i )

∂xj
; (8)

ρ
∂Z̃

∂t
+ ρũj

∂Z̃

∂xj
=

∂

∂xj

(
ρD

∂Z̃

∂xj

)
−
∂(ρũ′′jZ

′′)

∂xj
; (9)

∇2p = ∆t

(
∂ρ

∂t
+
∂(ρũj)

∂xj

)
; (10)

ρ
∂Ỹk
∂τ

= ρ
χ̃

2

∂2Ỹk
∂Z2

+ ˜̇ωk; (11)

ρ
∂T̃

∂τ
= ρ

χ̃

2

∂2T̃

∂Z2
+ ˜̇ωT ; (12)

where ρ is the density, ui is the velocity component in the direction i, p is the pressure, φij is the
viscous stress tensor component and Yk is the mass fraction of the species k.

The Reynolds tensor, ρũ′′j u
′′
i , represents the tension exercised by fluctuations in the turbulent

flow. This term can be approximated by the velocity gradient ρũ′′j u
′′
i = −ρµT

∂ũ

∂y
, where µT is the

turbulent viscosity, an artificial parameter that represents the resistance associated with flow.
The Agrawal-Prasad model [1] proposes an analytical solution for the turbulent viscosity in

turbulent axisymmetric jet, given in the form:

µT = UcLc

√
π

8

erf(ξ)

ξ
; ξ =

r

cx
, (13)

where Uc ≈ x−1/2 is the velocity profile on the jet central line, L ≈ x is the characteristic length,
c ' 0.107 is the Agrawal-Prasad coefficient and r is the radius of the axisymmetric jet.
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2.3 Soot formation and oxidation

Soot precursors, polycyclic aromatic hydrocarbons (PAHs), usually are formed during the pro-
cess of incomplete combustion of hydrocarbon-rich fuels, under high temperatures, near to the
stoichiometric region of the flame.

Soot formation can be described by the following steps [2]: inception, particle growth, coagula-
tion and oxidation. In the first step, the fuel molecules break and the formation of PAHs and soot
begins; in the second, the soot particle nucleus grow up and the particles earn mass and volume,
forming larger particles; during coagulation, the particles agglomerate attaching with each other;
and finally, in oxidation stage, the particles can be oxidized for O2 or OH, removing carbon atoms
from the particle and, in some cases, fragmenting the particle. This last step is important to reduce
the size of soot.

The hydrogen abstraction carbon addition (HACA) [2] mechanism has been used to describe the
formation of soot. In several studies, this mechanism was combined with reduced or skeletal mech-
anisms for hydrocarbons and their surrogates, in order to predict soot generation. Although the
use of simplified mechanisms reduces the precision of the results of soot generation, the advantage
of the lower computational cost stands out.

In this context, the soot generation prediction from empirical and semi-empirical models also
contributes to the reduction of computational costs and, even so, presents reasonable precision.
The semi-empirical model presented by Cai et al. (2016) [4] is composed of two equations that
describe the volume fraction (ρYs) and the soot number density (Ns) and, including the steps of
inception, growth, coagulation and soot oxidation. The general form of the equations are:

d(ρYs)

dt
= α1 + α2 − α3 − α4, (14)

d(Ns)

dt
= β1 − β2, (15)

where α1, α2, α3, α4, β1 e β2 are source terms defined below.
As the species C2H3 directly influences the soot inception [4], it is written as:

α1 = Lα1
× exp(−Eα1

/T )× ρ× YC2H3
, (16)

β1 =
α1

WC2H3
× Cn

, (17)

in which WC2H3
is the molecular mass of C2H3 and Cn = 12 is the number of carbon atoms in the

initial soot particle.
For the particle growth, it is considered that acetylene, C2H2, is the main species to attach the

others, thus contributing to the growth of the soot surface. The equation for the source term for
this step is as follows:

α2 = Lα2
× exp(−Eα2

/T )×
√
S × ρ× YC2H2

, (18)

where S is the soot surface area, given by:

S = πNs

(
6ρYs
πρsNs

)2/3

, (19)

in which ρs = 1, 8gcm−3 is the density of the soot particle.
Coagulation reduces the number of soot particles, thus influencing only in equation (15). So,
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β2 = 2, 25× 1015 × T 1/2 ×Ns. (20)

In contrast to the soot particle growth, oxidation occurs through two routes: oxidation by O2

or by the radical OH. Since MD is an oxygenated hydrocarbon, greater amounts of O2 and OH
are expected and this directly influences oxidation and also indirectly reduces the amount of C2H3.
This is one of the factors for the production of soot in biodiesel to be lower than in conventional
diesel.

