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Introduction

By the different nature between obtained results, we split the introduction in
a motivation for modelling American options and a (rough) statement of reg-
ularity results and a motivation for Vlasov systems and a (rough) statement
of its Lagrangian structure.

American options

We begin by recalling the Black-Scholes model (see [12], [25]), which states
that a (vector) stock price S; at time ¢ evolves as

dSj = (r—d;)S;dt + 058, dWY,
j=1
where W, is the (vector) Brownian motion, r is the short rate, d is the
continuously compounded dividend rate of the stock, and o is the volatility
matrix of the stock. In this model, r is a non-negative constant, and o is a
non-negative constant matrix. Moreover, it is usual to denote 7 = 0 as the
“now” and 7 = T as the expiring time. It is well known (see [12], [25]) that
the price of the option V;(S) solves the celebrated Black-Scholes equation:

—0.V; — %szzl 0455:5;0s,5, Vi + D14 (r — d;)S;08,Vy — Vi = 0;
VT = wa

where 1 is a known non-negative function, and it is the payoff. By the change

of variables t =T — 7 and x; = log S;, we simplify the problem:

o — % szzl 03j0p,2,u + > i (1 — di — 04:/2)Op,u — ru = 0;
U(07 ) = ¢7



where u(t,z) = V;(5) is the rational price. Notice that the Black-Scholes
model does not allow sudden changes in the stock price S;. For this purpose,
Merton [28] added a “jump” term in the evolution of Sy, that is,

S = (r — d)Sidt + Y 0381 dW] + Y'Si AN},

j=1
where N} is a Poisson process “counting the jumps” of S! with size Y. The
corresponding PDE is then modified (see [12]) with a non-local term:

{@u—%a:Dzu—b-Vu—Tu—lCu:O; 1)

u(()? ) =1,

where b= (dy +011/2 —1,...,dp + Opn/2 — 1),

n

Ko(t,z) = /n [U(t, r+y)—v(tx)— Z(eyi — 1)0y,v(t, z)| p(dy)

i=1

and p is the associated jump measure. System (1) models European op-
tions, since one can only exercise at the expiration date (recall that in (¢, x)
coordinates, the expiration date is ¢ = 0). In contrast, American options
do allow exercises prior than the expiration. We may split the domain into
{u > 1} and {u = ¢}, which are known as continuation and exercise regions,
respectively. These names suggest that the first time we enter the exercise
region, it is optimal to exercise the option, otherwise (that is, when we are
in continuation region) we should continue the evolution of v as in (1). This
information is encapsulated in the following PDE:

{min{atu—%az D*u—b-Vu—ru— Ku,u—1} = 0; 2)

u(0,-) = 1.
If there is no jump term, i.e., u = 0, the regularity of (2) is well-
understood (see [25]). We assume that ¢ = 0, so that all the regularity

comes from the jump term. As in [7], we assume that du(y) behaves as
ly|~""2¢dy as leading order, so that & can be written as

Ko(t,z) ~ —(—=A)°v(t,z) + Zo(t, x),



where (—A)® is the fractional Laplacian and it is defined by

~aps = [ TU=S

Y

and Z is a non-local operator of lower order with respect to (—A)®. Notice
that under this assumption, the regularity of the solution of (2) depends on
s:

S

e if s < 1/2, the gradient term is of greater order with respect to (—A)*,
and we do not expect any regularity result for wu;

e if s = 1/2, the gradient and the fractional Laplacian have the same
order, and the problem becomes very delicate;

e if s > 1/2, we expect that diffusion provided by the fractional Lapla-
cian dominates and w is as regular as the solution of the fractional
heat equation obstacle problem, i.e., the regularity is the same as the
solution of (2) with b=0,r =0, and Z = 0.

The main goal of the first part of the thesis is to investigate the expected
regularity in the case s > 1/2.
Thus, we study in chapter 1 the obstacle problem

{min{@tu + (—A)*u — Ru,u — ¢} = 0; 3)

U(O, ) =1,

where R == (r +b-V 4+ Z) is a lower order operator with respect to (—A)°.
We were unable to find the existence of solutions for the obstacle problem
(1.1) in the literature and we present a proof in Chapter 1. Nevertheless,
in the elliptic case, Petrosyan and Pop [29] prove existence and regularity
results when Z = 0, b € C*(R™";R"), r € C*(R") is negative bounded away
from zero, and 1) € C3%.

In order to study (3), we assume some regularity of Z, namely, Z is a
convex non-local non-linear uniform elliptic operator (see (iv) for a rigorous
definition and some examples) and that the payoff (from now on, it will be
called obstacle) is globally W2° N C?. The main result of chapter 1 is the
following (see Theorem 1.32):



Theorem (Rough version). In this setting, there exists a unique solution u
of (3). Moreover, it is globally Lipschitz in space-time and

1—-s 1—

(=A)PueCZ " "((0,T] x R").

1=s_o+ 1-s
{atu SHOA ©((0,T] x R™);

Our regularity in time would be optimal if we did not have 0" in the
Holder exponent of Qyu. It is natural to expect that

s

815“’ S t,x ((OvT] X Rn)’

however, this is unknown even for the fractional heat operator. In fact,
the same type of regularity of solutions has been addressed by Caffarelli and
Figalli [7] when b = 0, Z = 0, and r = 0. In the setting of [7], the regularity of
the free boundary for the obstacle problem has been investigated by Barrios,
Figalli, and Ros-Oton [5], where they show the free boundary is of class
O in space-time. Their techniques, however, heavily depend on the scale
invariance of the operator, do not readily extend to the general problem (1.1),
and can be the subject of a future work.

Relativistic Vlasov systems

We begin by stating the relativistic (diffusion-free) Boltzmann equation:

Ouful,0) +0 - Vafulw,v) + A, 0) - Vo fi(w,v) = Ouf | (2,0),

where fi(z,v) is the distribution of particles in the phase space (x,v) at time
t with acceleration A;(z,v), 0 := (14 |v|?)~!/2v is the relativistic velocity, and
the right hand side term models the collision of the particles (here, we have
chosen the speed of light ¢ = 1). The right hand side should be understood
as an operator which is applied into the distribution of particles f;. If we
assume that the system is collisionless, that is,

atft(xav) + - szt<x7v) + At(x>v) : vat<l',v) = 07 (4>

we have the Vlasov equation. Notice that the acceleration may be self-
consistent, i.e., the particles exert forces between themselves, so that A,



depends on f;, turning the equation into a non-linear system. Classical ex-
amples are the Vlasov-Poisson system, where A; is the electric field given
by Coulomb’s Law, and Vlasov-Maxwell system, where A, is determined by
Lorentz force law with electromagnetic field given by Maxwell’s equations.
In Appendix 2, we shall assume that the acceleration is given by

Ay(.v) = gi(w) + 7 (Ei(@) + 0 x By(x)

where ¢;, Iy, and B; are the Newtonian gravitational, electric, and magnetic
fields, respectively, and ¢ and m are the particle charge and mass. Newto-
nian gravity implies that g; = GmV(—A)"!p;, where G is the gravitational
constant and p; the density of particles. We now assume that the electro-
magnetic field satisfies one of quasi static limits of Maxwell’s equations (see,
for instance, [27] and references therein):

V- EB=Lp, V.B,=0, VxE=0 VxB=2LJ4+8E (5)
€0 €o
or
V E=2Lp VB =0 VxE=-8B, VxB =2l (6
€0 €o

where J; is the relativistic particle current density and it is treated as a
given (vectorial) function. Equations (5) and (6) are known as the quasi-
electrostatic (QES) and quasi-magnetostatic (QMS) limit, respectively. The
solution of (5) is

Ey = —EV(—A)ilﬂt, and B; = 1y x (=A)""
€0 €0
while the solution of (6) is
Ey = -4 (—A)p — gat(—A)_IJt, and B = 1y x (—A)
€0 €0 €0

Notice that the leading term in QES limit is the electric field, and in QMS
is the magnetic field. Hence, if we are in QES case, we can write A; only in
terms of p; and Jy:

2
q r—y
A f— —
@) <47T €om Gm) /RS ov) |z —y[? w
2
q . r—=y
X J, X d
‘ /R3 ) |z —y[? v

9



where €, is the electric permittivity. Now, define the critical charge q. as
q. = /41 egGm.

If ¢ > q., we have that the electric field is stronger, and up to a redefinition
of p; and J;, we may write the acceleration as

Ay(z,v) = / pe(y) K (z —y) dy + 0 x / Ji(y) x K(z —y)dy,
R? R3
where K (x) = (47)71z/|z|?. Analogously, if ¢ < q., we have

At(x,v):—/Rgpt(y)K(x—y)dy+@>< /R3Jt(y) X K(z —y)dy.

In both cases, if we drop the magnetic field (since it is a lower order term),
we have the relativistic Vlasov-Poisson system. Moreover, notice that in
the critical case ¢ = ¢q., we only have the magnetic force acting in Vlasov
equation, which is exactly the same as if we only considered the leading term
in the QMS limit, that is, the relativistic Vlasov-Biot-Savart system.

Thus, we write

Oufe +0-Vofi+ (B +0x By) -V, f; = 0;

pi(x) = fRB fi(z,v)dv, Jy(x) = ng 0 fi(z,v) do;
Ey(x) = 0E [gs pe(y) K (z — y) dy;

By(x) = 05 [gs Ji(y) x K(z —y)dy,

where o € {0,%+1}, op € {0,1}. We are interested in the Lagrangian
structure of (7). We summarize what (7) models depending on o and op:

(7)

e Relativistic Vlasov-Poisson equations: charged particles under a
self-consistent electric field or particles under a self-consistent electric
and gravitational fields with particle charge ¢ > q. if o = 1, o = 0;
motion of galaxy clusters under a gravitational field or particles under
a self-consistent electric and gravitational fields with particle charge
q < q.if og = —1, op = 0 (see, for instance, [13, Chapter 5] and
references therein);

e Relativistic Vlasov-Biot-Savart equations?: charged particles un-
der a self-consistent magnetic field; particles under a self-consistent

2This terminology, albeit not standard, is in analogy to the Vlasov-Poisson system,
since the magnetic field obeys the Biot-Savart law.

10



quasi-electrostatic (QES) electromagnetic and gravitational fields with
particle charge ¢ = q. if o =0 and o = 1;

e QES relativistic Vlasov-Maxwell equations: charged particles un-
der a self-consistent QES electromagnetic field; particles under a self-
consistent QES electromagnetic and gravitational fields with particle
charge ¢ > q. if op = o = 1;

e Relativistic gravitational Vlasov-Biot-Savart equations:

charged particles under a self-consistent magnetic and gravitational
fields; particles under a self-consistent quasi-magnetostatic (QMS) elec-
tromagnetic and gravitational fields with particle charge ¢ < gq. if
op=—1and op = 1.

Note we allow o5 = op = 0, that is, (7) to be the linear transport equation,
but its theory is classical and we shall not consider it. Moreover, the fact that
the critical charge evolution system coincides with the Vlasov-Biot-Savart
system suggests that the displacement current 0; Fy behaves like a lower order
term; see (5). This is well-known in Electrodynamics [22]; Maxwell predicted
theoretically as a correction of Ampere’s law. Nonetheless, we show that
it behaves like a lower order term in the magnetic potential energy; see
Lemma 2.19 and Remark 4.

Concerning the existence of classical solutions of (7), we refer to [6, 21, 23],
where the existence of local solutions for the relativistic Vlasov-Poisson sys-
tem is established. As mentioned in [13, Chapter 5, Section 1.5], very little
is known regarding the existence of global solutions for general initial data.
However, existence results can be found, for instance, for spherically and
axially symmetric initial data; see [20, 19]. In the aforementioned results,
it is required higher integrability assumptions and moment conditions on
the initial data. To be more physically relevant, it is desired to avoid such
hypotheses even though classical solutions may fail to exist. We thus con-
sider renormalized and generalized solutions, which allow us to establish a
Lagrangian structure for the system, global existence results, and (under
suitable energy bounds) a global in time maximal regular flow, as we explain
in 2.

The main goal of the second part of the thesis is to study the Lagrangian
structure of (7) under suitable hypothesis. In the seminal paper of DiPerna
and Lions, they introduced the concept of renormalized solution (see Defini-
tion 2.1) in order to overcome the ill-posedness of (7) in the distributional

11



sense if f is merely L. Notice that, by the transport structure of the Vlasov
equation, one expect that, in suitable sense, the initial condition transported
by a flow associated to (0, E; + 0 X By) is a solution of (7). But since we
are dealing with renormalized solution, one might lose the relation between
Lagrangian and Eulerian pictures. The first main result of Appendix 2 states
that there exists a flow associated to (7) which transports the initial condi-

tion for renormalized and/or distributional solutions (see Theorem 2.2 and
Corollary 2.10):

Theorem (Rough version). Assume that f is a distributional or a renor-
malized solution of (7). Then f is a Lagrangian solution transported by the
flow (in a suitable sense) X (t,-) associated to (0, By + 0 X By). Moreover, if
the relativistic and the electromagnetic energy are integrable in time, that is,

T T
/ / JTT R L () dxdvdt+/ / B+ |BiJ? dz dt < oo,
0 R6 0 R3

Then the flow is globally defined for t € [0,T] and fr = X(t,-)4fo-

The second main result states that, if we only consider the “effective” par-
ticle density and current density p*, J°, respectively, in the electromagnetic
field, that is, if we now consider

B @) =ox [ g K-y B ) =on [ ) x Koy,
R R

instead of E;, B; in (7), we still have a existence of a Lagrangian solution
result. A renormalized solution of this “effective” version of (7) combined
with suitable hypothesis of pf, Jf will be called “generalized solution”. The
results reads (see Theorem 2.3):

Theorem (Rough version). If fo € L'(R%) is nonnegative, then there exists
a generalized Lagrangian solution of (7) transported by the flow (in a suitable
sense) associated to (0, Ef + o x BeT).

Finally, the third main result states that if the initial condition has finite
energy (in a suitable sense), then the distribution of particles is continuous
in time, and it is transported by a globally defined flow (see Theorem 2.4):

Theorem (Rough version). If fo has every energy bounded, then there exists
a global Lagrangian solution f € C([0,00); L*(R®)), and its flow is globally
defined on [0,00). Moreover, f has every energy bounded, and the electro-
magnetic field Ey, By is strongly continuous in Li _(R?).

12



Chapter 1

Regularity of solutions of
general obstacle problem

We now make a more precise hypotheses on the system (3), namely, we
consider continuous viscosity solutions of
min{du + (=A)°u—b-Vu—Zu—ru, u—1} =0 in (0,7] x R",
u(0,z) = P(x) in R,
(1.1)

where

(i) the obstacle v : R" — RT is assumed to be a function of class
W2 (R™) N C?*(R");

(77) b € R™ is a constant vector;
(i17) r € R is a constant’;

(iv) Z is a non-local, convex?, translation-invariant, uniformly elliptic oper-
ator with respect to .%. The latter means that for all v, w € C?7+97 ()

! Although the condition r > 0 might seem natural (see [7, Section 5]), our main result
holds even for r < 0.

2The convexity of Z is only used in Lemma 1.17. Thus, if u is a semiconvex solution
of (1.1) and Z is not convex, the results of this paper still hold.

13



which satisfy?

dy < oo,

/ [v(y)| + |w(y)|

1+ |y|n+20'
we have that Zv(z) and Zw(x) are well defined and

Mg, (v —w)(x) < To(z) — Zw(z) < M, (v —w)(z), (1.2)

)
where % is the set of operators L such that
Lu(z) = [ du(z,y)K(y)dy,

R (1.3)

A
e < K(y) < e and  K(y) = K(—y).

The extremal operators M, and M, are analogous to Pucci operators
% %

Migu(e) = s L) = [ AOUEDN Nz,
M“;Ou(@ = Liengﬂo Lu(z) = /n A(5U(x’y>)|;|n_+é\a(6u($’y))dy,

where ou(z,y) = u(r + y) + u(x — y) — 2u(x). For simplicity, we
assume Z(0) = 0. We assume that Z is a lower order diffusion operator
when compared to the fractional Laplacian (—A)® in the sense that
s>o0>0.

Notice that since Lu € C%(R") whenever u € C?°T*(R") for some
a > 0, thus Zu € C*(R").

Quintessential examples of Z are —(—A)? and L, and by [10], more sophis-
ticated examples arise, such as

Tu =sup Lgu, Zu(x)= / G(U($|—|—|§22— u(x))dx,
B n Yy g

where K satisfy (1.3) uniformly with respect to 5 and G is a convex mono-
tone Lipschitz function and G(0) = 0.

3We recall that ¢ is said to be C2o+0" punctually at x if there exists v € R™ and M > 0
such that |¢(z +y) — ¢(z)| < My[>T0" if 20 + 07 < 1 and |p(z +y) — d(z) — v -y| <
M|y|2e =149 if 25 + 0T > 1 for small y.

14



Throughout this chapter, by C**°" we mean C°*¢ for all € > 0.

In the light of [30], we remark that since we need the well posedness of the
inverse of the fractional Laplacian and we assume that s > 1/2, we consider
throughout the paper that the dimension satisfies n > 2.

1.1 Comparison results and first regularity
estimates

We first recall the general definition of a viscosity solution for a nonlocal
problem Lu = f, where f is a bounded continuous function and Lu =
ou+ (=AYu—0b-Vu—Tu—ru

Definition 1.1. An upper semicontinuous u on (0,7] x R™ is a subsolution
of Lu = f at (tg, o) if for all functions ¢ € CY?(Bg(to, o)) such that

0= (u—¢)(to,zo) > (u— ¢)(t,x) for all (t,x) € Bgr(to,x0) \ {(to,z0)} for
some R > 0, the function

__Jo(t,x) in Bg(to, zo);
vih) = {u(t, ©) at (0,T] x R™\ Bg(to, 7o) (14

satisfies Lo(tg, xo) < f(to, xo)-
Analogously, a lower semicontinuous u on (0,7] x R" is a supersolution
of Lu = f at (ty, o) if for all functions ¢ € C“?(Bg(to, o)) such that
0 = (u—p)(to, o) < (u— p)(t,z) for all (t,z) € Br(ty,xo) \ {(to,z0)} for

some R > 0, the function
t in Bg(t ;
v(t,x) = #(t,x) in Br(to, zo); (1.5)

u<t7 l’) at (07 T] x R™ \ BR(t(b $0)

satisfies Lv(tg, o) > f(to, xo).
A solution of Lu = f is a continuous function that is both a subsolution
and a supersolution for all (¢,z) € (0,7] x R™.

We remark that the definition of the auxiliar function v is necessary due
to the nonlocal operators (—A)® and —Z.

We assume throughout the paper that u is a solution of (1.1) in the
following sense:

15



Definition 1.2. An upper semicontinuous, bounded u on (0,7] x R" is a
subsolution of (1.1) if Lu(t, ) < 0 in viscosity sense for all (¢, ) € (0,T]xR"
such that u(t,z) > ¢ (x), and u(0,-) < 9.

Analogously, a lower semicontinuous, bounded u on (0,7] x R" is a su-
persolution of (1.1) if u(¢,-) > ¢ for all t € (0,7, Lu(t,x) > 0 in viscosity
sense for all (¢,z) € (0,7] x R, and u(0, ) > .

A solution of (1.1) is a bounded continuous function that is both a sub-
solution and a supersolution.

We remark that the definition of subsolution and supersolution are not
symmetric. Moreover, we can relax Definition 1.2 by dropping the hypothesis
u(t,-) > 1 (but assuming that a supersolution also has a empty semi-jet set,
see [1, Definition 2| for the classical case).

Since the fractional Laplacian is the leading term, we now define the lower
order operator R as

Ru(t,z) = (Z+b-V +r)u(t,z).

We now prove the existence, uniqueness and regularity of solutions of (1.6)
(see Lemma 1.3, Lemma 1.4, and Lemma 1.5). These tools will be needed in
order to prove existence, uniqueness and regularity of solutions for the penal-
ized equation (1.13). The techniques are fairly standard and are presented
for the sake of completeness.

Remark 1. Notice that operators (0;+ (—A)* —b-V — M‘_?;O —r+) satisfy
the weak maximum principle for 7 big enough (namely, v = r). Indeed, since
[(—A)*— M;O]cp(to, x9) > 0 if ¢ attains its maximum at (o, ), we have that

o if (O, +(—A)*—b-V—Mg —r+7)u<0in (0,7] x R", then

max v < max u+;
(0,T]xR™ {t=0} xR"

o if (,+(—A)*—b-V—My —r+7)u>0in (0,7] x R", then

min w > — max u ,
(0, T]xR™ {t=0} xR

and its proof is a straightforward adaptation of [16, Theorem 9, Section 7.1].

16



Lemma 1.3 (Uniqueness). Assume 1, b, v, and I satisfy (i), (ii), (iii),
and (iv), respectively. For continuous functions f € L*((0,7] x R™) and
ue€ L>®((0,7T] x R*) N C;f((O,T] x R™), which satisfy

Ou+ (—AY’u—Ru=f in (0,7] x R"; (1.6)
u(0,-) =1 onR",
we have
lull oo 11mn) < OIS oy + [l aoeqar )
where C'= C(r,T). Moreover, the solution is unique.

Proof. For the first claim, it suffices to prove for u which satisfies
(0 + (=2) = ML, = bV =1 )u < [ < (B + (—A) = Mg, —b-V = 1) u.
The result follows by noticing that
(0 + (—A)° — My —b-V+y— r) (:l:e‘”tu + || f 1 oo (mn))
> e " f A (v = )l f Il oo rn
> e (& f 4 | fllequn) = 0
where v := r + 1. Hence, by the minimum principle

Ut | fllpmmn 2 = max (e u [ fllzeen)

= —max( + [ fean)
which gives
leall o o715y < € (11 F ooy + ma(¢) + | fl] oo gry) )
< 26" ([If oo + 19l Lo qeen))
Now, if u and v satisfy (1.6), then
O+ (=AY =b-V—r)(u—2v)+Zv—Tu=0;
(u—0)(0,-)=0.
By the ellipticity of Z (see (1.2)), we have

O+ (A =My —b-V+vy—r)e (u—v)>0
B+ (AP =ML —b-V+vy—r)e " (u—v) <0
(u—v)(0,-) =0.

By minimum and maximum principle, respectively, we conclude u =v. [

17



Next, we need a regularity result for the fractional heat equation. Namely,
by [26, Theorems 2.3 and 3.1], if v satisfies

v+ (=A)Yv=f
with f € C°((0, T); R™), o, 8 € (0,1), then
Hathogf((o,T};Rn) + H(_A)Svucgf((QT];Rn) < C(l + HfHsz((O,T};R"))' (1'8>

Moreover, since R is a lower order operator with respect to (—A)*, we shall
perform an interpolation inequality, in the sense that given a bounded func-
tion u, we have by classical Hélder interpolation inequalities (see, for instance,
[18, Lemma 6.32]) and [30, Propositions 2.1.8 and 2.1.9] that
[Rullce®n) < Cllull atmextizey @mny < €flul|corzs@ny + Cellul| oo rm)
< Cef(=A)ullcamn) + Cellull Lo @n);
||Ru||LOO(]Rn) S C||“||Cmax{l,2a+0+}(Rn) S 6““”025*0"‘(1&71) + Oe||u||Loo(Rn)
(1.9)

for all € > 0 (recall that max{1,20} < 2s) and « € (0, 1).
We now prove a priori estimates for classical solutions of (1.6) (see [29,
Lemma 2.6] for a proof in the elliptic case).

Lemma 1.4 (A priori Schauder estimates). Assume v, b, r, and T as in (i),
(ii), (iil), and (iv), respectively. Then, there exists a constant

O(n’ 87 )\7 A? 0—7 T7 r? b)
such that for any f € Cy. f and u € Ctl, :a,z bounded functions which satisfy

Ou+ (=AY’u—Ru=f on(0,T] xR",
u(0,-) =1 onR",

we have the estimate

|0l ces (0,17 xRm) F | (= A) u| coe 0,715y < CU|1Y]|c2@ny 1| fll ot ((0,77xR)) -

In particular, we have u(t,-) € C?7P.
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Proof. We first notice that v :=u —1 € C’; o2 satisfies

O+ (=AY =ML —b- V=1 < f< (9 + (=A) =My —b-V —1)v;
v(0,-) = 0.

where f = f — ((=A)* —R)¥. By (1.8), there exists a constant C' such that

HatUHCa»B((QT}W) + ‘|(_A)SU‘|C“v5((O,T}><R")
< O+ [0 + (=A)* 0|l cas01)xrm))-

By Lemma 1.3, we have |[v]|zeo(0,1]xrm) < C||f||Loo((07T}XRn) for a constant
C' = C(T,r). Moreover, by interpolation inequality (as in (1.9)), for all € > 0
and C. = C(e,n,s,\,A,0,T,r,b) such that

(1—¢) (HatUHCav/"((O,T}xR") + H(_A)SUHC%B((O,T]XIR{”)) < Oe||f||ca73((0,T]an);

hence the estimative follows by choosing € = 1/2. By the regularity of the
fractional Laplacian, see [30], we have u(t,-) € C?*5. O

We use the previous results to prove the existence and uniqueness of
solutions of (1.6).

Lemma 1.5. In the same setting, there is a unique bounded solution u €
Ct{;a’ZSW of (1.6) for « € (0,1) and B € (2 — 2s,1), with the bound

0| o8 (0,17 xRy T (= A) | g (0,11xRm) < O f lcaso,m1xrm) F W02 @ny) -
(1.10)

Proof. Uniqueness and boundedness follow from Lemma 1.3. We first assume
that ¢ € C2° and f € C°, with compact support in space. We define the
operator Ly as the fractional heat operator, that is, Ly .= 0; + (—A)*. We
claim that a solution of

Lou = f on (0,T] x R",
u(OJ ) = ’l/}u

is smooth, vanishing as || — oco. Indeed, denoting .#u the Fourier trans-
form of u in space, we have

(1.11)

u(t,z) = .F! (e_‘5|2$tf¢> +F1 (/t eI =) Z £ (5, €) ds) :
0
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By the regularity of ¢ and f, we obtain u € C*° and it vanishes as |z| — oo,
concluding the claim. By Lemma 1.3 and Lemma 1.4, we obtain (1.10) for
Lo.

Now, note that functions f € Cy, f and 1 € C? can be approximated
by {fx}trs0 C C°°, with compact support in space, and {¢y}r>o C C,
respectively. More precisely, we have fr, — f and ¥ — 1 pointwise,
and the sequences are uniformly bounded. Let u; € C’;zo‘zsw (vanishing as
|z| — o0) be a solution of

Lour, = fr on (0,T] x R™,
uk(0> ) = Y.
By the Arzela-Ascoli Theorem, we obtain a subsequence
Up, — U

in C&Ia’%w, thus u is a solution of (1.11). By assumptions (ii), (iii), and

(iv), the operator L : C’tl, i Cy. 7 is well defined. Now, we proceed by
continuity method: we write £; = Lo —tR. By Lemma 1.3, £ is an injective
operator. Since we have proven that L is a surjective operator, we conclude
that L is a bijective operator, and the inverse £;' is well-defined. Hence,

Liu=f <= u= L' (f+tRu) = Sou.

If we show that Sy is a contraction map, we have that £ is bijective, hence
the claim will be proven. Indeed, by Lemma 1.3 and Lemma 1.4, for any
u, v € C’;:“QHB such that (u —v)(0,-) =0, we conclude

[Sou — Sovl|rrazsts(oqxmny < TC [ Ru — Rol| ges (0,17 xrm)
where C' is a universal constant. Now, by the regularity of u and v, we have
tC “R'LL — RUHCO‘»B((O,T}XR") < tCO HU — U||Ca,6+max{1,2a}((O’T]XRn)>7 (112)

where Cj does not depend on t. Since max{1,20} < 2s, we obtain Sy is a
contraction map for t, < Cy*. Hence, L, is bijective, and the lemma follows
by iterating the same argument for the map Siyu == L' (f + (t—to)Ru). O

Once the Holder regularity of solutions of (1.6) is established, we can
prove the existence of solutions to the penalized equation

uf + (—A)*uf —b- Vu — Zu® — ruf = f(u —¢°) in (0,7] x R™;
ut(0,2) = ¥*(2) in B,
(1.13)
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where 1€ := 1. 1, 1. being the standard mollifier, 8.(z) := e¢~*/¢, and ¢ > 0.

Lemma 1.6. Assume that v, b, v, and Z as in (i), (ii), (iii), end (iv),
respectively. Then, there exists a solution u® € C’tly;a’%w to the penalized

problem (1.13), where o € (0,1) and f € (2 —2s,2).

14,25+
Ct,m

Proof. We construct uy € iteratively as the unique solution to the

equation
Euk = 65<uk_1 — 77/)6) on (O,T] X Rn,
Uk(07 ) = ¢Ea

where ug = 0. Indeed, for k = 1, u; € C;IQ’QHB since f.(—v¢°) € C™.

Assuming the regularity holds for uj_1, us, € C’iiazﬁﬁ since S (up_1 —¢°) €
Cl+a,23+,8 (
t,x

(1.14)

by the regularity of ux_; and ¢°).
By (1.10) and the regularity above, we have for k > 1

| Oy Hcaﬂ((O,T] an)JFH (—A)%uy, HCaﬁ((o,T} xR")

< O(]|Be(up—1 — V)l ces 0,71 xrmy + 1l c2 @)
(1.15)

We now claim that for £ > 1

|| Be(ur—1 — %) || Lo (0,17 xR7) < Ce,

. (1.16)
Hﬁe(ukfl - )“Caﬁ((o,T]xR”) < C€<1 + Huklecw((o,T}an))y

where C, depends on € (but does not depend on k). Indeed, for k =1,

1B (1t — 1) || oo (0.1 xm) < o€ HIvellLoe @m) < C

16e(u0 — ) lemaomieiny < = 1Beloto — )l e(to e [ e < Co
Now, suppose that (1.16) holds for £ > 2. Then by Lemma 1.3, we have

Hﬂe(uk — @ZJE)||Loo((07T]XRn) < 6671(”"ps“LOO(]R")"F”/Be(uk—l_¢6)||Lw((0,T]XR")) < Cg
| Be(ur, — ¢E)||Caﬁ((o,T}an)
1 . .
< B = ) e omixrm l[ue = ¥ llews o mpxmn)

< Ce(1 + |lugl| ceos((o,11xm))-
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Hence, the claim follows. Combining (1.15) and (1.16), we have
| Ovur|| cos (0,17 xmmy T [|(=A) k]| cos (0,115 < Ce(1 + [[Ur—1lcos(0,17xr"))-
We finally claim that

k1| ces((0,11xm7) < Ce. (1.17)

Once proven the claim, we will have a uniform bound (with respect to k) of

Hatukuca»ﬁ((o,T]an) + H(_A)sukHCavﬁ((o,T}an)-

The claim follows by the regularity of the fractional heat equation with
bounded source (see (1.54) in Section 1.A), we have

ltrsller-ov (o ey + 1r=1l L o.ryco-ot
< O([1(0s + (=A) ) ug—1l| Lo (o,11xRn) + k-1l Lo (0,71xR))-
By interpolation inequality (see (1.9)) and Lemma 1.3, there exists a constant
C(n,s,\,A\,0,T,7,b, |[¢[|c2ny) > 0
such that

k1]l gr-ot (0,13, L00 rmy) F N1l oo o 7750250+ ()
< C(1 + ||Be(un—1 — V)| Loo((0,1)xR"))-

Hence, by (1.16), we conclude the claim.

Now, by the uniform bound of {u}r>o in Otl’—;a,2s+ﬁ

, we have a subse-
quence convergent in compact subsets of (0, 7] xR" in C’t{:a’%w to a function
u € CLE**P((0,T] x R™). Moreover, we have

Lup — Lue,  Pe(up — ) = Be(u —9)  as k — 0.
Hence, we conclude

Luf = Be(u¢ =) on (0,7] x R",
u(0,-) = Y. O

We now prove a uniform bound of S.(u — ¢¢) with respect to €, which
combined with Lemma 1.3 gives a uniform bound of u¢.
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Lemma 1.7. Assume that v, b, v, and Z as in (i), (ii), (iii), end (iv),
respectively. Then, there is a constant C'(n,s,o, A\, A, T, [|1)||c2@mny, b,7) > 0
such that

[|Be(u = ) || Lo ((0,1xRny < C

1.18)
||| Loo (0,17 xRmy < C. (

Proof. We remark that we only need an upper bound, since f(u¢ — 1) > 0.
We assume for v > 0

inf (e "uf — ) <0
(0,%1]1@"(6 ut =) <0,

for otherwise u¢ > e > )¢, hence [ (u¢ — 1)) < 1. Take ¢ a nonnegative
smooth function that grows as |z|? at infinity. Now, we claim that for 6 > 0
sufficiently small, we have

5
i T Cr—— 4§ 1.19
i (v g ) <o .

and the minimum is a interior point of (0,7] x R™. Indeed, since u¢ is
bounded?, we may take J small enough so that we can consider (t§,z§) the
minimizer of e” " — ¢ + ‘it + 0. Now, since inf (o r)xrn (6770 — 1) <0,
we may assume (1.19) (taking § smaller if necessary). To prove that the
minimizer is at the interior, we remark that the function blows up as |z| — oo
and t — T'~. Moreover, if the minimum were at ¢t = 0, then

1 )
0<5< +1nf<p) (inf (e T w€+T—+5g0)

0,T]xR™
Hence, the claim is proven. Thus,

dets
atu€<tg7 IL‘S) - /yue(tga Ig) T s ( ) Oa

Vus(t5, a§) — €8V (af) + e 55V90( 5) =
and  (=A)*uc(tf, 2§) — 7% (= A) P (af) + 6 7% (= A) p(af) < 0.
Furthermore, by (1.2), we have

—Tu(t5, 25) < —Mgu(ts, a5) < "5 (6M p(x5) — My ¥ (5)).

“By Lemma 1.3 and taking the limit k& — oo at (1.16), we conclude [[uf[| Lo ((0,7]xRn) <
C.. However, we do not have a uniform bound with respect to e.
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Hence, choosing v := r, we have

€ € € € Yt Y
Pe(u® —9O)(t5, 25) < 7 ( T )

+H(=A) P (25) — 0 (=A)°p(5) + 0 Mg p(w5) — Mg v (w5) + (v — r)v(x5)

5)f%w—ﬂﬂﬁ0§0+0@,

—b-Vy(z5) +0 b Vo(af)

gy

where C(n,s, o, \, A, T,b,7,||Y||c2@n)) > 0. Since

(u = ¥)(t5,2) —  inf (" =)

as 0 — 0 and [, is decreasing, we obtain

sup  Be(u® — ) = lim B (u — ) (L5, x5) < Cl|Y]|c2@ny-
(0,T]xR" 6—0

For the second inequality in (1.18), by Lemma 1.3 and the previous result,
we conclude

[|u|| oo 0,1y xRy < C(||Be(u — ¥°) || oo (0,17 xRy + V|| e @) < Cll]|c2@ny-
]

We finally prove that u¢ being a solution of (1.13) converges to u being a
solution of (1.1).

Theorem 1.8 (Approximation by Penalization Method). Assume that 1),
b, r, and T as in (i), (i), (iii), and (iv), respectively. Then, there ex-
ists a wviscosity solution of (1.1) which is an approximation of a solution
u¢ of (1.13), ice., u® — u as € — 0%, and u € C*07((0,T]; L>°(R"™)) N
L=((0,T]; C*" (R™)).

Proof. We know by Lemma 1.6 that for each € > 0, u€ is a Ct{ T2 function.
By (1.54) (see Section 1.A) and interpolation inequality (as in (1.9)), we have

HU6H01—0+((o,T};Loo(Rn)) + HUGHLOO((O,T];C’QS—WL (R™))
< O(1B8e(u” = )| Looorixmny + [l oo (0.77xR) ) -

By Lemma 1.7, we conclude that u¢ — w in both C+~°"; L and Lg°; 02507
norms as € —» 0%, and u € C*=°((0, T]; L>®°(R™)) N L®((0, T]; C*~°" (R™)).
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Moreover, ¢¢ — 1 in C? norm. To show that in fact u is a viscosity
solution of (1.1), let ¢ € Ctl, 2 such that u — ¢ has a strict local maximum
at (to, o). Choose R > 0 such that 0 = (u — ¢)(to, o) > (u — ¢)(¢, ) for
(t,x) € Br(to,xo) \ {(to, z0)} and consider (¢, z¢) the maximum of u® — ¢ at
K = Bpys(to, o). By the compactness of K, we have (up to a subsequence)
(t,2°) — (s,y) as € — 0F. By the definition of (¢, z¢) and its limit, we
have
(u = ) (to, 20) < (u—)(s,y).

Since (to, zo) is a strict local maximum, (s,y) = (to, zo). Now, since u solves
(1.13) classically and the definition of (¢, z¢), we have

(O + (—A) v —Zv* — b - Vo —ruf)(t, %) < Be(u® — ) (¢, x°),

where v as in (1.4), replacing u by u¢. By the uniform bound (1.18), we have
that u(t,-) > for all t € (0,T]. By letting e — 07 at the above inequality,
we conclude

1, if U(to, IE()) = Qﬂ(l'o),

(81511 4 (—A)SU —Tv—b-Vov — TU)(to, :L’o) < {O, if U(to,xo) > 1/}<x0).

Hence,

(O + (—A)*v —Zv —b- Vv —1rv)(te,x0) <0 if u(to, zo) > ¥(x0);
u(0,z) = P(x) Vo eR"

Since (to, o) is arbitrary, we conclude that u is a viscosity subsolution. To

show that wu is also a viscosity supersolution, we remark that by the same ideas

as above that for 0 = (u — ¢)(to, 7o) < (u — @)(t,x) for (t,z) € Br(to,xo) \
{(to, z0)}, we obtain that

1, lf U(to,l’o) = w(ﬂﬁo),

(atv + (—A)SU —TJv—b-Vv— 7’7))(7507%0) > {0’ if U(to, xo) > w(l‘o),

where v as in (1.5). Thus,

{(&tv + (=A)v —Zv —b- Vo —rv)(to, o) > 0;

U(O, ) = wa
and it follows that w is a viscosity supersolution, and hence u is a viscosity
solution of (1.1). O
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We now want to establish the uniqueness of solutions of (1.1). In order
to do so, we proceed as in [10, Section 5] and define sup-convolution and
inf-convolution and I'-convergence.

Definition 1.9. Given an upper semicontinuous function u, we define the
sup-convolution approximation u¢ by

2
u(t,z) = sup  u(t+s,z+y) —M.
(s,y)€(0, T)xR™ €

On the other hand, if u is a lower semicontinuous, the inf-convolution wu,. is
given by
(s, )

e(t, = inf i )
ue(t, ) (s,y)el({)l,T]XR" u(t +s,7+y) +

We remark that if v is bounded, then u¢ and u, are also bounded.

Definition 1.10. A sequence of lower semicontinuous functions uy, is said to
[-converge to in (0, 7] x R™ if the two following conditions hold:

e For every sequence (ty,xy) — (¢, ), iminfy oo ug(tr, vx) > u(t, x).
e For every (t,z), there is a sequence (tg,xy) — (t,z) such that

lim sup ug (tg, xx) = u(t, ).
k—o0

We now prove that one can change the test functions ¢ at Definition 1.1
by functions that touches from above (below) that are punctually Ct{g’l (see
the proof below).

Proposition 1.11. Let u be an upper semicontinuous function such that
Lu < f in the viscosity sense. Let ¢ be a bounded function such that ¢ €

tlzll punctually at (t,z). Assume that ¢ touches u from above at (t,x).

Then Lo(t, ) is defined in the classical sense and Lo(t,z) < f(t, z).