The oxidation by O2 is modeled by the equation:

α3 = Lα3 ×
12× S
Ms

(
KAPO2

1 +KZPO2

x+KBPO2
(1− x)

)
, (21)

where Ms is the molecular mass of one carbon atom, PO2
is the partial pressure of oxygen and

x =
PO2

PO2
+Kt/KB

, (22)

KA = 30× exp(−15800/T ), KB = 8× 10−3 × exp(−7640/T ), (23)

KT = 1, 51× 105 × exp(−49800/T ), KZ = 27× exp(3000/T ). (24)

The oxidation by OH is expressed as:

α4 = Lα4 × γOH × χOH × T−1/2 × S × exp(−19023/T ), (25)

where γOH = 0, 1 represents the collision efficiency between the soot particle and the radical OH
and χOH is the molar fraction of OH.

The parameters Lα1
, Lα2

, Lα3
, Lα4

, Eα1
and Eα2

are chosen from a sensitivity study developed
in [4]. Variation of these parameters softens or accentuates the peak soot volume fraction, and
some combinations of parameters significantly alter the volume fraction gradients.

3 Numerical results

A simplified mechanism of oxidation of the MD and the main reactions of the HACA mechanism
involving acetylene and C2H3 were coupled. The equations were discretized by the finite difference
method and solved by Rosenbrock method [3] for turbulent jet diffusion flame. The burner has a
10× 1u domain in the axial and radial directions. The nozzle length is unitary and its diameter is
0.1u. The mesh has 251× 51 vertices and it is refined in the region close to the jet nozzle.

The mass fractions of C2H2 and C2H3 were compared with the data presented in [4] and are
shown in the figures (1) and (2). These species are essential for the soot formation. The last figure
also shows the mass fraction of the radical OH, important for soot oxidation.

The flamelet equations for soot volume fraction and soot density number were solved consid-
ering the optimized parameters described in the table (1). The fuel considered in this work is a
biodiesel surrogate (MD) pure. In [4], a mixture of 25% MD, 25% methyl-9-decanoate (MD9D)
and 50% n-heptane was used; then, for the comparison, the stoichiometric region was slightly
shifted to the right to coincide with the stoichiometric region related to the combustion of the trio
of biodiesel surrogates. The simplified model predicted larger gradients of soot volume fraction in
the stoichiometric region of the flame as well as in [4], overestimating this value by ≈ 3.7× 10−5.
This increase is expected when a reduced number of reactions is used to model combustion and
soot generation.
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Table 1: Optimized parameters of the two equation model.

χst Lα1 Eα1 Lα2 Eα2 Lα3 Lα4

5 625 10000 3, 0× 1011 40000 200 8, 15× 1013

Figure 1: Mass fraction of acetylene.

Figure 2: Mass fraction of C2H3 and OH.

Figure 3: Volume fraction of soot in the combustion of the MD.
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4 Conclusions

In [4], a 115 species reduced mechanism was used for a mixture of three biodiesel surrogates.
In this work, we consider a 25 species simplified mechanism for a single biodiesel surrogate: the
MD. The use of simplified models is useful for a first study of soot generation in the combustion of
biofuels, since the computational cost is small and the results obtained, although overestimating
some values, are in agreement with those obtained in the literature, obtained numerically and
experimentally.

Although the model is simplified, it considers different steps for the formation and oxidation of
soot, addressing all the important characteristics of soot generation and being able to predict the
peak regions of fraction of soot volume.
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