Proof. By the regularity of ¢(t,z), Lo(t,x) is defined classically. Moreover,
there exists a quadratic polynomial in space and linear in time such that ¢
touches from above ¢ at (¢,z). Let

_J¢ in B.(t,x),
T in (0,7] x R\ By (¢, 2),

26



Since Lu < f in the viscosity sense, Lo.(t,z) < f(t,x), and Lov.(t,x) is
well-defined. Let

u o in B,(t,x),
"7 1o in (0,T] x R"\ B,(t,x).
Thus, we have
Lo(t,z) < Lu,(t,z) + (M;}O — (=) (uy — @) (t,x) < Lu,(t, )
< Lu,(t,2) + (Mg, — (=8)") (v — u,) (¢, )

Sf(t,x)—FA/ (5(¢_Q)(x7y7t))+dy

B (z) |y|mt2e
o(p — Ly, t
By LT PRI
B, (z) |y|

for any € > 0, since both integrands are bounded by |y|>72°~". Thus, the
proposition follows. O

Of course, Proposition 1.11 holds for supersolutions, and its proof is sim-
ilar. Analogously to [10, Propositions 5.4 and 5.5], we have the following
proposition:

Proposition 1.12. Ifu is bounded and lower-semicontinuous in (0,T] x R™,
then ue I'-converges to u. Likewise, if u is bounded and upper-semicontinuous
in (0,7 x R™, then —u® I'-converges to —u. If u satisfies Lu < f in the
viscosity sense, then Lu® < f+d, in the viscosity sense; if v satisfies Lv > f
in the viscosity sense, then Lv. > f—d. in the viscosity sense, where de — 0
as € — 0 and depends on the modulus of continuity.

Proof. The first claim is just a generalization u¢ — wu locally uniformly
if w is continuous. For the second claim, suppose that the f has modulus
of continuity w. Let (tg,z9) be such that u(t,z) — ¢(t,z) < u(ty,x0) —
o(to, o) = 0 for all (t,x) € Br(to,x0) \ {(to,z0)}, ¢ € Ct{f. Define 7(s,y) =
é(s—so+to,y — Yo+ x0) + € (50 — to, Yo — o) |, where (s, yo) is such that

|(s0 — to, Yo — o)
€

| 2

u(to, xo) = u(So, Yo) —

Then u(s,y) —n(s,y) < u(so,y0) —n(s0,%0) = 0 for all (s,y) € Br(so,v0) \
{(807 y(])}a a’nd SO

Lo (ty, x0) = Lu(so,v0) < f(S0,%0),
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where v asin(1.4), and v° as in (1.4), replacing u by u¢. Since f has a modulus
of continuity w, we have f (s, yo) < f(to, zo) +w(|(to— S0, xo—Yo)|). Noticing
that u® > wu, one has

|(so — to, Yo — xo)|?
€

< u(s0,yo) — u(to, o) < 2||ul oo (0,17

we conclude
L (ty, zo) < f(to, o) + de,

where d. = w(2||ul| Loo((O’T}XRn)El/ %), The proof for supersolutions is analo-
gous. O

The next lemma is a straightforward adaptation of [10, Lemma 5.8], since
the main difficulty of the operator £ is the nonlocal part (—A)* — 7.

Lemma 1.13. Let v be a lower-semicontinuous and Lv > g in the viscosity
sense, and u is upper-semicontinuous and Lu < f in the viscosity sense.
Moreover, assume that v and v are bounded functions. Then

L (u—v) = (04 (=A)’=b-V—r—M )(u—v) < f—g in the viscosity sense.

Proof. By Proposition 1.12 and the stability of viscosity solutions under I'-
limits (see [10, Lemma 4.5]), it is enough to show that Lt (u¢—v,) < f—g+2d.
in the viscosity sense for every e > 0. Let ¢ € C’tl’ 2 touching from above u¢—uv,
at (t,x). Since u and v are bounded, then u¢ and v, are also bounded. Since
u® — v, is touched by above at (¢, x) by a Ctl,f, then both u¢ and —v, must be
Ct{f punctually at (¢, ). Moreover, by (1.11), we can evaluate Lu¢ and L,
at (t, ) in the classical sense. Thus, by Proposition 1.12,

L (u —v)(t,x) < Lu(t,x) — Lo(t,x) < f(t,x) — g(t,x) + 2d..

Hence, LT¢(t,z) < f(t,z) — g(t,z) + 2d. since ¢ touches v, — u® by above.
Thus, LT (u¢ —v.) < f — g+ 2d, in the viscosity sense. O

We now prove an analogous of maximum principle for Ltu < f. This is
the key result for the comparison principle Theorem 1.15.

Lemma 1.14. Let u is a bounded function defined in (0,T] x R", upper-
semicontinuous such that LYu < f at Q C (0,T] x R™ in the viscosity sense,
where §) is a open set. Then there exists a constant C(T) > 0 such that

sgpu < C(T) (||f+||Loo((0,T]XRn) + s;]lp u) :
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Proof. Let
ou(t) =" (M + e+ ||f || no(om)xrn)) for all t € (0,77,

where v := r 4+ 1, and € > 0. Note that LT¢y(t,x) = (v — r(x))dm(t) >
|| f " Iee 0,y xmmy- Let My be the smallest value of M for which ¢y > u in
(0, 7] x R™. We assume by contradiction that My > supge u. Then, there
exists (to, zo) € § such that u(to, o) = ¢ng(to) (by the minimality of M),
hence ¢ touches from above u at (to, o). Since u is a viscosity subsolution
at Q, we would have L ¢y, (to, zo) < f(to,x0), a contradiction. Therefore,
for (t,z) € (0,7] x R™, we have

u(t, ) < dasy () < €7 (Mo + €+ || £ || oo 0.17xRm))

<t (Sgpu +e+ ||f+||Loo((0,T]an)) .

Letting ¢ — 0, we conclude the proof. n

We now prove the comparison principle for (1.1):

Theorem 1.15 (Comparison Principle). Let u,v be bounded viscosity sub-
solution and supersolution of (1.1), respectively. Then u < v in (0,T] x R".

Proof. We first notice that u(0,-) <1 <wv(0,-). For t > 0, if u(t,z) < (),
then v(t, z) > (x) > u(t, z). Moreover, by Lemma 1.13 we have LT (u—v) <
0 in the viscosity sense at {u > ¢}. By Lemma 1.14, we conclude u < v. [

As a direct consequence (combined with Theorem 1.8), we have the fol-
lowing corollary.
Corollary 1.16 (Existence, Uniqueness and Regularity). There exists a
unique bounded viscosity solution u of (1.1). Moreover, u € C’t{;m’%_w
and u is approximated by a solution of the penalized equation (1.13).

Proof. The uniqueness follows from Theorem 1.15. The existence, regularity
and approximation follows from Theorem 1.8. O

Once the Comparison Principle is established, we are able to adapt pre-
liminary regularity properties of solutions analogous to [7, Lemma 3.2]. We
implicitly use that £ is translation invariant, since b and r are fixed and Z
is assumed to be translation invariant (see (iv)).
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Lemma 1.17. Let u be a solution of (1.1). Then, for any fized t > 0, the
u(t, -) is globally Lipschitz and uniformly semiconvezx. Moreover, for any fized
x € R™, the function t — u(t, z) non-decreasing.

Proof. Fix v € R and define (¢, x) == u(t, x + v) + C|v|. Hence, @ solves

min{Li +rClv|, & — ¢} =0 in (0,T] x R,
(0, ) = 1 in R”,

where 1(z) := ¥(z+v)+Cv|. Choosing C' = || V|| poo(mny, if u(t, 2) = ¥(z),
then u(t,z) < ¢(x) < a(t,z). If u(t,z) > (z), then by Lemma 1.14, we
have LT (u — @)(t,z) < Clv|, and by Theorem 1.15, (u —@)(t,z) < Cre’T|v],
hence u(t, -) is globally Lipschitz®.

Moreover, for any fixed n > 0, the function @(¢, x) == u(t + n, x) solves

min{La, «—¢} =0 in (—n,T —n] x R",
(0, z) = u(n, z) in R".

We know u(t,z) > 1(z) so that, in particular, u(n,z) > ¢ (x); therefore, by
Theorem 1.15,

u(t+mn,z) > u(t,xz) for every n,t > 0.
Finally, denoting C := 2||D?*|| o (rn), for a fixed v € R™, we have

u(t,z +v) +u(t,z —v) + Clv|? - Y(x+v) +(z —v)+ Clv)?

~ t —

> (x).

If u(t,z) = (z), then u is semiconvex. Moreover, since Z is convex, @
satisfies

Lu(t,x) > %(Cu(t,m +v) + Lu(t,z —v) —rClv]*) > —g\vﬁ.

Hence, if u(t,z) > ¥ (x), then by Lemma 1.14, L (u — a)(¢t,z) < rC/2|v|?,
and by Theorem 1.15, (u — @)(t,z) < Cre’’/2|v|?. Since z,v are arbitrary,

the Co-semiconvexity of u(t,-) follows, where Cy = || D?*¢|| poo(rny(1 + r€7T).
[

®Notice that by Theorem 1.8 we already have that u(t,-) is globally Lipschitz, but we
have improved its Lipschitz constant from Lemma 1.17.
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Our next lemma deals with basic estimates of our parabolic operator,
which gives a Lipschitz regularity in spacetime (see Corollary 1.18) and a
comparison between (—A)*u and Ru at the contact set {u(t,-) = ¢} and the
open set {u(t,-) > ¥} (see Lemma 1.19).

As a direct consequence, we have the following corollary.

Corollary 1.18. If u solves (1.1), then u is Lipschitz in space-time, with
||3tU||L°<>((0,T]an) + ||VU||L00((0,T}an) < C(s,n, AA 7D, T, ||¢||02(Rn))-

Proof. The Lipschitz regularity in space is just a restatement of Lemma 1.17.
Now, since u solves (1.1), then by Corollary 1.16 w is the limit of u¢ which
solves (1.13). We denote by 97 the differential quotient with respect to time
variable. Hence we(t,z) = e "' 0Muc(t, z) solves

O+ (=A)wt —b- Vur — My +e 15 (u <0 in (0,7] x R,
w0, )] < |(b- V+T 47— (~A)) 9| +6 in R",

where £ € L°°((0,T] x R") is nonnegative, and |0!u(0, -) — d,uc(0, )| < § for
h small for 6 > 0. Hence, by maximum principle we have

107 L= (0 13y < €T (CllYlle2@n) + 0).
Letting ¢ — 07 and h — 0%, we conclude the proof. O

We notice that since u € C'=07((0, T7; L>(R™)) N L>((0, T]; C?~°" (R™))
(see Corollary 1.16), we have

Ru € L*=((0,T7]; C"(R")), ~:=s—max{o,1/2}. (1.20)
Here, we chose the exponent for simplicity, but one has the general regularity
Ru € L=((0,T]; C* " (R™)).
Lemma 1.19. For a solution u of (1.1) and a fized ty > 0, we have
0 < (=A)%u(to, ) — Rul(ty,-) < 400 a.e. in {u(to,:) =1} (1.21)

(—A)*u(ty, ) — Rul(ty,-) <0 in {u(to,-) > ¥}. (1.22)

31



Proof. Combining the Corollary 1.18 and Lemma 1.17, we have that d,u > 0
a.e. Also, yu = 0 almost everywhere on the contact set {u = 1} so that

Ou+ (—A)Yu—Ru=0 in {u>v} and du=0a.e. on{u=11}.
This can be rewritten as
ou + (—A)*u — Ru = ((—A)*u — Ru) X {u=y}- (1.23)

This can be understood not only in the almost everywhere sense, but also
in the distributional sense; incidentally, the right hand side is well defined
by Lemma 1.7 and Corollary 1.18 implies that (—A)*u — Ru is a bounded
function.

Notice that (1.23) implies dyu + (—A)*u — Ru is globally bounded and
vanishes in the open set {u > v}, so that we infer u is smooth inside {u > 1 }.
Hence, we are then allowed to write, for a fixed ty > 0,

(—A)u(to, ) — Rulto, ) = —0wu(to,-) <0 in {u(to,:) > 1},

which is (1.22).
Next, since dyu = 0 a.e. on the contact set {u = 1}, we have (see
Lemma 1.7 and Corollary 1.18) that

0 < (-A)*u—Ru < 0. (1.24)

for almost every (¢,z) € {u =1v}.

However, we need the same bound to hold for a.e. x € R”, for every
to € (0,7T]. Note that Lipschitz continuity of u, see Corollary 1.18, implies
that the map t — u(t,-) € L% _(R") is uniformly continuous. In turn, by
(1.21), this implies weak continuity of the map

t— (=A)%u(t,-) — Rult,-) € L (R™). (1.25)

loc

Now, consider ¢ > 0 and a bounded Borel set A C {u(tg,-) = ¥}, multiply
(1.24) by X[to—eto]X 4, and integrate to obtain

0< / [(—A)su — Ru] < C'A]e,
[tofe,to}XA

because, by Lemma 1.17, {u(t,-) = ¢} is decreasing in time and thus so is
[to — €,to) x A C {u = v}. Since the map 1.25 is weakly continuous, we
obtain as € — 0:

0= / (=8)ulte, ) = Rulto, )] < €4
A
for all bounded Borel set A C {u(ty,-) = ¥}. This concludes the proof. [
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1.2 Holder-space decay of fractional Lapla-
cian

For a given fixed t > 0, we assume, without loss of generality, that 0 €

0{u(t,) = ¥} and consider the L,-harmonic function v : R x RT — R

given by®

—a
Y

Ru(t,0
( )yl

=ul(t

where u(t, z,y) denotes the harmonic extension of u(¢,z) to the upper half
space, that is,

Lou(t, z,y) = div,, [yaku(t,a:, y)] =0 forz e R" and y > 0,
u(t, z,0) = u(t, ).

See, for instance, Caffarelli-Silvestre [9] where the authors characterize the
fractional Laplacian as

lim yu,(t, z,y) = —(=A)°u(t,z) with a=1—2s.7 (1.26)

y—0F
By Lemma 1.17, we have
u(t,r + h,0) +u(t,z — h,0) — 2u(t,z,0) < —2C|h|* for every h € R",
so that the maximum principle implies
u(t,z + h,y) +u(t,z — h,y) — 2u(t,z,y) < —2C,|h|?

for every h € R™ and y > 0. This means that u(¢, z,y) is Cy-semiconvex with
respect to z for all y > 0 and, in particular,

ay (y(luy (t7 z, y)) < nCOya'
Now, consider the function

'[J(l‘,y) = U(IE, y) - ’QD(.CL')
and set A == {0(x,0) = 0} = {v(x,0) = ¥(z)}.

®By Ru(t,0) we mean the evaluation of the function Ru(t,-) at the point z = 0.
"We remark that we actually have lim, o+ y*Oyu(t, z,y) = —cn,a(—A)%u(t, z), and so
we are taking for simplicity the normalization constant as ¢, = 1.
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Lemma 1.20. The following properties hold.
(a) We have © > 0 in the set R™ x RT\ A x {0};

(b) The function v is 2Cy-semiconver with respect to x for all y > 0 and
0y (y"vy(2,y)) < 2nCoy";

(¢) For a.e. x € A,
lim y*0,(z,y) < Chlz|”
y—0t

and, for all x € R™\ A,

lim y*0,(x,y) > —Ch|z|;
y—0+

(d) For allz € A,
~ nCo o Clz[” |,
o@y) = 0(@,0) < 7y T v

Proof. The first item only restates that w(t,x) > ¢(z). Next, (b) follows
from the semiconvexity of v and ¢: we obtain that v is 2C-semiconvex with
respect to z for all y > 0, which implies

Oy (y*oy(z,y)) < 2nCoy”.

In order to show (c), we first use (1.21) and (1.20) to conclude that, for a.e.
r €A,

lim y*0y(z,y) = —(—A)u(t, z) + Ru(t,0) < |Ru(t,z) — Ru(t,0)| < Cy|z|.

y—0t
Then, we use (1.22) (and again (1.20)) to obtain that, for every x € R™\ A,
lim y*0,(z,y) = —(—=A)°u(t,z)+Ru(t,0) > Ru(t,0)—Ru(t,z) > —Ci|z|.

y—0t

Now we prove (d). For a.e. x € A, we have

o(x,y) — 0(z,0) = /y M ds

v
/ 1(/8 TUyIT)dT+11mZUy(IZ))dS
—0t

2nCys*t! nCy Clz|”
< === 2zl ds = 2 1-a
_/08“( a+1 + Clal ° 1—|—ay+1—ay ’
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where the inequality relies in (b) and (c) above. Moreover, by continuity, the
estimate holds for every x € A. O]

Now, let us analyze a first decay property of y*v,.

Proposition 1.21. There exists ¢ > 0 and p € (0,1) for which

inf y*0y(z,y) > —cp”, (1.27)

T,k

where T, = B, x [0,nr] and n = /&2
Proof. The result follows by induction. To obtain the case £ = 0, we note

L_.(y*v,) = div,, (y’avw(y“ﬁy)) = div,, (y’avm,y(y“uy))
= Aw(uy) + ay(yiaay(yauy)) =0, (A:vu + yiagy(yauy))
= 0y(y "Lau(t, z,y)) = 0.

Then, since
lim y*0,(x,y) = —(—A)*u(t,z) + Ru(t,0)

y—0t

is bounded, we obtain that y®¥,(x,y) remains bounded, for y > 0, by the
maximum principle. This is enough for the case k = 0.
Now, assume that (1.27) holds for some k € N, where ¢ and u are to be

chosen later. Set -
~ 4=F _rx oy
Viey) = —0 (5 5)

cpk VT
The induction hypothesis (recall @ = 1 — 2s and v, = 0,) reads
'f(“ﬂ’)—* f(“V)-— 1 . ¢ y* . (1: y) 1 inf 4%, (2, 1)
T TR cpk T gke v gk 4 - cpk Fl?_kyvyx’y
> —1.
(1.28)
So, in this renormalized notation, it is enough to show that
inf 42V (x,y) > — .
T4
In order to do that, consider the auxiliary function
_ 428k /Ty
V(z,y) = " v <E, E> : (1.29)
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where 0(x,y) = v(z,y) — (w(O) +V1(0) x) Both 9 and V are L,-harmonic

functions. Also, by using the Cy-semiconvexity of v, we obtain

- _ 42k Ty Ty
_ < o= Z) 5= =L
Viwy) = Vi)l < v(4k,4k) (55|
42sk L
o 19(0) = e+ Tp(0) - (47|
25 1
_C;‘ o2

cp*

~ — 27100 a
= A=)k gk U

(1.30)

(1.31)

Furthermore, both V and V are semiconvex in the set I'; with constant

2Coh
A2(—s)k jk *

Let us fix L > Cj yet to be chosen. As can be checked below, we can

assume this constant depends only n, a, and Cj. Set

_ : IRu(t, Meovm) 1. L
W(z,y) = V(z,y) + B yra -~ (|22 -

C4“fk,uk(1 _ a) 042(1_5)k,uk

We have the following properties:

n
1+a

;)

(i) By a straightforward computation, W is an L,-harmonic function.

(i7) The semiconvexity of ¢ implies that, for every z € A\ {0},

T
4k’

_ 423k
W(z,0) = Ko v(

<o e (@) -l

(731) By the continuity of v,

2sk
lim Wiz, y) =
(,4)—(0,0) (@9) cp®

[v(o, 0) — zp(())} —0.
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(iv) By Lemma 1.20(c), we have, for |z| < Bys \ A,

lim y*W,(z,y) > 0.

y—0t
Indeed, we have
I L L
y W, =y*v, + AR A20=9k k(1 1 q) y
R AT A |Ru(t,)llcv sy
~ ook | \aF) g 4k

2nL 1+a
2Ok 1+a)’ |

_|_

Let y — 07 and recall that C} is a Holder constant for Ru(t, -) to infer
that

. a T 1
lim y*W, > —— [=Cilz|" + [ Ru(t, ) cv(sy] > 0.

y—0+ Y cdrk gk

In particular, (iv) implies that for a fixed z € By s\ A, W(z,y) > W(z,0) for
all (z,y) € (Bis\A) x(0,0), once § > 0 is small enough so that W, (z,y) >
for all y € [0, 9).

These properties and Hopf’s Lemma (see, for instance, [18, Theorem 3.5))
imply that the maximum of W is non-negative and attained on oI'y/s \ {y =
0}. Hence, this maximum is achieved either at a point on the top 0I'y;sN{y =
n/8} of the cylinder or at a point on the side 0B;/5x (0,7/8). In what follows,
we analyze each case separately.

If the maximum is attained on dI'y;s N {y = 7/8}, there exists zy € By/s
for which W (z¢,7n/8) > 0. Thus, we have

5 [Ru(t, -)llovsy L
V(zo,n/8) + A 04%“,‘: > —-B A2
where A = % and B = ( +1 . Since 1 depends only of n and a, so

do the positive constants A and B. By the semiconvexity of V, see (1.31),
we can write

_ 2C,
V(z,n/8) > V(xg,n/8) 4+ (ViV(xo,n/8),2 — x0) — m |z — @o|?,
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so that, in the half-ball
HB jo(0,1/8) = {2z € Bi)2(x0); (V.V(x0,1/8),2 — z0) > 0},

there holds

HRU(t, ')HC”Y(BI) S BL + OO S _ 2BL
c4’yk‘uk - 042(1_5)k,uk - C42(1—s)kluk'

Vi(z,n/8)+ A (1.32)
In the last inequality is used the fact that L is choosen much larger than C.
Now, recall V, = V,,; hence, Lemma 1.20(c) gives

_ 4

o ) S

lz[Y if V(z,0)=0 and
(1.33)

el Cy .
ylif[I%Ly ‘/y(‘ray) > _C4fykluk |‘T|7 if V(I70) > 0.

Integrate (1.31) with respect to y in the interval [0, y], with y < 1/8 to obtain

. av 2n007]a+1 na‘ZIJ(x’ y)
SR YV e e T s

Integrating the inequality above with respect to y in the interval [0,7/8]
combined with (1.32) and (1.33) yield, for all x € HB; /2(x0,7/8),

. @t HRu(t> .>HC'Y(BI) / L
Jim y*Vy(o,y) + A= 2 8 (205 )

1

a— a—1 a+1 .
where A" = A and B = 2?;7_1 (azf?)gaﬂ —l—i are positives constants that

depend only on @ and n. This is again possible because of the choice L > Cj.
On the other hand, suppose the non-negative maximum of W is attained
on a point (2o, yo) € dB1s x (0,1/8). The definition of 7 implies 0 < y§ <

2171% = 12Jr—n“|:c0|2. Thus, since W (zo,yo) > 0,

V(w0 go) + D IR ey L

C4“fkluk - 27642(1—s)kluk’

2(1—a)
r_ _m
where D' = EEmEEEEE

obtain that

We can repeat the argument of the previous case to

. ax; 1" ||,R’u(t7')||CW(B1) 1" L
Jim y*Vy(z,y) + D kg = B e
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for all © € HB4/5(20, o), where D" = D" + gz:, and B” = 2’89;7:_1 +1

In any case, there exist C' > 0, D > 0, y € [0,7/8], and Z € By/s such
that, for all x € HBy,2(Z, %),

. at ”Ru<t7 .)”C'Y(Bl) c
ylif(l)g-y %(l’,y) 2 —D C4’ykuk o 042(1_5)]‘3111]6‘

We observe the constants above depend only on n, a, and Cj. The choices
max{477,47*"*} < <1 and ¢>2(C+ D||Ru(t,")|lcvmy))

then provides us with
_ 1
lim y*V,(z,y) > —=. (1.34)

y—0+ 2

As in case k = 1, we have that y*V,(z,y) solves L_,(y*V,(x,y)) = 0 in
R"™ x R*. From this, we now show that (1.34) and (1.28) imply that there
exists 0 < 1 such that, for every x € By 4,

(4) Vylw.n/a) = —o. (1.35)

Indeed, by the maximum (actually, minimum) principle, we have

inf lim yVye,y) € il yV(ey) < (1) V@4 (136)

z€B5 /8 y—0t (z,y)€l5 5

for all € By/4. Then, (1.28) and Harnack’s inequality yield

1+ sup lim y*V,(z,y) <C ( inf lim y*V,(z,y) + 1) ,

x€By 3 Y0t €858 y—0+t

for some constant C' > 0 depending only on s and n. Since HBy/2(Z,7) C
Bss, by (1.34), we have

_ 1 _ 1 1
inf lim y*V,(xz,y) > = su lim y*V,(z,y)—14+—= > ——1 = —6.
z€B5 /5 y—0t y y( y) xEHBl/IQ)(:E,[/) y—07t y y( y> C 2C

By the above and (1.36), we conclude (1.35).
Next, integrate (1.31) with respect to y in the interval [y,n/4] to obtain

QTLCO
A=)k ik (q + 1)

[y =] < €,

(4)" Vil n/4) = 47V ) <
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where C' = % is a positive constant that depends only on n, a, and
Cy. We thus have X
- C
yVy(z,y) = =0 - —.

First enlarge, if necessary, ¢ so that 6 + C /Ky < 1; then, enlarge u (if

necessary) so that # + C/K; < p < 1. Therefore,

v Vylw,y) =y Vy(a,y) > —p,
for every = € By/4 and every y € [0,71/4], which is what we wanted. ]

Once Proposition 1.21 is established, we show in a standard manner (see,
for instance, [7, Lemma 4.4]) how a bound from below of the form infr, y*v, >
—C'r® provides control of the [**-norm of © in a smaller cylinder.

Lemma 1.22. For C > 0, a € (0,1), and r € (0,1] such that infr_ y*v, >
—Cr®, there exists M > 0 for which

sup |[0] < Mrot?s,
I—‘7"/8

Moreover, the constant M is independent of r and depends only on C, «, a,
and Cy.

Proof. We consider only the case where » > 0 is small, for v is globally
bounded. By Lemma 1.20(a) and by our assumption, we have, for every
(z,y) €T,

Y Cnl_a
0(z,y) > 0(x,0) — Cr“/ 7% > — T ot
0 —a

This provides a lower bound on v.
Let us assume, by contradiction, that the upper bound does not hold, that

is, for any M > 0, there exists (xo, yo) € I';/s such that 0(zg,yo) > Mret?s.
Our assumption, by integration, yields

(07

i ) Cn*  apas, OW
0(xo,nr/2) > 0(x0,Yo) — mr i 1 _Oa

40



In particular, for sufficiently large M > 0, namely M >
write

401723
W, we can

M
f](me 777“/2) Z Z TOH_QS-

Next, denote ¥ as in (1.29) and observe that the semiconvexity of ¢ implies
|v — 9| < Cyr? in T',.. Then, the lower bound above gives

Cvra+25

v(z,y) + + Cor* > 0 for every (x,y) € T,.

—a

Now, By /2(xo,nmr/2) C I'y and (0,17/2) € By a(xo,mr/2), so that Harnack
inequality, applied in B, /2(x0,n7/2), gives

M C a+2s a+2s
ot < sup |0+ L + Cor2] <c (T)(O, nr/2) + + 007‘2) :
4 By —a —a
Hence, there exists ¢y > 0 such that
Cfroz—i—Qs
9(0,mr/2) + Cor® > v(0,nr/2) > coMroT? — . — Cyr?
—a
Recall 0 € A; then, by Lemma 1.20(d),
- - nCoT]Q 2
0=1v(0,0) > (0 2) — —
U( Y )—U( 77771/ ) 4<1+a)7"
Cra+2s annQ
> coMrat?s — — 2 _20r%
= o l—a 4(1—|—a)r or
In particular, we have a bound for M:
1 Crot?s  nCon?
M < 24+ 2Cor* ) .
T corots < l1-a * 4(1—|—a)r etor )

This is in contradiction to our assumption because the constant M > 0 is
should be arbitrary. O]

We are now in a position to prove a first regularity estimate at a free
boundary point.
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Theorem 1.23. Let u be a solution of (1.1), and ¥, b, r, and T as in (i),
(ii), (iii), and (iv), respectively. Then, there exist C > 0 and a € (0,7) such
that, for every r € (0,1) and every xo € O{u(t, ) = ¢},

sup |u(t, ) — | < Cr*t* and (1.37)
B,«(mo)
s [(=A)ut, ) — Rult, )] Xque)—v} ‘ < Cre. (1.38)

Proof. The estimate in (1.37) is a direct consequence of Lemma 1.22. In
order to prove (1.38), we assume, as before, xg = 0. Recall that, by the
definition of v,

(=A)’u(t,z') — Ru(t,0) = — lim y*0,(2",y) = — lim y%v, (2, y)
y—07+ y—0+

and so

(—A)u(t,z") — Ru(t,z") = — lir(r)1+ Yy, (', y) + Ru(t,0) — Ru(t,a).
Yy—
By (1.21) and (1.20) we have that

sup | [(—A)%u(t, ) — Rult,-)] x{u(t,.>:¢}( < —inf lim y%v,(-,y) + Cir”.
B, By y—0+t

Now, if 1/4 < r < 1, then by Proposition 1.21 for k£ = 0 we have that

—inf ylirgl+ Yoy (2’ y) < ¢ < der;

on the other hand, if » < 1/4, by taking 3 such that 8 < log, u~' combined
with Proposition 1.21, we obtain

—inf lim vy, (2", y) < — inf lim v%v, (2", y) < cu < cu® < 4753,
nf Hm, y'ey(',y) < — Inf lm g, (',y) < op < o’ <

Hence, choosing k large enough so that 4% < r gives (1.38) for

a = min{f,v}. O
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Corollary 1.24. In the same setting of Theorem 1.23, there exist C" > 0
and o € (0,7) such that

| [(=2)utt, ) = Rault, )] Xguter=s | <,

co@®n)

that s,
[(—A)Su(t, ) — Rult, )} X{u(t,)=y} € CY(R™) N L*>(R™).

Proof. Let « obtained in Theorem 1.23. Over the set A = {u(t,:) = ¥},
recall that the function (—A)%u(t, ) — Ru(t,-) is bounded, by (1.21). It is
then enough to show that, for |x; — 25| < 1/4 with 21,25 € A,

‘(—A)Su(t,xl) — (—A)’u(t, z2) — Ru(t,x1) + Ru(t,z2)| < Clxy — 2.

Given x € A, let d(x, OA) denote the distance from = to A. We then analyze
two possible situations.

e Suppose first that
1
|z — 29| < 7 max {d(z1,0M), d(z2,0A)}.

By Theorem 1.23, we have, for any r € (0, 1),

sup |u(t,-) —p| < Crot?,
Br(x;)

In particular, u(t,-) = 1 in the set S = Byjz,—a,((%1) N Bajz, —a,)(2).
Also, we trivially have

lu(t, ) = | < M = [[u(t, ) — V|| Lo
outside the set By (z1) D Bij2(22), and then
[(=A)* f(21) = (=A) f(22) = Rf(z1) + Rf(22)| < Cilzy — 2|7

1 1
, —

+/Rn\s |f($ )| |I, N l‘1|n+23 |$/ N l‘2|n+25
1
S 01|ZE1 —JZQP +C |:C/
|

z1—22|

dz’

2 dr + M] |71 — 2o < Clay — 25",

where f = u(t,-) —1. Because |[(=A)*¥||c1-sgn is bounded, this gives
the result.

43



e If, on the other hand,
1
|z — 29| > 7 max {d(z1,0M),d(x2,0M)},

we take T1,Zy € OA for which |27 — 73| = d(z1,0A) and |z — | =
d(xe,0N). Therefore, by Theorem 1.23, we have

[(=A)° f(z1) = (=A)* f(22) = Rf(z1) + Rf(z2)] < _Cl|$1 — x|"
+  sup  [(FAPfl+ osup  [(—A)f] < Oy — x|

B4\x1—$2\(jl) B4\acl—x2|(j2)

]

1.3 Monotonicity formula and optimal regu-
larity in space

We recall a regularity property provided by the fractional heat operator (see,
for instance, [7, Appendix A]); namely, that if v satisfies

O + (—A) v = f

with f € L*°((0,T]; C#(R™)) and 3 € (0,1), then

HatUHLOO((O,T};Cﬁ—O"'(Rn)) + H(_A)SUHLOO((O,T];CB—O+ (R")) (1.39)
< C(1+ [f =08 ®ny)) -

Incidentally, we have shown in Corollary 1.24 and (1.20) that
Ou+ (—A)u = [(—A)°u — Ru] X{u=yy + Ru € L=((0,T]; C*(R"))

so that (1.39) holds for our solution u. Hence, (—A)*u € C*°" and since u
is bounded Lemma 1.7, by [30, Proposition 2.1.8], we have

w e Lo((0,T); C=+e=0"(R™)).
Moreover, the lower term has the regularity
Ru € L=((0,T]; C**(R™)). (1.40)
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Next, we consider 0 € d{u(t,-) = 1}. Moreover, let w : R” x Rt — R be
the function which solves, with fixed ¢t > 0,

L ,w=0 in R" x R+,
{ w in X (1.41)

w(z,0) = [(=A)*u(t, z) — Ru(t,0)] X{u(t,)=y}(x)  for z € R™

Hence, by the boundedness obtained in Lemma 1.19, the maximum principle
for w, and the regularity C*(R"™) of w(x,0) (given by Corollary 1.24), we
have
sup w(z,y) < Cr°,
|z[2+y2<r

for a uniform constant C' > 0. The goal is to obtain the estimative above
with 1 — s replacing a. Hence, without loss of generality, from now on we
assume that a <1 —s.

We begin with the following lemma, which is the analogous of [7, Lemma
4.5].

Lemma 1.25. Let C' > 0 and « be as in Theorem 1.23 and set

1 o' «
5:5(a’s)zl_l<a+28_§)'

Then, there exists ro > 0, depending on a, s, C, and Cy, such that co(QN B,.)
does not contain the origin for any r € (0,19), where

Q= {z € R"; w(x,0) > r*t}
and co A stands for the convex hull of the set A.

Proof. Let x € € and assume, by contradiction, that 0 € co(Q2 N B,.). By
the definition of w, we must have u(t, z) = ¢ (x), or equivalently, o(x,0) = 0.
Note that, for z € Q,

lim y*0,(z,y) = —(—=A)u(t,z) + Ru(t,0) = —w(zx,0) < —r*H,

y—0t
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Moreover, by Lemma 1.20(b),

3, y) = /yvy(x Pydr = /y L (11%1 55,2, p) —i—/OTpany(I,p) dp) dr

p—

a+6 2s y2 O
/ o ptdpdr

a+§ 2s 9 C

- + n 0/ Tdr
2s 1+a/

B 7,o¢+5y25 N nCOyQ

N 2s 1+a’

Now, by Theorem 1.23, we know 9(0,y) > —Cy**2. Also, by the semicon-
vexity of 0, given by Lemma 1.20(b), we have

5(0,y) + V,0(0,y) -« < 0(z,y) + Cor.
Thus, since 0 € co(2 N B,),

sup  V,i(0,y) 7 > —|V,i(0,5)] inf Jo| =0
z€co(2NBy) co(2NBy)

and we have

5(0,y) < sup  o(z,y) + Cor®.
x€co(QNBy)

Putting all these together, we have, for any r,y € (0, 1),

_ C a+5 2s
Oyt 4 T+ Cor® 2 st . (1.42)

In order to get a contradiction, we relate y and r by the formula y® = r*2%,

so that (1.42) implies
45145+ + C ,',,5+’Y > i

Crd 4+ %,
1+a

)

where v = 2 — a™*(a + 2s)(a + 2§) which is positive by the definition of 4.
Now, the left hand side goes to zero as r — 0 and we have a contradiction
for small values of r. O

We remark that § < v, since 2s > 1 and a < . The next two technical
lemmas are key ingredients to prove the monotonicity formula Lemma 1.28.
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Lemma 1.26. There exists C > 0 such that, for every r >0,

29, (w(zx,y)?
limsup/ i 5 y(2 ( i/) )2 da > —Crottite,
yoot Jp, (Jo]?+y?)nmtma)/

Moreover,

lim 8y <(’$|2 + y2)*(n717a)/2> y‘“w(w,y)Q dr = 0.

y~)0+ Br

Proof. To show the first estimate, we begin by noticing the following prop-
erties:

(i) From Lemma 1.19, we have w(x,0) = 0 for x € R™\ A and w(z,0) > 0
for x € A. Hence, by the maximum principle w(z,y) > 0, that is,
w(z,y) > w(x,0) for all x € R"\ A and y > 0.

(77) From Lemma 1.20, we have

a : a nCO 1+a
yuy(ey) < lim 7oy (o, 7) +

9

with the limit well-defined since —(—A)*u(t,z) + Ru(t,0) is Holder
continuous on A and smooth outside (by Lemma 1.19).

(#4i) The function y®v, is a solution of

L_a(y*vy) = 0;
lirglJr yruy(x,y) = —(—A)%u(t, z) + Ru(t,0).
Y—

Moreover, from Lemma 1.19, we have that w(z,0) > (=A)*u(t,z) —
Ru(t,0) and then, by the maximum principle, w(z,y) > —y®v,(z,y)
on R" x R*. Since

w(z,0) = —yligL yiuy(z,y) in A,

the previous item implies that, for all z € A and y > 0,

(1.43)
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From (i) and (éi7), we have that (1.43) actually holds for all x € R™ and
y > 0. Furthermore, since w is non-negative and C¢', we conclude

nC()

1+a¢”h@wﬁ+w@ﬁﬂ2—K¢“W+yV,

w(w,y)* —w(z,0)* > -

for all x € B,, y > 0, and a uniform constant K > 0.

We now use the change of variable 7(y) = (Fya) % and define w(x, ) =

w(z,y). Then, the above inequality can be rewritten as
w(z,y)? —w(z,0)2 > —K'r(r + 7Y+, (1.44)
for all x € B,., y > 0, and a uniform constant K’ > 0. Using that
y Oy (w(z,y)?) = 0, (w(z,7)?),

we have that

—aa 2
limsup/ (y y(w(x,y)) dz
Br

|Z‘|2 + y2)(n—1—a)/2

y—0t
— i 0 (w(x,7)?) d
e B, (|22 + (1 + a)?27%/(+a))(n-1-a)/2 "

To estimate the right hand side above, we consider the average with respect
to 7 € [0, €] and we use Fubini’s Theorem to obtain

/ / (|lz]2+ (1 + 2302(;2/7(—1)2))(71 —p dodr
z,¢)* - w(:p,())?) N

2/(1+a))(n—1—a)/2 |x|n—1—a
1 € d —(n—1—a
——/ / w(z, 7)? d—(ya:|2 + (14 a)2r2/ )02 g g
0 B,

Observe that

|
o] o=
S— =
3
/_\
B
_m
E/

d —(n—1—a
= (Jaf? + (14 )2 0r0) T g,
.
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Hence, by (1.44) and the fact that w(-,0) = w(-,0) € C¢, we have
~ 2 _ gt 1/(14a)\a o 2
[E>1/ <<w(x,0) K'e(r + ¢ ) w(z,0) )dx

|I’2 + (1 +a)2€2/(1+a))(n—1—a)/2 ’x|n—1—a

€
—K' 1/(14a)\«
Z K (r +_€1_ ) dCU
B, |z |n-1-e
C/ || > |2
e - dx
e Jp, [(2P + (11 a)2/0+a)m=1=a)/2 "~ [g[n=1-a
= [, + Is..
We have /
hm 116 = —MT&'FI‘F& — _K/On ara—‘,-l—i-a,‘
e—0 a+ 1 ,

For the second term s, we split the integral over B, and over B, \ B.s,
denoting these by I, and I3, respectively, and the exponent 8 > 0 is yet to
be chosen. On the one hand, to estimate I;., we choose 3 € (m, #1),
and we have that

C 2c C N
hm I, > —lim — 2] = n lim 8a+atD-1 _

n—1l—a L=
0 ¢ Jp, || 20+ at 1 es0
On the other hand, for all |z| > €®, we have ¢+ < |z|2, so that
(|$|2 + (1 + a)2€2/(1+a))(n717a)/2 <C <|x|n—1—a + 062/(1+a)|x|n_3_a)

and the term I2 can be estimated as

) n 1+2« pn—1+2a
125 > — / |: n—l-a 4 062/ 1+a)pn 3—a pn—lfa dp
2 N /(14a)
LT S Ca ¥
Cf 2/(14+a) r
€ / p2a+a 2 dp
€ B

> _C«TEQ/(I—HL)—I [1 + 66(2a+a—1)} )

Recall that 2 > 1+a, and so we only need to consider the case 2a+a—1 < 0,
since otherwise we clearly have lim, o I3, > 0. Moreover, since § < 1/(1+a),

we have
2 20

— =1 2 —1
T a +B8R2a+a—-1)> T+ a
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which also gives lim_, I3. > 0, so that lim, I > 0. Hence, we conclude
that

liminf I, > —K'C,, ,rotTe.
e—0 ’

From this, we deduce

/ O (w(x, €)*)

(‘ZU|2 + (1 +a)2€2/(1+a))(n—l—a

lim sup
e—0

7 dx > hi%nf 1.
> _K/C«n a7,o¢+1+a

which is what we wanted.
To show the second claim of the lemma, we observe that, by the C2-
regularity of w, we have

o (a2 ey as

T

yl—a
< /T (’x‘2+y2)(n+lfa)/2fa dz

T n—1
l1—a P
< Cy /0 <p2 + y2)(n+lfa)/2fa dp

r n—1
< Cyla/o (p + y)ri-a—2a dp
< Cr% = Cry*,
which gives
ylir(% . d, <(|ac|2 + y2)_(n_1_a)/2) y "w(x,y)*dr = 0. O

The next lemma is the result [7, Lemma 4.7] on the first eigenvalue of a
weighted Laplacian on the half-sphere. The result applies to our modified
function w as proved below.

Let us denote by S* € R"*! the n-dimensional sphere, and set

St =8"nN {zn41 > 0}.
Let us also denote

AN = {h € H'2((S™)); h=0on A(S") N {&nes = 0} N {z, > 0}}.
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In other words, h € %”01/ ? when it is Sobolev in the boundary oS" ~ St of
the upper sphere, and it vanishes on the upper part of the (n—1)-dimensional
sphere O(S?) N {xp41 = 0}.

Lemma 1.27. [7, Lemma 4.7] We have

/|V9h|2y“da
T =(1—s)(n—1+s),

he%”ol/Q / th—a do
S

n
+

where Vg s the derivative with respect to the angular variables.

Proof. For convenience of the reader, we reproduce the proof by Caffarelli

and Figalli. Let B
H(z,y) = (Vai +y? —2,)

and denote by h(0) its restriction to ST, which gives H = r!=*h(f). As
shown in [8, Proposition 5.4], h is the first eingenfunction related to the
minimization problem above. If A\; is the correspoding eigenvalue, our goal
is to show that \y = —(1 —s)(n — 1 + s).

First, we claim that H satisfies L_,H = 0 for y > 0. Indeed, the function

Gz, y) = (Va2 +y2 — z,)'/?

is harmonic in y > 0 as the imaginary part of z — 2/2. Since H = G'*9,
direct computation yields

L H=L_,G"=(1+a)y "G°A,,G

+ (1 +a)ay "G (|VwG’|2 - %) = 0.

Next, since A is an eigenfunction, we have divg(y~*Vyh) = A1h. In particular,

Agh(0,1) = M 7(0,1).

Moreover, by spherical coordinates,

0=L_H=AH+—H,+=0MH —

_ n 1 a
r 72 Y

51



and we obtain
0=A,H(0,1)+nH.(0,1) + AgH(0,1) — aH,(0,1)
—(1 —8)sh(0,1) + (1 — s)(n — a)h(0,1) + Agh(0,1).
Therefore,
MhA(0,1) = Agh(0,1) = —(1 — s)(n — 1+ 5)h(0,1). O

We now prove the monotonicity formula: the result and its proof are
found in [7, Lemma 4.8]. For the convenience of the reader, we reproduce
the proof.

Lemma 1.28 (Monotonicity Formula). Let w be given by (1.41) and denote
Bf ={z=(z,y) e R" xR"; |z| <r}.
Forr € (0,1], define

1 Vow(z))*y
o(r) = r2(1—s) /B:r |z[n—1-a dz.

Then, there ezists C > 0 such that, for all r € (0, 1],
p(r) < C (14 r2eto-arly,

Proof. Set

(r) = - [Vow@lPy™
PelT") = r2(1—=s) i ’Z’n 1—a
B n{y>¢}

By the Monotone Convergence Theorem, we can bound ¢ by liminf. , @..
Moreover, we note that ¢(r) is bounded by ¢(1). Hence, we only need to
bound liminf. o ¢.(1). Let x : R™ — [0, 1] be a smooth compactly supported
function with y = 1 in B; C R”. Thus,

// V- “fn o " (@) dz dy.

The definition of w in (1.41) gives L_,w = 0 and so we have L_,(w?) =
2|V w|*y~. Then, mtegratlon by parts gives

1 —a
/ V.(w?) -V, (2| i a)y x(x)dx dy
R’ﬂ

/ Vo () - Vox(2) s da dy
€ R" 2’ ‘
y=1

y o
Oy (w?)=———d
+ - y(w)2’2‘nflfa x
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Using that L_,|z|""** = C§y ), we can integrate by parts once more to

obtain
2
A
//n X( 2| ’nladmdy

l// wVax(2) QWIJ”“y

2 1 v
- [ v, (2||n]»a)3fﬂ*‘x>dm
n y=¢
_ =1
n Y X(x) Y
=z 2~ 7 d
¥ oo MO gt

since (0,0) ¢ [¢, 1] x R™. Recall that y =1 in By, that w is of class C%, and
that supp x C Bg for some R > 0, so that

1
[ (e sntongfims « v 9. (s ) o)
< C/ y—a/ (|,{,2 + yQ‘oﬁ-a/Q + ‘7“2 + y2’a+(l+a)/2) dr dy < +00.
€ 1
Moreover, since w is smooth for y > 0, we obtain

- )

o U % ()
+ /n Oy(w )—2|z]”—1—“ dx

y=1

< 400.
y=1

r < i“ .[ I <
gﬂ( ) 30 gﬂe( ) C.

Hence, we have that ¢.(r) — ¢(r) locally uniformly in (0, 1]. This shows,
in particular, that ¢(r) is well-defined. Now, take ¢ < r and use again that

53



L_g|z| 7" = C§p ) to obtain

11— L_q(w? 1
ol(r)=— > / L-a(w) dz+ — IV.w(z)]*y~*do
B

y3—2s iyl |z‘”—1_“ rT OB N{y>e}
2(1 — -
= —%/ WV v do
r o(BF N{y>e}) &
1—s 2 1
e — z ’ 2\ 1 n-1-a B d
+ T1+2(173) /B;;!—m{y>e} V (w ) v (yzlnla) Yy Z

1
+ — |V.w(2)[*y *do = A, + B. + C..
" JoBn{y>e}
We estimate each of these three terms. By Lemma 1.26 and the Cauchy-

Schwarz’s inequality,

1 —
lim A, = — Jj lim (w?®),y~*do
e—0t T e—0t+ OB N{y>e}
1—5 y ¢
+ ——— lim w?), ———d
7"1“1'2(1—8) e—0T B{fﬁ{y:e}( )y |Z‘n_1_a 7
1—s)? 1
> —( an) / wy *do — — (w, )y *do — Cro!
r aBT,+ r 8Br,+
1—s5)? 1
> — ( an) / w?y *do — — IV.w(2)Py *do
r 8BT,+ r 8Br,+
1
+—s / |Vow|*y=*do — Cro—t.
r OB, 4
Also,
1—s)(n—1-
lim B, = —( s)(n @) lim wly~do
e—0t rnt2 e—0t B N{y>e}

1—s 1
——— i 20, | ——— ) y2d
ey L = E

:_<1_8)(n_1_a)/ w2y—ad0_.
OBy +

rn+2

Hence, using that ¢, converges uniformly as € — 07, we have that the dis-
tributional derivative D, satisfies

1 A
Drp 2 — / |Vow|*y *do — Crot + niz / w?y~*do,
r 8BT7+ r 8Br,+
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where A; as in (the proof of) Lemma 1.27. Consider W = (w — r*t%)~. By
Lemma 1.25, W is admissible for the eigenvalue problem in Lemma 1.27. We
compute

VoW |? < |Vow* and (w—W)* 4+ 2W (w — W) + W? = w?,

to conclude that

5 M
rf = 2

D / [(w=W)*+2W(w—W)]y *do — Cr*!
OB, +

2a+6—a—2 a—1
—Cr —Cre -,

v

since |[W| < Jw| < Cr® and |w — W| < r**9. Therefore, integration in the
interval [r, 1] yields

o(r) < (1) 4+ Creto-erl L ¢ < O(1 4 rPotoah

for all r € (0,1], since 1 +a > 0 and ¢(1) is universally bounded. O

Now, we we are able to obtain the optimal modulus of continuity of w.
In particular, we obtain an improved regularity and the optimal regularity
of the lower order and free boundary term, respectively.

Proposition 1.29. Let u be the solution of (1.1). Then
[(—A)*u—RulX{uepy € L=((0,T); C'*(R™)), Ru € L>((0,T]; C'*(R™)).

Proof. Let n. be a mollifier, define w, := n.xw, and observe L_,w, = (L_,w)*
ne = 0. Moreover,

17100 y1+a
+a

we(2,y) = we(z,0) > —

Set W, == (w, — r**%)*, which satisfies L_,W, < 0 in the set {y > 0} and

17100 y1+a
+a

Wﬁ(x>y) - We(:t,()) > —

We now consider, for (z,y) € R” x R,

_ - nC “
o) = Wil o) + (14 250 ) e
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Note that L_,w. < 0 in the set {y # 0}, and
we(ma y) - ?I)e(xa 0) > ‘y’Hﬂ'

Since w, is smooth in z, we conclude w0, is a subsolution for L_, in the whole
R™ x R. Then, let ¢ — 0 so that

~ o _ato\+ nCo 1+a
(o) = (e o) = 159+ (14 220y

is a subsolution globally. By Lemma 1.25, the convex hull of the set where
w(-,0) > 0 does not contain the origin and it is thus contained in “some half”
of B,. In particular, w(-,0) = 0 in a set which is bigger than the other half
of B,. So, by a weighted Poincaré inequality (see [17, Theorem 1.5]) and the
definition of ¢ (see Lemma 1.28), we obtain, for all r € (0, 1],

/ w(z)Zy_“ dz < CTQ/ |Vztb(z)|2y_“ dz
B Bt

< Cor? [/ |V.ow(2)|Py~*dz + rtite
Bf

S C?"n+2 ((10(7,) + Tl-i-a)
< O (1+g(r),

since |V, w|* < |V,w|* + C|y|**. Then, since w is L_,-subharmonic and
Lemma 1.28, we get

sup w? <
+
Br/2

rnt+l-a /B* w<z)2y_a dz S O(r1+a + 7“20‘_'_5)_

Hence, for all r € (0, 1],

supw < C(sup W+ ot 4 ’rH“) < C(rlfs + ra+5/2). (1.45)
B, Bt
r/2

We conclude by the same argument as Corollary 1.24 that
lwllgge@ny < €, where B, :=min{l —s,a+6/2}.
As remarked previously, § < «, thus 3, < 7. Hence, by (1.40), we have

[(—A)su(t, 1) — Ru(t, ')}X{u(t,-):qp} € CPe (R™).
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Therefore, we have
u+ (—A)*u = [(—A)*u — Ru] X{uzyy + Ru € L=((0,T]; CP*(R™)).

Hence, by (1.39), (—A)%u(t,-) € CP«=0"(R"), and by [30, Proposition 2.1.8],
we have u(t,-) € CPa25-0" (R"), thus

Ru € L=((0, T]; CP+Y(R™)). (1.46)

By the definition of § (see Lemma 1.25), given ag > 0, there exists dy > 0
such that 6 > 09 > 0 for all & € [ag, 1 — s]. If 5, =1 — s, the proposition
follows. Otherwise, we apply the monotonicity formula (as in (1.45)) k times
and the argument above to obtain

supw < C(T’l_s + ra+k60/2)7 Ru € LOO((O,T], Cmin{l—s,a+k5o/2}+7(Rn)).
By

Choosing k large enough and using the same argument as Corollary 1.24, the
proposition follows. m
1.4 Almost optimal regularity in time
We note that Proposition 1.29 implies that
du+ (—A)u = [(—A)u — Ru|x{uzyy + Ru € L=((0,T]; C**(R")),
which gives (see (1.39))
S and (—A)u e L®((0,T]);C**~°" (R")). (1.47)

From this, we are able to show the first step of the iteration procedure that
eventually grants us the optimal regularity of the solution. We remark that
by (1.20) and Proposition 1.29, we have

Ru € L=((0, T]; C1=+7(R™)).

125 _0t,1—s

Lemma 1.30. We have [(—A)*u — Ru]xuzy} € C/2° ((0,7] x R™).
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Proof. We need to estimate

[(_A>su - ’R’u} (t7 I)X{u(t,-)iw} - [(_A)Su - RU] (S, x)X{u(s,~):¢}'

We notice that we only need to consider x € {u(r,-) = ¢} for some 7
(otherwise the expression vanishes). Let 0 < s <t < T. By Lemma 1.17,
{u(t, ) = v} C{u(s, ) =¥}, we can assume, without loss of generality, that

x € {u(s,:) = ¢} If x € {u(s,) = ¥} \ {ult,") = ¥}, by Lemma 1.19,
the left hand side below vanishes and we can find 7 € (s,t) such that x €

NHu(r,-) =9}
[(=A)*u = Rul (T, )X u(ry=py = [(=A)*u — Ru] (t, )X (u(t,) =}

Then, we can estimate the free boundary part replacing ¢t with 7. Hence,
we need only consider = € {u(t,-) = ¢}. In other words, we only need to
estimate both terms

|(—A)Su(t,x) — (—A)Su(s,x)|, (1.48)

|Ru(t, z) — Ru(s,z)|. (1.49)
By the same strategy as in [7, Lemma 4.12], we bound the (1.48) by

/n [(—A)u(t,z) — (—A)°ult, 2)] b, (x — 2) dz

+

| aruts) - (-ayut. o - 2z

+

[ 187u06,) ~ (-8)u(s, 2] o - )

Y

where ¢ is a normalized smooth cutoff function supported in By, and ¢,(z) =
r~"¢(x/r). Then, the first and third terms can be controlled by Cr'=s=0"
For the second term, we integrate by parts (—A)® and recall the Lipschitz-
in-time regularity of u (see Corollary 1.18), so that

rQS

(~A)ult,z) — (~A)u(s,a)| < C (Tls(ﬁ D) > |

The choice r := (t — 5)"/0+9) thus yields

1—s _0+

}(—A)Su(t, x) — (—=A)u(s, x)} <Ot —s)s
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Analogously, we bound (1.49) by

[ [Rutt.) - Rutt, ))oe ~ =)

+

/n [Ru(t, z) — Ru(s, z)] ¢, (x — z) dz

+ [Ru(s,z) — Ru(s, 2)]¢r(z — z) dz.

R

)

By the space regularity of Ru (see (1.46)), the first and third terms can be
controlled by Cr!=*™. By Corollary 1.18 and performing an integration by
parts, we can bound the second term by

Recalling that M}Ov ‘= SUpcg, Lv, we have that for all € > 0, M;;Ov —e<
Lv. Since ||¢y||r1(,) = 1 and the fact that L is an integrable by parts
operator, we obtain

C((t—s)%—@%—

/n M3, (u(t, z) — u(s, z))pr(z — 2) dz

ME, (u(t, z) — u(s, 2)) o (z — 2) dz

Rn

< lu(t, z) — u(s, 2)| | Mg, ¢ (x — )| dz + €.
R

Now, by the explicit form of Pucci operator (see (iv)) and the Lipschitz in
(t—s)

r2o

time regularity of u, we can bound the integral above by after letting

e — 0". Thus,

‘RU(t,l‘)—RU(S,iL‘)} SC(TI_S—FW‘l‘(t—S)—l— (t—5> + (t—S)).

T r2o

Assume without loss of generality that » < 1 (otherwise, we have Lipschitz
regularity in time). Now, if 20 < 1, we have v = s — 1/2, and so

r

"Ru(t,x) — Ru(57x)‘ <C <T1/2 F(t—s)+ (t — S)) 7

and so the choice 7 == (t — 5)%/? gives

|Ru(t, x) — Ru(s, x)| < C(t—s)Y3.
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Now, if 20 > 1, we have v = s — ¢ and so

|Ru(t,z) — Ru(s,z)| < C (rl_” +(t—s)+ U 8)) :

and so the choice r := (t — s)/0+9) gives
|Ru(t,z) — Ru(s,z)| < C(t — 3)%
Finally, observe that since s > 1/2,

1—s l1—0 1—s
an

> . 1.50
1+s 1+o 1+ s ( )

O

1>
3

By (1.8), Lemma 1.30 and interpolation inequality (see (1.9)), we obtain

1=s ot 1-s

du and (—A)Y°u € C}F° ((0,7] x R™). (1.51)

The next lemma is the key ingredient to create a bootstrap in Theorem 1.32.

Lemma 1.31. Let o € (0,1=2) and assume

du € CH5((0,T) x R™) and (—A)*u € L2((0, T]; C*(R™)).

Then, with a uniform bound,

(1+a){72,1-s

[(—A)Su — Ru] X{u=2} € Ct,z ((O,T] X Rn).

Proof. As in the proof of the previous lemma, we first consider z € {u(, -)
¥} for some 7, thus without loss of generality, = € {u(t,-) =¥} C {u(s,-)
¥}, where 0 < s <t < T, and estimate

(=A)u(t,z) = (—A)°u(s, z)]
| 1yt - ayue )6 - 2z

<

+

/ (=AY ult ) = (~A)uls,2)] 6w - 2) dz

_|_

/n [(—A)*u(s,x) — (—A)u(s, 2)] ¢r(z — 2) dz
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Again, the first and third terms can be controlled by Cr'=*. The second term
we integrate by parts to obtain

/Rn [(=A)u(t, z) — (=A)°uls, 2)|¢r(z — 2) dz
< (/Rn ‘8{(,6(3, z)| |(—A)S¢r(x - z)‘ dz) (t—s)
/n [ult, 2) — u(s, 2) — Byu(s, 2)(t — )] (A (z — 2)dz

+

Since Qyu(-, z) is of class C* in time and |[(—=A)*¢,||11(p,) < C/r?, the last
term on the right hand side above is bounded by C(t — s)'™®/r?*. For the
integral in the first term, we use that d,u is of class C''~% in space and that
Oyu vanishes at (¢,z) € {u = ¢} to show it is bounded by

C | min{|z — 2|" 7, 1} | (=A)*¢,.(z — 2)| dz. (1.52)
Rn
Since ¢ is compactly supported, |(—=A)*¢(w)| < Clw|™""2* when |w| is large
enough. Hence, scaling yields, for all w € R",

C

ynt2s + |w|n+25 :

[(=A) ¢ (w)| <
us . can be controled, up to a constant
Thus, (1.52) b led, up , by
|w|1—s / 1
dw + —— dw
R o 0]

C _
= n+2s / |w | - dw
T B,

+C lw* " dw + C.
Bi\Br»

This implies
min{|z — 2|*7* 1} (=A)*¢,(z — 2)|dz < C(1 + r'73).
Rn
Finally, we obtain

t — S)1+Oc

[(=A)*(u(t,z) — u(s,z))| < C|r'* + ( Ot — 8)(1 47175

TQS
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Also, since o < (1 — 5)/2s, we have

L=9)0+a) (=391 +a)

"= L+s N 1+s

Therefore, the choice r := (t — s)(1*®)/(1+5) ensures

1—s

(~A)ult,z) = (~A)u(s,x)| < Ot — 5) 1T

Analogously, we estimate

|Ru(t, z) — Ru(s,x)| <

[ [Rutt2) ~ Rutt, 2)on (o - 2) s

_|_

/n [Ru(t, z) — Ru(s, z)| ¢ (x — 2) dz

+

[Ru(s,z) — Ru(s, 2)] ¢ (x — 2) dz.|,

R”

Once again, the first and third integrals are bounded by Cr!=**7. For the
second integral, we split the integral into

|

+

/n [Zu(t, z) — Zu(s, z)]¢r(x — 2) dz

(1.53)

/n [vu(t’ Z) - VU(S, Z)} ¢T($ - Z) dz

).

Notice that the third term in (1.53) is Lipschitz-in-time, thus there is nothing
to prove. For the remaining terms, we proceed analogously and bound them
by

_|_

/n [u(t, z) — u(s, Z)]Cbr(ff —2)dz

t—s)® t—s)® 1
Clt—s){1+ U + ( 28) + / |w] ' dw+/ lw| " dw
T r4o rn B, B\,

1
+ 5 / |w|1_$dw+/ lw|' 72 dw .
rnTao B. BI\BT
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Now, we estimate the integrals above:

1 1
— / lw|'* dw +/ w7 dw < C <1 + —s> :
r B, Bi\B, r

1 1-s 1—-20—s—n 1
Tn—l—?a /BT- ’U)| dw + /Bl\BT. "UJ‘ dw S C<T2y+s—1

1 if0<(ls)/2;>

+ 914 |log(r)] ifo=(1-s)/2;
L+ri727  ifo>(1—1s)/2.

Hence, we conclude that, for o > 0,

IRu(t,z) — Ru(s,z)| < Cri=*T7 + C(t — s) <(t — ) n (t —28) n 1
r r<o rs

1 if o< (1—35)/2;
+7a20+571 + 1+ ‘ 10g(’l“)| if o= (1 - 3)/2§ )

L+ri727s  ifo>(1—1s)/2.
If 0 <o < (1—s)/2, then (recall that v = s —1/2)

t—s)*e N (t—S))'

r rs

|Ru(t,x) — Ru(s,z)| < C (Tl/Q Ft—s)+ (

Then, by choosing r = (t — 5)20+%)/3 we have
Rult, z) — Ru(s,z)| < C ((t _g)80He) 4 (p s>1-%5<1+a>) .
We claim that (14 ) < 1—2(1+ ). Indeed, the claim holds if, and only

if (1+a)(1+2s) < 3. Now, since a < (1 —s)/2s, we have (1 + «a)(1+2s) <

% + s+ 2% Moreover, s+ % < % <= 252+ 1—3s <0, and the latter holds

since 1/2 < s < 1. Hence, we conclude
| Ru(t, ) — Ru(s,z)| < Ot — s)H)/3,
If (1—s)/2<0<1/2, then

|Ru(t,x) — Ru(s,z)| < C’(TUZ + (t — ) (1 + |log(r)|)

(t—s)* <t—s>>_

+
r rs
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Once again, by choosing r = (t — 5)20+%)/3 we obtain
|Ru(t,z) — Ru(s, )| < C(t — s) T/,

Finally, if 0 > 1/2, then

|Ru(t,x) — Ru(s,z)| < C (er F(t—s)+ (t—s)i*e n (t—s) ) .

’1“2‘7 7,204—5—1

Choosing r = (t — s)1+*)/(49) we obtain

20+4+s—1
1

|Ru(t, z) — Ru(s,x)| < C ((t _ 5)(1+a)1% b (t— )t (e) 55 ) _

We claim that (1 + )12 < 1— (14 a)®%E=L. Indeed, the claim holds if,
and only if (1 4+ a)(c +s) < 1+ 0. Once again, since o < (1 — s)/2s, we
have (1 + a)(o +2s —1) < B2 4+ £+ 2. Moreover, § + £ < 22 «—
s2—(1+0)s+ 0 <0, and the latter holds since 1/2 < v < s. Hence, we
conclude

|Ru(t,x) — Ru(s,z)| < C(t — S)(1+a)}%’,_
Thus, by (1.50), we conclude the lemma. O

We are now ready to prove our main regularity result.

Theorem 1.32. Assume that ¢, b, v, and T as in (i), (ii), (iii), and (iv),
respectively, and let u be the unique (continuous) viscosity solution of (1.1).
Then u is globally Lipschitz in space-time on (0,T] x R", and satisfies

5 _0t,1—s

du e O, (0,T] x R"):;
(~A)u e G, (0, T] x R™).

T

Proof. The global Lipschitz regularity follows from Corollary 1.18. Given
a € (O, 12—_55), denote by ® the affine function

1—s

O(a) = (1+a)1+5

which is strictly increasing and satisfies ®(1=2) = =2, By (1.51), we can
apply Lemma 1.31, which gives

o(12-07),1-s

[(—=A)*u — Ru] xqu=y} € C,, T

T

((0,T] x R™).
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Then, by (1.8) and interpolation inequality (1.9), we have

1=s _o+) 1—s
du, (—Ayu € U=~ (0, 1) x RY),
since ®(a) < =2 for « < 2. Next, we apply Lemma 1.31 and (1.8)
iteratively to obtain
n(1=s _0+) 1—s
du, (—~Ayu € O UF M (0,7 x R,

which combined with [7, Estimate A.5] gives
(—~A)'u e C,Z 700, T) x RY).

Since " (%—lz — O*) — % as n — 0o, we also conclude

1—s

==—0t,1-s n
o € C,F ((0,7] x R™). O

1.A Regularity results for 0,+(—A)° for f € L™

We now adress the approximation of a solution of (1.1) by a solution of
(1.13). The main ideas are found in [29]. We already used the regularities
(1.39) and (1.8) of the fractional heat equation. However, in both cases the
source f is Holder continuous. Nonetheless, we need a regularity result when
f is merely a bounded function in spacetime. Namely, for v+ (—A)°v = f,
we have

HUH01—0+((o,T};Loo(Rn))JFHUHLoo((o,T];c%—O*(Rn)) < OO+ fllzoeo1xmm) ). (1.54)

In order to show (1.54), we proceed as in [7]: we notice that

v(t,z) = [(t) xv(0) +/0 Ls(t —7)* f(7)dr,

where I's(¢,y) is fundamental solution of the fractional heat equation and it
behaves as

t 1
FS t7y ~ n s 9 aFS t7y S C n s 9
ITs(t y)l t;—f+’y|n+2s 9L (t, y)l t;—f+|y|n+2s
1 t 1 t
IV, st y)| < C——— | DC(t y)| < C— —s .
Y yle" s 4 |y’ Y [y[? 755 4 [y |2

(1.55)

65



Since the initial condition of (1.1) is well-behaved (namely, it satisfies (i)),
the first term is smooth. Thus, we only need to estimate the source term. In
order to do it, we need the following estimates:

e there exists a constant C' > 0 such that, for all A > 0,

/ " qi<o(tn) (1.56)

n h%ﬁs —|— |Z|n+28

e there exists a constant C' > 0 such that, for all A > 0,

t

t —

/ i dr < Cmin{h™™% A"} (1.57)
0o (t—7)2 + hnt2s

The proof of both are very simple: for (1.56), one splits the integral into
Bj/2s and R™ \ Byi2., thus

h 1 1
dz < ——|Bpi/2s| + h ————dz < C(1+ h).
\/Rn hn;rfs + |Z|n+23 EARS hn/25| hl/2 + /R”\Bhl/2s Z’n+23 Z > ( + )

For (1.57), if h > 1, the bound is trivial, since the integrand is bounded
by h~""2; otherwise, if h € (0, 1], we split the integral into [0,¢ — h?*] and
[t — h? . t], thus for n > 2 we have

t t— T t—h?2s / 1 t
— drg/ t—7) "2 dr + / t—7)dr
/o o e TS, ) e |77

S Ch_n+28.

For the time regularity of (1.54), notice that for u < ¢, we have
v(t) = v(u)| < C( Ts(t —7) =+ f(7)]dr

+ |(Ps(t—7)—Fs(u—T))*f(T)ldT>.

0
By (1.55) and (1.56) with h = ¢ — 7, the first term can be bounded by

t
C||f||Lw((o,T]an)/ 1+ (t —7)]d7 < O fllzoe(0,11xrm) (t — 1),
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while the second term can be bounded by

CHfHLOO((O,T]an) / min{t —u,u — 7-}(1 + (u _ 7.)—1) dr
0

u—(t—u)
< O f[l o= ((0,11xRm) <(t —u) / (I4+u—7)"")dr
0

T /u_(t_u)a (u—7)) dr)

< O fll oo xrny (t — w)| log(t — w)].
For the space regularity of (1.54), since 2s > 1, we evaluate
[Vu(z) = Vu(2)]

t
g0||f||Loo((0,ﬂXRn)// VTt — 7.2 — ) — VT4 (t — 7, 2 — )| dy dr.
0 R”

We split the space integral into {|x—z| < |[x—y|/2} and {|z—z| > |z —y|/2}.
For the first region, by (1.55) and (1.57) with h = |x — y|, we can bound the
integral by

Clz — z| |z — y| 7 min{|z — y[ 7", |l —y[ " dy
{lz—z|<|e—yl/2}
< C’|m—z|1+25—2/ |z —y|™" dy
{Jz—2|<|e—y|/2<1}
+Clz — 2| z — y[ 22 dy
{lz—yl/2>1}

< Clo — 2> |log |z — =[],

while For the second region, by (1.55), (1.57) with h = |z — y| and noticing
that {|z—z2| > | —y|/2} C Bsjg—./(x) N Bsjy—2(2), we can bound the integral
by

/ -y dy < o o
B3‘1_Z|(x) ‘x - y‘
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Chapter 2

Lagrangian structure of
relativistic Vlasov systems

As already mentioned in the Introduction, we are interested in the Lagrangian
structure of solutions of (7), the existence of generalized solutions under
minimal assumptions, and the existence of renormalized solutions if the initial
condition has bounded initial energy and a higher integrability.

For our purposes, a crucial observation is that (7) can be written as

Ofe +by -V, fi =0, (2.1)

where, for each fixed ¢ > 0, the vector field b, : R® — RS is given by
bi(x,v) = (0, E;+0 x By). Moreover, the vector field is divergence-free, since

Vow b=V, (0x B) = (Vyx0):B,— - (Vyx By) =0.

By the transport nature of (2.1), it is expected that solutions have a La-
grangian structure, meaning that the initial condition fj is transported to f;
by an associated flow. In the weak regularity regime, however, the existence
of such flow is not guaranteed by the classical Cauchy-Lipschitz theory. In-
deed, since K is locally integrable, we have F;, B; € L _(R?*;/R?) whenever
fi € LY(R%), so that by is only in L{ (RS R%).

Since by is divergence-free, (2.1) can be rewritten as

Oift + Vay - (befi) = 0.

The latter can be interpreted in the distributional sense provided b,f; is
locally integrable which, however, does not follow only from the assumption
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fi € LY(R%). To treat this problem, we introduce a function 8 € C'(R) N
L>(RR) such that

OB(ft) + Vau - (beB(f) =0 (2.2)

whenever f; is a smooth solution of (2.1). Hence, b;3(f;) € L., which leads
to the concept of a renormalized solution; see [14].

Definition 2.1 (Renormalized solution). For a Borel vector field

b € Li, ([0, T] x R%; R),

we say that a Borel function f € L{ _([0,7] x R®) is a renormalized solution

of (2.1) starting from fy if (2.2) holds in the sense of distributions, that is,

do(z,v)B(fo(z,v))dxdv
- (2.3)

+AM;h@@w+vm@mw*M%M5%@wWh®@=0

for all ¢ € C}([0,T) x RY) and 8 € C*(R) N L*=(R).
Moreover, f € L>((0,T); L*(R®)) is called a renormalized solution of (7)
starting from f if, by setting

i) = [ fla,v)do, M@:@@MMM%MM,

Ji(x) = /]R3 Ofi(x,v)dv, By(z) =o0p /R3 Ji(y) x K(x —y)dy,  (2.4)

and  by(z,v) = (0, By(x) + 0 x B(x)), (2.5)

we have that f; satisfies (2.3), for every ¢ € C1([0,T) x R®), with b; as
in (2.5).

Observe that the integrability assumption f; € L'(R%) is used so that
pt, Jy, Ey, and B; are well defined. From now on, we refer to E; and B,
as the electric and the magnetic fields, respectively, even though E; may
represent a gravitational field as well.

Our first main result shows that distributional or renormalized solutions
of (7) are in fact Lagrangian solutions. This gives a characterization of so-
lutions of (7), since Lagrangian solutions are generally stronger than renor-
malized or distributional solutions.
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Theorem 2.2. Let T > 0 and f be a nonnegative function. Assume f €
L>([0,T); L'(RY)) is weakly continuous in the sense that

t— frdxdv s continuous for any o € C.(R%).
R6

Assume further that:

(i) either f € L>=((0,T); L>(R®)) and f is a distributional solution of (7)
starting from fo; or

(12) f is a renormalized solution of (7) starting from fy.

Then, f is a Lagrangian solution transported by the Maximal Regular Flow
X (t,z) associated to by(x,v) = (0, Ey(z) + 0 x By(x)) (see Definition 2.9),
starting from 0. In particular, f; is renormalized.

Next, in Definition 2.11, we introduce the concept of generalized solutions,
which allows the electromagnetic field to be generated by effective densities
o and J°. This may be interpreted as particles vanishing from the phase
space but still contributing in the electromagnetic field in the physical space.
In fact, generalized solutions are renormalized if the number of particles is
conserved in time, as follows from Lemma 2.12. This indicates that, should
renormalized solutions fail to exist, there must be a loss of mass/charge as v
approaches the speed of light (we recall that the speed of light ¢ = 1).

Our second main theorem provides, under minimal assumptions on the
initial datum, the global existence of generalized solutions.

Theorem 2.3 (Existence of generalized solutions). Let fo € L'(R®) be a
nonnegative function. Then there exists a generalized solution (f;, psT, J&T)
of (7) starting from fy (see Definition 2.11)). Moreover, the map

t €1[0,00) —> f, € L .(R%)

1s continuous and the solution f; is transported by the Maximal Regular Flow
associated to field b (z,v) = (0, BT + 0 x BeM).

In view of Theorem 2.3, if we assume higher integrability on the initial
datum and bounded initial energy, we can prove the existence of a global
Lagrangian solution. Moreover, we show strong continuity of densities and
fields and that each energy remains bounded in later times. Furthermore, we
emphasize that our result holds even in the gravitational case oy = —1.
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Theorem 2.4 (Existence of global Lagrangian solution). Let fy be a nonneg-
ative function with every energy bounded (see Definition 2.15). Then there
exists a global Lagrangian (hence renormalized) solution

fr € C([0,00); L'(R?))

of (7) with initial datum fo, and the flow is globally defined on [0,00) for
fo-almost every (x,v) € RS, with f; being the image of fo through the incom-
pressible flow.

Moreover, the following properties hold:

(i) the densities py, J; and the fields E;, By are strongly continuous in
Ll (Rﬁ);

loc

(11) for everyt >0, f; has every energy bounded independently of time.

The chapter is organized as follows. In Section 2.1, we prove Theorem 2.2.
More explicitly, we rely on the machinery for nonsmooth vector fields devel-
oped in [3] to prove the equivalence of renormalized and Lagrangian solutions.
Moreover, in Corollary 2.10, we show that if the electromagnetic and rela-
tivistic energies are integrable in [0,77], then its associated flow is globally
defined in time. In Section 2.2, we extend the notion of generalized solutions
from [4, Definition 2.6] to our setting (see Definition 2.11) in order to al-
low an “effective” density current of particles (along with the corresponding
“effective” density of particles) and we prove the existence of a Lagrangian
solution with the “effective” acceleration (Theorem 2.3). Finally, in Sec-
tion 2.3, we prove Theorem 2.4 under the condition of each bounded energy
(see Definition 2.15), obtaining a globally defined flow and a solution of (7)
for all range of o and op.

2.1 Lagrangian solution and associated flow

In this section, we prove Theorem 2.2 which says that Lagrangian and renor-
malized solutions of (7) are equivalent. For this, we use the machinery de-
veloped in [4, Sections 4 and 5] combined with a version of [4, Theorem 4.4]
that we show holds for our vector field b as well. From now on, we denote
by .4 the space of measures with finite total mass, by .#, the space of
nonnegative measures in R? with finite total mass, by AC(I;R®) the space
of absolutely continuous curves on the interval I with values in R®, and by
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£° the Lebesgue measure in R%. We begin with the preliminary definitions
of renormalized solutions, and of regular and maximum regular flows:

Definition 2.5 (Regular flow). Fix 7y < 7, and B C R® a Borel set. For a
Borel vector field b : (11, 72) x R® — R®, we say that X : [r, 7] x B — RS
is a regular flow with vector b when

(i) for a.e. x € B, we have that X(-,z) € AC([r,2];R%) and that it
solves the equation Z(t) = by(z(t)) a.e. in (71, 72) with initial condition
X(z,m) = x;

(ii) there exists C' > 0 such that X(¢, )4 (Z°LB) < C.Z5 for allt € 11, To.
Note that C' can depend on the particular flow X.

Here, we denote X 4 p as the pushforward of a measure p by X and vL_B
as the measure v restricted to the set B.

Definition 2.6 (Maximum regular flow). For every s € (0,7'), a Borel map
X(+5,-) : (Tox, Tx) x R® — R® is said to be a maximum regular flow
(starting at s) if there exist two Borel maps Ty : R® — (s,7], T,x :
R® — [0, s) such that X(-, s, z) is defined in (T, x (), T, x ()) and

(i) for a.e. o € R® we have that X(-,s,2) € AC((T,x,T,x);R°) and
that it solves the equation #(t) = by(z(t)) a.c. in (T,x,T,x) with
X(s,s,x) = x;

(#7) there exists a constant C' > 0 such that X(t, s, )x(ZL° L {T,x <t <
Tx}) < CZ%forallt € [0,T]. As berfore, this constant C' can depend
on X and s;

(i17) for a.e. x € RO, either Ty = T and X(-,5,2) € C([s,T];R®), or
limy 7+ |X(,5,2)| = 0o. Analogousy, either Ty = 0 and X(:, s,z) €
C([0, s); R®), or lim, - |X(t,s,2)| = occ.

The following lemma (compare with [4, Theorem 4.4]), combined with
the facts that b, is divergence-free in the sense of distribution a.e. in time
and that b € L>((0,T); Li.(R% R®)), provides a sufficient condition to the
existence and the uniqueness of a maximum regular flow for the continuity

equation. From now on, a convolution f * u, where f is a function and p is a
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measure should be understood in the sense that fx*pu(z) = [ f(x—y) du(y).
We remark that if u(R3) < oo, then (recall that K(x) = 2

47|z|

/ |K * p(x)]de < oo VR > 0.
Br

Lemma 2.7. Let b: (0,T) x R® — R® be given by

b (x,v) = (b (v), by(z,v)),

where
by € L=((0,7); Wi (R%; R?)),

boi(z,v) = K * py(z) + by (v) X K(y —z) x dJy(y)

R3

= K % py() + br(v) x by(z),

with p € L®((0,T); 4, (R?)) and |J| € L>((0,T); .#(R?)). Then, b sat-
isfies the following: for any nonnegative p € L®(R?) with compact support
and any closed interval [a,b] C [0,T], both continuity equations

g +Vuo-(bipr) =0 in(a,b) xR

have at most one solution in the class of all weakly* nonnegative continuous
functions [a,b] 5t — py with p, = p and Usepqp supp pr € RE.

Proof. Let Z2(X) be the set of probability measures on X and
e, : C([0,T); R%) — R®

the evaluation map at time ¢, which means e;(n) = n(t). By the same
argument as in [4, Theorem 4.4], it is enough to show that given n €
P(C([0,T); Bg x Br)) for some R > 0 concentrated on integral curves of
b such that (e;)yzn < CoZ° for all t € [0,7], the disintegration n, of n
with respect to ey is a Dirac delta for p-a.e. x. Recall that the disintegra-
tion of m with respect to ey is a family of measures m, such that, for all
E e C([OvT];BR X BR)a

n(E) = [ n (B0 (@) de
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For this purpose, the authors of [4] consider the function

Bsc() ///log (1+ )C(Sn @l |72(t)g772(t)|) du(z,m,7),

where 0, ¢ € (0,1) are small constants to be chosen later, t € [0,T], p =
(e0)dn, dp(z,n,7) = dn,(v)dn,(n)dp(z)", with notation

n(t) = (mt),m(t)) € R* x R3,

and assume by contradiction that m, is not a Dirac delta for p-a.e. x, which
means that there exists a constant a > 0 such that

/// </0T min{|y(#) = ()l ”’dt) dp(x,n,7) > a

Indeed, if 1, is a Dirac delta for p-a.e. x, the integrand above would vanish.
Moreover, they show that, without loss of generality, by assuming a < 27,
it holds

> .
Dsclte) = 5 log (1+ > 5T) (2.6)

Now, computing the time derivative of ®;5., we have that

o [ (S

772
N (b (v2(1)) x (bar(71(£)) — bae(n'(1)))]
GO+ (E) — (6] 2.7)
Cl(bre(v*(t)) — bre(n?(t))) x bay(n'(t))]
¢o+ |72(t) n2(t)]
nlK * p(v' () — K % pi(n* (t))\)
Co+ v (E) =t @®)))

By our assumption on by, the first summand is easily estimated using the
Lipschitz regularity of by, in Bp:

by (y bu( ()] Vb1 | o ((0.1) % BR)
s 5+w ) ) < ¢ G

Note that u € 2(R3 x C([0,T];R?)?) and ®;,(0) = 0.

_|_

du(z,n,7).

74



Analogously, the third summand is estimated using that b, is locally inte-
grable and the Lipschitz regularity of by in Bg:

CI(bn5?(8)) ~ bu (1)) x a0 (1))
I )

< (IVbil L (0.1)xBr) P2l Lo ((0.1):L1 (BR)) -

(2.9)

For the second term, we have

(bul @MV(D Bar (7(1)))
/// w++yw Ol dulz.m.7)

CIE * pe(v' (1) — K x pu(' (1))]
< Cl[by||zee((0,7)x Br) // o+ () — (@) dp(z,m,7),

where p;(y) = sup; |Ji|:(y). Since J; € L>=((0,T); # (R?)), its total variation
is well-defined and has finite measure, thus

p e L¥((0,T); A+ (RY)).
By [4, Theorem 4.4, estimate (4.13)], we have that?

I+ pr(71 (1) — K = pi(n' (1)) C
=i e <cc (1 (G))
(2.10)
where p € L>((0,00); 4 (R?)) and C' depends only on sup,q T) p:(R?) and
R. Hence, the second and fourth terms can be estimated by (2.10).
Then, using (2.8), (2.9), and (2.10), one can integrate (2.7) with respect
to time in [0, %o to obtain

do c

where C'is a constant depending only on R, supse o 7y p:(R?), sup,c o 1) pr(R?),
and ||by | zoo((0,1);w 1. (BR))- Choosing first ¢ > 0 small enough in order to have
Cto¢ < a/(2T) and then letting § — 0, we find a contradiction with (2.6),
concluding the proof. O

2As mentioned by the authors, although their proof is in an autonomous setting, the
result also holds for p;.
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As mentioned before, by [3, Theorems 5.7, 6.1, 7.1], we obtain existence,
uniqueness, and a semigroup property for the maximum regular flow (for a
concise statement, see [4, Theorem 4.3]). We now define generalized flow
(analogous to Definition 2.5) and Lagrangian solutions. For this, we define
R® = R® U {cc}, and given a open set A C [0,00), ACp,c(A;RS) the set of
continuous curves v : A — R that are absolutely continuous when restricted
to any closed interval in A.

Definition 2.8 (Generalized flow). For a Borel vector field b : (0, T)xR® —
R, the measure n € .#,(C[0,T];R%) is said to be a generalized flow of b if
1 is concentrated on the (Borel) set

I:={necC(0,T);R® :n € AC,,.({n # oo}; R
and 7(t) = by(n(t)) for a.e. t € {n(t) # co}}.

The generalized flow is regular if there exists C' > 0 such that
(e)ymLR® < CZ° Vvtel0,T)].

Definition 2.9 (Transported measures and Lagrangian solutions). Let b :
(0,T) x RS —s RS be a Borel vector field having a maximal regular flow X,
and p € 4 (C[0,T];RY) with (e;)yn < £ for all t € [0,7]. We say that
n is transported by X if, for all s € [0,7], n is concentrated on

{n € C([0,T;R") : n(s) = oo or (") = X (-, 5,n(s))
in (7, x (n(s)), T,ix (n(s)))}-

Moreover, let p € L>=((0,T); L'(R%)) be a nonnegative distributional solution
of the continuity equation, weakly continuous on [0, 7] in the sense that for
all ¢ € C.(R%), the map ¢ — [ ¢p, is weakly continuous. We say that p; is a
Lagrangian solution if there exists n € .4, (C([0, T]; R%)) transported by X
with (e;)un = p£° for every t € [0, T].

By [4, Theorem 4.7], we have that for b as in Lemma 2.7, regular gen-
eralized flows are transported by its maximal regular low X. We are now
ready to prove Theorem 2.2.

Proof of Theorem 2.2. We have already established that the vector field b
satisfies
b€ L=((0,T); Lioo (R R?)),
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(see the introduction of Chapter 2) is divergence-free, and satisfies the unique-
ness of bounded compactly supported nonnegative distributional solutions of
the continuity equation (see Lemma 2.7). Therefore by [4, Theorem 5.1],
we deduce that: if (i) holds, then f is a Lagrangian solution; if (ii) holds
and it is not bounded, then 5(f;) is a Lagrangian solution, where we choose
B(s) == arctan(s). In particular, by [4, Theorem 4.10] we have that f; is a
renormalized solution. O

We have a direct corollary that provides conditions to obtain a globally
defined flow, that is, to avoid a finite-time blow up.

Corollary 2.10. Fiz T > 0 and let f € L>((0,T); L*(R®)) be a nonnegative
renormalized solution of (7) (as in Definition 2.1). Assume that

T T
/ / \/1+|v|2ft(:p,v)dxdvdt+/ / %|Et|2+%|Bt|2dxdt<oo,
0 R6 0 R3

(2.11)
that is, the relativistic energy and the electromagnetic energy (7) are inte-
grable in time.

Then

(1) The mazimal reqular flow X (t,-) associated to by = (0, By + 0 x By) and
starting from 0 is globally defined on [0,T) for fo-a.e. (x,v);

(i1) fi is the image of fo through this flow, that is, fi = X(t,")xfo =
foo X t,-) for allt €[0,T):

o(z,v) fi(z,v)drdv :/ o (X (t,z,v)) folz,v)dzdv

RS R6

forall¢p >0,t€[0,7T];
(iii) the map
0,T]5t— [ Y(fi(z,v))dedv
R6
is constant in time for all Borel ¢ : [0,00) — [0, 00).

Proof. Thanks to Theorem 2.2, the solution is transported by the maximal
regular flow associated to by = (v, v X B;). Moreover, since f; is renormalized,
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g = Zarctan f, : (0,7)xR* — [0,1] is a solution of the continuity equation
with vector field b. Since ¢? < g; < f; and |9| < 1, we have

by (2, 0) s (0, 0)
I = dz dvdt
/ / (1 + (? + [02)72) log(2 + (22 + [o]2)72) "

(| B + [ Bi]) g
<C dzdvdt dzdvdt
/ Reft rav +/ /Re (14 |v])log(2 + |v]) rav

(Lo w) ([ [t s

+C/ /(1+|v|)ftd:pdvdt.
o Jre

By (2.11) and (1 + |v]) < /2(1 + |v|?), we conclude I is bounded.

Now, by the no blow-up criterion in [4, Proposition 4.11] we obtain that
the maximal regular flow X of b is globally defined on [0, T'] (hence, it follows
(i)). Moreover, the trajectories X (-, x,v) belong to AC([0, T]; R%) for go-a.e.
(z,v) € R® and g; = X (t,-)490 = goo X '(t,-). Since f;, = tan (%gt) and
the map [0,1) 3 s — tan (5s) € [0, 00) is a diffeomorphism, we obtain that
fi=X(t,)ufo= foo X '(t,) (hence, it follows (ii)). In particular, for all
Borel functions v : [0,00) — [0, 00) we have

G(f)dedo= | (fy) o X () dedo= | w(fo)dedo,
RS6 R6 R6

where the second equality follows by the incompressibility of the flow, which
gives (iii). O
Remark 2. As in [4, Remark 2.4], given 0 < s <t < T, it is possible to
reconstruct f; from f; by using the flow, that is, fi = X (¢, s, )4 (fs)-

2.2 Existence of generalized solution

We now introduce the concept of a generalized solution, which allows the elec-
tromagnetic field to be generated by effective densities pf and J°f. We may
interpret it as particles vanishing from the phase space but still contribut-
ing in the electromagnetic field in the physical space. Thus, it is natural
to assume that p¢T may be larger than p;, but it is bounded by the initial
particle density py. Moreover, we assume that the particle current density
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Je s relativistic and compatible with p¢f, that is, |Je| < p¢ff and satisfies
the continuity equation (see (2.13a), (2.13b), and (2.13c¢) below).

Definition 2.11 (Generalized solution). Given f € L'(R%), let
f € L((0,00); L'(R?))
be a nonnegative function,
pi € L=((0,00); . (R?))and (J™); € L¥((0,00); 4 (R?))

for each component ¢ € {1, 2, 3}. We say that the triplet (f;, pi, J¢T) is a
(global in time) generalized solution of (7) starting from f if, setting

pi(x) = 5 filz,v)dv, E(z):=o0p RSK(:L‘—y) dpi" (y),

Ji(x) = / of(x,v)dv, BM(z)=o0p | K(y—z)xdJM(y), and
b (z,v) = (0, Ef" () + 0 x B{(x)),
(2.12)

the following hold: f; is a renormalized solution of the continuity equation
with vector field b starting from f,

pr < pt I < pf as measures for a.e. t € (0,00), (2.13a)

P (R?) < || follpimsy  for a.e. t € (0,00), and (2.13b)

Op® 4V - JT =0 with initial condition p = fdv,ie., (2.13c¢)
R3

oudpt [ [ (@0nds" + Vo diTat =0 Vo€ Cl(0,0) x BY)
R3 0 R3

Notice that by the Radon-Nikodym’s Theorem, combined with (2.13a),
there exists a vector field VI € L°((0,00); L*(p®; R?)) such that dJT =
Vet dpet and |V (z)| < 1 for a.e. (t,x) € (0,00) x R3. This is analogous to
the continuity equation associated to (7) with initial condition pg, which is
obtained by integrating (7) with respect to v over the whole domain R3:

dodpot [ [ 00kT0rV)dpidt =0 6 € CH(0.00)xE), (219
R3 0 R3
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where V := J/p € L>((0,00); L' (p; R3)) satisfies dJ; = V; dp; and |V;(z)] < 1
for a.e. (t,z) € (0,00) x R3. Notice that the second condition in (2.13a)
and (2.13c) are not present in the definition of generalized solutions of the
non-relativistic Vlasov-Poisson system [4, Definition 2.6], and are imposed in
order to allow an effective magnetic field which reduces to the self-consistent
one if the number of particles is conserved.

To see that Definition 2.11 is in fact a generalization of Definition 2.1, we
remark that ||p||z1@s) = || fiel| 21 (re), hence it follows by (2.13a) and (2.13b)
that, if the number of particles is conserved a.e. in time, i.e., if || f[|11(re) =
| foll 1 ms) for a.e. ¢, then p§ = p,. Indeed, if the conservation holds, we have

pr(R?) < pi"(R?) < || follprmsy = po(R?) = pi(R?),

thus p,(R?) = pf(R3). Now, if there exists £ C R and ¢ > 0 such that
pi(E) < pst(E), then

(05" = p)(R?) > (" = pi)(E) > 0,

a contradiction.

Notice that by (2.13¢) and (2.14), we have that p, satisfy the continuity
equation with both velocities V; and VS with initial condition py. The
following lemma gives that V = V¥ whence J = J°f.

Lemma 2.12. Assume p; satisfies the continuity equation with the same
initial condition and both vector fields V, V. Assume further that V, Ve

satisfy
[ WLVl o
0 R3 1 + ’.CC‘ ! ’

Then, V = Veft,

Proof. Consider a class %, of measured-value solutions yu; € 4, (R3) of
continuity equation with vector field b, satisfying

0<0u < = Oy €L

whenever 0;u; still solves the continuity equation with vector field b;, and
the integrability condition

T by()]
d dt < oo.
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Notice that p; € 4 N Lyer for all T > 0, hence by [15], we have
Pt = X(t7 )#Po = Xeﬁ(tv )#Po Vi e [Oa T]v (215)

where X and X% are .4, and %« Lagragian flows, respectively, that is,
X (t,-) and X(¢,-) are (unique) absolutely continuous functions in [0, T
starting from py (at time 0) such that

X(t,) = Vi(X(t,), X(t,) = VEHX(t,),

for pp-almost everywhere. By (2.15) and the uniqueness of X and X °f e
conclude that V; = V<&, ]

It follows that, if the number of particles is conserved in time, then gen-
eralized solutions are renormalized ones. This observation indicates that a
generalized solution which is not renormalized must lose mass/charge as the
velocity approaches the speed of light.

Next, our goal is to prove the global existence of generalized solutions f;
for any nonnegative fo € L*(R®) (Theorem 2.3). In order to do so, we need
to establish the existence of a (unique) distributional solution with smooth
kernel and initial data. More precisely, we show that by smoothing the kernel
K and with nonnegative initial condition in CS°(R%), we obtain a classical
solution of (7). To avoid any confusion with the notation of Theorem 2.3
and Theorem 2.4, we denote by K := n % K and by g the smoothed kernel
and the initial condition, respectively.

Proposition 2.13. Let g € C>°(R®) be a nonnegative function. Then, there
exists a unique nonnegative Lagrangian solution f € C*([0,00) x R®) of the
smoothed system (7):

(0,fy +0-Vafi+ (B +0x By) - Vofs =0 in (0,00 x RS;
pe(x) = [gs frlw,v)dv,  Jy(x) = [ps 0fi(x,v)dv  in (0,00) x R?;
Ei(x) = 05 [gs pe(y)K(z —y) dy in (0,00) x R
Bi(z) = 0B [ps Ji(y) x K(z —y) dy in (0,00) x R

| fo(z,v) = g(z,v) in  R3xR3.

(2.16)
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Proof. In this proof, we adapt ideas and techniques from [13, Chapter 5].
We construct by induction a sequence of smooth functions f;* with initial
condition g which converges to a solution of (2.16). For n = 1, let f! be a
solution of the linear transport equation

atftl(xvv) + V- <@ft1)(x7v) =0,
f(]l(m7v) :g(ZE,U)

which gives that
Fh(@,v) = gla — ti,v) € C2([0, 00) x RY).

Moreover, we have that f! is a Lagrangian solution, since there exists a
unique solution Z°(t,-) == (X, VO)(¢,-) of

Z(tv ) = bg(Z(t7 ))7
Z(0,-) = 1d,

where b} (z,v) := (0,0). Hence,
fi=902Z°t), |f/ @) = lgllr@s), and |[fillzems) = [l ro s
Now, for n > 2, assume that there exists a smooth Lagrangian function
fm € £2(0,00) x R%) N L([0, 00); L' (R"))

which satisfies

{&ft”(x,v) + Vo - (0" ) (2,0) = 0, (2.17)

f(?(ajvv) - g(CC,U)7

where
Elz) = o / K — ) dy.
R3
Bl(z) = o5 / TP(y) x Kz — ) dy,
R3
b} (z,v) = (v, Ef' + v x B})(z,v),

and define f"*! as a solution of (2.17) with vector field b}. Notice that b}
is divergence-free, and since f" and K are smooth, we obtain that b} is also
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smooth. Moreover, we have b" € L*°([0,00); W*>(R5;RY)) for all k € N,

since by Young’s inequality (recall that |J"| < p" a.e.)

|| DE B[] Lo (0,005 100 (RS ;RY)

<C(1+ IK 113,09 D*ll e ) 1" e o1 ey

1 e oz | Dl oy 7 e o s e )

Thus, we have for all £ > 0 a smooth incompressible flow
Z"(t) = (X", V")(t)

which satisfies '
Z(0,-) =1Id,
and the following properties hold:

(=g0Z"t), f s = gl
and |7 | e ze) = |9l (ze)-
Now, we want to exploit the fact that (recall that g € C'2°)

(i = S < ClZn () — 27 ()

(2.18)

(2.19)

(2.20)

(2.21)

to show that f™ is a Cauchy sequence in C'([0,T] x R®). For this purpose,
notice that (we omit the ¢ and (z,v) arguments for a cleaner presentation)

X7(s) — X7 (s)] < / Vo) - Vi)

1
+ V"

< [vin-vie
+ [VIFVTGIE = /L v

Thus, by mean value theorem, we conclude that

| X"(s) — X" (s)| < 2/ V(1) — V™ Y(7)|dr.

s
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Moreover, define E™ and B™ as in (2.16) with densities p"” and J", respec-
tively. Now, by the same procedure as before combined with the uniform
boundedness of B" (by (2.18) and (2.20)), we have

Vr(s) — Vi) <C / M (X"(r)) — B (XY (r)

+[BHX" (1)) = B (X" H(7))]
+ V(1) = V" H(7)|dr.

By (2.18) and (2.20), E™ and B™ are uniformly bounded with respect to n
and ¢, thus

|ER (X" (7)) = Ep7H(X" ()| S/(EF — Ep~H (X" (7))l
+ BN X (7)) - EpTH (X))
<|E} — B | poo )
+O1X"(r) = X" H(7)],

and, analogously,
B (X" (7)) = By N (X" N )| < 1By = B ey + C1X" (1) = X" H(7)).
Hence, we obtain that
Z"(s) - 2" (s)| < C / B = By + 1B — B e
S +12Z™(7) — Z"(7)|dr.
Thus, by Gronwall’s inequality, we conclude that

t
Z() - 2" (1] < C / |EE = B2 poeqasy + 1B = B oo sy dr
0

Now, by (2.20), we have that f" € C°

>, which combined with (2.21) and
Young’s inequality gives that

t
1 = 2 sy < C / 102 — oM sy 17— TP e sy
0

t
<c / 1 = 2 ey d
0
(2.22)
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Therefore, by induction, we have that for all 7" > 0,

n n kb
17 = ey < C—y 1 €[0T,

and we conclude that f™ converges uniformly to a function f € C([0,00) x
RY). Moreover, by (2.20), we have that f; = g o Z(t), and

f € L([0, 00); L'(R)) N L>([0, 00) x R®,

where
Z(t, ) = lim Z"(t,-)

n—oo

Notice that f; has compact support (since g € C2°), thus p™ and J" converge
to p and J in C([0, 00) x R®), respectively. Therefore, E™ and B" converge to
E and B, thus b" converges to b in C([0, 00) x R%). By the same computation
as (2.18), we have in fact that b € C([0, 00); W*>°(R%)) for all k € N, and we
conclude by passing the limit in (2.19) that Z € C'([0, 00); C*(R?)), and we
have f € C*(]0,00); C=(R®)). By iteration, we conclude that f is a smooth
nonnegative Lagrangian solution of (2.16), where Z € C°°([0, 00) x C*°(RR°))

solves
Z(t,) = bi(Z(t,));
{Z(O, N =1d. (2:23)

In particular, we have that f € C°([0,00) x RS).
To prove the uniqueness, assume that there exists Lagrangian solutions
f, f of (2.16). Thus,

fi=go Z(t), ft ::goZ(t)

where both Z, Z solve (2.23). Thus, we may repeat the proof of (2.22) for
fi — f+ to obtain

t
1o — Fill ey < C / Vo = Follim sy dr.
0

and we conclude by Gronwall’s inequality that f = f : [

We are now able to prove our second main result.
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Proof of Theorem 2.3. Our proof follows the same general structure of the
proof of [4, Theorem 2.7]: we begin by approximating f as a L' limit of
f™ (Steps 1 and 2), which was already shown in [4]; then, we approximate
(pft, JeT) and show that the electromagnetic field of the approximation con-
verges to the effective field (EST, BeT) (Steps 3 and 4); finally, in Step 5, we
combine stability results for the continuity equation obtained in [4, Section
5] to take limits in the approximated system and conclude that the limiting
solution is transported by the limit of the incompressible flow.

Step 1: Approximating solutions. Consider K" := K % n", where
n"(x) == n®n(nz), and 7 is a standard convolution kernel in R3. Let fJ €
C°(R%) be a sequence such that

fir— fo in LY(R®). (2.24)

Moreover, denote f* the smooth solution of (7) with initial condition fJ' and
kernel K™ (see Proposition 2.13), and its respective charge density, electric
field, density current, and magnetic field defined by

)= [ oo, Ble)= o [ 20K d
Ji'(x) ::/ 0 fi(z,v)dv, and B}(z)=o0p . Jy) x K™z —y)dy.
R3 R
Since K™ is smooth and vanishes at infinity, we have
E™ B" € L*(]0, 00); W' (R?; R?)),

but without a uniform bound with respect to n, nonetheless (see the proof of
(2.18)). Hence, b} := (0, E} + 0 x B}') is a Lipschitz divergence-free vector
field, and its flow X™(t) : R® — R is well defined and incompressible, hence
by theory for the transport equation, for all ¢t € [0,00) and each component
ie{l,2, 3},

fr=froXn(t)! and

[T | s ey < NO[f o msy < N0 | resy = (£ | ooy = || fo |21 me)-
(2.25)

Assume without loss of generality that .Z5({f, = k}) = 0 for every k € N
(otherwise, consider Z%({fo = k+ 7}) = 0 for 7 € (0,1)), we deduce that
for all k

o = Y gpany [ — 1§ = Lincpperiny fo in L'(RO). (2.26)
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Thus, by defining ftn’k = lik<pn<r+1yf7', we have that f ¥ is a distributional
solution of the continuity equation (with vector field b}') and f{ initial datum.
Moreover, we have for all t € [0, 00)

I = L proxnio 1 ey FR0X 07 1 loagesy = 13 lusges)- (2:27)

Step 2: Limit in phase space. By construction, (f™*),cy is a nonneg-
ative uniformly bounded sequence. Hence, there exists f* € L>°((0, 00) x R?)
such that

ok — fF weakly* in L>*((0,00) x R%) asn — o0 VkeN. (2.28)

Moreover, for any K CC R® and any bounded function ¢ : (0,00) —>
(0, 00) with compact support, we use test function ¢(t)1(z,v) sign(fF)(z,v)
for the previous two weak convergence combined with Fatou’s lemma, the
convergence of (f;"*)nen, and (2.27) to obtain

/ SO eyt < ( / o() dt) liminf || £34]| 1 eo)
O 0 n—oo

_ ( o dt) Toe.

Since ¢ was arbitrary the supremum among all compact subset K C R® we
obtain
”ftkHLl(]R6) S "fg"Ll(RG) fOY a.e. t € (0, OO), (229)

so, in particular, f¥ € L*((0,00); L'(R%)). Moreover, by defining f =
> oo /*, we have

||ft”L1(R6) S ||f0||L1(R6) fOI' a.e. t - [0, OO) (230)

Noticing that f* = >"2, f™*, by fixing ¢ € L*((0,7) x R), (2.27), and
(2.29), we have for all ky > 1,

ko—1

Z/ /R (f™F — ¥ dz dode

n,k
NI / U 151 de o
k=ko

f)dadv dt‘

RG
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Now, by the convergence (2.28) the first term vanishes as n — oo. Thus,
by convergences (2.24) and (2.26), we have

lim sup
n—oo

dZE d?) dt < 2T||g0||Loo (0 T)><]R6 ||f01{f0>k0}||L1 RG)

RG
Letting ky — 0o and since ¢ € L> was arbitrary, we conclude
f"— f weakly in L*((0,T) x R®). (2.31)

Step 3: Limit in physical densities. Since (p"),en and (J')nen
are bounded sequences in L>((0, 00); 4, (R3)) and L*((0,00); # (R?)), re-
spectively, for each component i € {1, 2, 3} (see (2.25)), and the fact that
L>((0,00); 4 (R3)) = [L'((0,00); Co(R3))]*, there exist

P € L2((0, 00); A (RY)) and L € L((0, 00); 4 (RY))
such that

pr— peff weakly™ in L°°((0, o0); //[—s—(RS))

n eff 00 . 3 (232)
Jr— J& weakly™ in L*°((0, 00); A4 (R?)).

for each component i € {1, 2, 3}. Hence, by the lower semicontinuity of the
norm under weak® convergence, we have

ess SUDe (0, 00) || (R?) < llm ( sup ||pﬂ|L1(R3)> :JLHSO||pg||L1(R3)

te(0,00)

(2.33)
= |l foll L1 (re)-

Now, fixing a nonnegative function ¢ € C.((0,00) x R3), by (2.31) and
(2.32), we obtain that

/ / @i (z) dpf™(z) dt > lim lim 1nf/ / iz, v)pi(z) dvde dt
R3 R—oo n—oo R3x By
= / / fi(z,v)p(z) dvdz dt
o Jre
= / / pi(z) dpi(x) dt
o Jms
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Moreover, by recalling that |0| < 1, we have

/ / o(z) dpt(z) dt = lim fi(z,v)p(z) dvda dt
0o Jms nmroo RS
> lim/ / [0 i (x,v)p(z) dvde dt
n—oo

> [ o) gt

pr < pt I < pf as measures for a.e. t € (0,00). (2.34)

Thus,

Finally, by the same argument to show (2.14), we notice that

[+ [ [ @+ Vo azya=o voe i) x B
R3 0 R3

Hence, by (2.24) and (2.32), we conclude by taking the limit n — oo that

[ovdpnt [ [ @ondpt®+ Tor aIfyae=0 Vo e Cl0.00) x ),
ie.,
Opt 4V - JM =0 as measures with initial condition py. (2.35)
Step 4: Limit of vector fields. Using the definition (2.12), we claim that
b" — b*T  weakly in L] _((0,00) x R%; R®) (2.36)
and that, for every ball By C R3,

[E" 40 x B")(x+h) — [E"+0 x B"](x) as |h| = 0 in L{.((0,00); L*(Bg))
(2.37)

uniformly in n.
For this purpose, we first prove that the sequence (b"),cn is bounded
in L ((0,00) x R%R®) for every p € [1,3/2). Indeed, by using Young’s

inequality, for every ¢ > 0, n € N, and r > 0,

1B |zr(B,r2) + (1B 2o (mome) < (] % 0") % [ K[| Lo(5,r%)
+[[(pf * ™) * K| Le(B,:r3)
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The first term can be bounded by

I % n™) * (|K 1)l 2osoms) + (7] * 0") * (1K [1rs\B,)|| Lr(B, 23
< I e ey ™ (| 22 @) [ KK [ 2o (1 23
+ L3 (BT ey 0™ | oy | K| oo (o By e -

Likewise, the second term can be bounded by

o7 | ey ™ | 2 sy | K[| o (1 :m3)
+ LB o7 pr ey 107 || r ey | S | e oo By -

Thus, up to subsequences, the sequence (by,),en converges weakly in L
We now claim that for every ¢ € C.((0,00) x R3),

lim / / (El'+ v x BY) ppdadt = / / (EST 4 9 x B o, da dt.
neoJo o JR3 0o Jrs

Indeed, denoting T, the upper time support of ¢, we have

‘/ /(Ef—{—@xBf)gotdxdt—/ /(Efff—i—@xBfﬁ)gotdxdt
0 R3 0 R3

(py —pt Yor * K dadt
3

loc*

R

/ /Pt o x K — gpt*K*n)dxdt'

R3

+/ /(Jf—JfH)x%*dedt‘
R3

/ /J" (pr % K — gpt*K*n)dxdt‘
R3

pt—pt t*dedt’

(JP — T x oy % Kdzdt‘

RS
+ To(llp" [ oo ((0,00):21 (3))
A [T oo ((0,00);21 (m3:R3) ) |0 % K — 0 % K % 0"[| Loo ((0,00) xR3:R3) -

By the weak convergence (2.32) and the fact that ¢ % K is a bounded con-
tinuous function, the first and second terms vanish as n — oco. Moreover,
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the last term also vanishes, since the first factor is bounded by C|| fo|| £ (rs),
where C' > 0 is a universal constant and ¢ % K % n™ convergences uniformly
to ¢ * K in (0,00) x R3. Thus, we have proven (2.36).

We now prove (2.37). For this purpose, we combine the fact that K €
WeP(R3; R3) for every a < 1 and p < 3/(2 4 «), and Young’s inequality to
obtain

I + 0 % B lwarspes) < C(R)[(oF + | J7]) * 0" o @o:ms).

Combining ||9™||L1(rs)y = 1 with (2.25), we can bound the right term indepen-
dently of n and ¢, which combined with the embedding of fractional Sobolev
spaces and Nikolsky spaces [24] gives

||b?( + h) - b?(')HLP(R?’;R?’) <C (p,a,R, ||b?||Wa'p(B2R;R3)) |h|a \V/|h| < R7

and (2.37) follows.

Step 5: Conclusion. By (2.36) and (2.37), we can apply the stabil-
ity result from [15] to deduce that f* is a weakly continuous distributional
solution of the continuity equation with vector field b*® and starting from
1% for every k € N. We now exploit the linearity of the continuity equation
to show that F™ = Y 7" f* is also a bounded distributional solution for
every m € N. Using the same arguments as in the proof of Theorem 2.2, we
obtain that F™ is a renormalized solution for every m € N. Since F"" — f
strongly in L{ ((0,00) x R%) as m — oo, we obtain that f is a renormal-
ized solution of the continuity equation with vector field b and starting
from fy, which combined with (2.30) (2.33), (2.34), and (2.35) proves that
the trio (fy, pS, JT) is a generalized solution starting from f; according to
Definition 2.11.

To show that f is transported by the maximum regular flow associated
to b, we simply use that each f* is transported (once again with the same
argument as in Theorem 2.2) combined with the definition of f and (2.30).
Finally, by [4, Theorem 4.10], we conclude that the map

[0,00) Dt +— f, € L (R®) is continuous. O

2.3 Finite energy solutions

Up to now, we have established the existence of a generalized solution (see
Theorem 2.3) and that renormalized and generalized solutions coincide in
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case the mass/charge is conserved in time. In this section, we investigate
whether the existence of renormalized solutions can be shown under the more
natural condition that the initial total energy is bounded, that is,

0 ::/ \/1+|v|2f0(x7v)dxdv+%5/ (H * pg)po dx
RS R3

—i—U—B (H * Jy) - Jodx < o0,
2 Jus

(2.38)

where the first term is the relativistc (initial) total energy and the second and
third are the electric and magnetic potential (initial) energies, respectively,
and H(z) := (4x|z|)~!. For this purpose, we recall that by integrating the
first equation of (7) with respect to (x,v) on the whole domain R® gives that
the relativistic energy (formally) satisfies

% V14 wl2fi(z,v)dede = / - (Ey +0x By) fy(z,v)dzdv
R6

Rﬁ

= / Et . Jt dz.
R3

Now, Poynting’s Theorem gives that the relativistic Vlasov-Maxwell equa-
tion has its electromagnetic total energy (formally) conserved, i.e.,

1
/ V14| fi(x,v)dedo + —/ |Ey|> + | B do
R6 2 R3
:/ V14 |[v)2fo(z,v)dadv
R6

1
+o [ B0l + [ Bof* da,

2 Js

while for the system (7) we obtain a similar expression (see (2.41) below):

/ \/1+\U|2ft(x,v)dxdv—|—a—E/ (H * py)ps do
R6 2 R3

/ (2.39)
:/ V14 [0 folz,v)dedv+ —= [ (H * po)po da.
R6 2 R3

Although (2.39) is formal, we shall exploit a semicontinuity argument to show
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it in the form of an inequality (see the proof of Theorem 2.4):

/ V1+ | fi(z,v)dedo + U—E/ (H * p;)ps da

R6 2 R3

< / V14 |v]2fo(z,v) dedv + %/ (H * pg)podex.
R6 R3

Notice that the magnetic potential energy does not appear in the conser-
vation above. On the other hand, one can (formally) integrate by parts the
electric and magnetic energy to obtain the relations

(2.40)

|E,? dz :/ (H * py)ps dex;
e R (2.41)

|B|? dz = / (H % J,) - Jydo — / (V- (H x J,))? da.
R3 R3 R3
We can interpret H % p; and H x J; as the electric potential and magnetic
vector potential, respectively (see [22]). Notice that, on one hand, the electric
potential energy is fully converted into the electric energy. On the other hand,
the magnetic potential energy is converted into the magnetic energy and the
displacement current 0; F;, since

—/RS (V- (H * J,))? da::/R3V-(H*Jt)8t(H*pt)dx:/ (HJ,)-0,E, d.

R3
(2.42)
Moreover, we obtain (formally) that the magnetic potential energy is
nonnegative for a.e. ¢t € [0,00). We observe that (2.39) and (2.41) do not
have any magnetic energy terms, so that it is unclear whether the classical
energy estimate & < &) holds, where the total energy of the system at time
t is given by

& = / VISP filw,v)dedo+ 52 [ (Hx ppda
R6 R3

+ 22 [ (Hx 1) Jde.
2 Jrs
Remark 3. Although the formal argument that leads to (2.41) suggests the
magnetic potential energy is nonnegative, we rigorously justify it in the proof
of Lemma 2.19. Hence, (2.38) implies that the right-hand side of (2.40) is
bounded.
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Remark 4. By (2.39) and (2.42), we (formally) have
’Bt|2 dx = / At : (Jt + (9,5Et) diL‘, (243)
R3 R3

where A; := H x J; is the magnetic vector potential. Since we can interpret
O, E, as a density current, one might define the magnetic vector potential
as H x (J; + O.F), and therefore (2.42) does not provide a relation between
magnetic energy and magnetic potential energy. We claim that (2.43) still
holds if A, = H * (J; + 0;E); thus, we may interpret 0,F; as a lower order
term. Indeed, define a magnetic field with density current J, := J, + 6,F,,
that is, B = V x (H % .J;), and a calculation analogous to (2.39) gives that

3 |By|? d = /Rs(H « J)) - Jyde — /R (v C(H » j)>2 de.  (2.44)

Notice that V - (H * J) = H % (V - J + d;p;) = 0, hence the last term
vanishes. Moreover, since E; is irrotational, B; = Bt, thus, combining (2.43)
and (2.44), we conclude that

/ (H * atEt) . (Jt + 3,5Et) dz = 0.
R3

Therefore, had we defined the magnetic vector potential as H % J, (2.43)
would be unaltered.

Notice that if o = 1, a bound as (2.40) gives that each energy term of &
is bounded, since |J| < p a.e. in space-time. However, it does not provide, in
general, control of relativistic energy, electric and magnetic potential energies
it op = —1 or o = 0. If we also assume a higher integrability of f, and
a suitable smallness condition on its norm, the next lemma can be used to
bound each energy.

Lemma 2.14. Let f € L'(R®) N LY(R%) be a nonnegative functz’on for some
q > 1 and \/1+ [v|2f € L'(R®). Setp = ég—:g. Then p = [gs f(-,v)dv €
LP(R3) and there exists a constant C > 0, depending only on q Such that

loll o) < ClVL + [0 1l T oy | f | ooy

3(g—1)

where 0 = 4073 -
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Proof. We begin choosing R > 0 splitting the integral of p on the sets {|v| <
R} and {|v| > R}. Hence, for each x € R3,

plx) < RUV|| f(z, )| o) + BTV A+ [0 f e, )l s)-

By minimizing the right-hand side with respect to R, we have
3 1)/(4g—3 (4¢3
) < CIVI+ TP f ) 3G 0 () ™
Taking the LP-norm on p and using Holder’s inequality, the result follows. [
As anticipated, if f; satisfies
L' (R®) it op =1;
fo € < LY(R®) N L3/2(RY) if op = 0; (2.45)
L1<R6> N LS/Q(RG) and HfOHL3/2(R6) S e if Oop — —1

for some suitable ¢ > 0, the previous lemma allows us to bound each rela-
tivistic energy, electric and magnetic potential energies. Indeed, by Calderén-
Zygmund estimates and the Sobolev embedding, we have that

1 # pulscesy < CID(H % p)llgorsgusy < Cllorllpssy (246)

for some universal constant C' > 0. Combining (2.46) with Holder’s inequal-
ity and Lemma 2.14 with p = 6/5 and ¢ = 3/2 gives

[ oo < I < g ol oeny < s

< OV v fillor e | fell pore ges) -

Notice that || f||ze(0,00):z8/20)) < ||foll 13/2rey When the solution is built by
approximation (see (2.30)). Hence, if (2.40) holds, we already have a bound
of the relativistic energy in the pure magnetic case op = 0, and by the
previous bound, we obtain the following boundedness of the magnetic and
electric potential energies (recall that |J| < p a.e. in space-time):

(2.47)

R3

R3

< C||f0||L3/2(R6) /RG V 1+ [v]2fo(z,v)de dv.
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Now, in the repulsive case oy = —1, we obtain by (2.40) and (2.47) that
(1 = Cllf oo (0,00);872m0 ) /6 V1o fi(z,v) de dv
R
< / V14 |v2fo(z,v)dedv — / (H * pg)podex.
R6

R3
Assuming that f is built by approximation as before and that || fo|| z2/2(re) <
1/C =: €, we have a bound of the relativistic energy; therefore, by (2.47), the
electric and magnetic potential energies are bounded as well. This motivates
the following:

Definition 2.15. We say that f; has every energy bounded if (2.38) and
(2.45) hold. Moreover, if f; also satisfies (2.40) for almost every t € [0, 00),
then we say that f; has every energy bounded.

Remark 5. Notice that we need stronger assumptions on the initial data
compared to the nonrelativistic Vlasov-Poisson case for o = —1, where it
is only needed that fo € L%7(R?), with no smallness assumption (see [11]).
This is due to the fact that classical kinetic energy grows as |v|?, whereas the
relativistic energy as |v].

We now prove that if fy has every energy bounded, then we have a smooth
sequence (f)nen and a mollified sequence of kernels (H * "),y with uni-
form bounded energy. We denote by L2 the space of bounded measurable
functions with compact support.

Lemma 2.16. Let n®(x) = k*n(kz), wheren is a standard convolution kernel
in R3. Let fy be a nonnegative function with every energy bounded. Then
there exists a sequence (f§)nen C C°(R®) and a sequence (ky)nen such that
kyn — 00 and, by setting p§ = [zs [§(-,v) dv and J§ = [ps 0f (-, v) dv,

n—oo

lim (/ V14 |v2fi(z,v)dedo + %E (H * nfr x pt) p da
RS R3

2 I8 (Howgbn s gy - dx)
2 s

:/ V14 v fo(z,v) dedv+ 22 (H * po)po dx
R6 2 R3

+ 28 [ (HxJy) - Ty da.
2 S
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Proof. We split the proof in three steps: in Step 1, we assume that f, €
L°(R%) and approximate it by a sequence of smooth functions with compact
support; in Step 2, we obtain the desired limit without the mollification of H;
in Step 3, we introduce the mollification of the kernel n* * H, and conclude
that the limit holds if we extract a subsequence of £ which depends on n.

Step 1: fo € L°(R®). Consider smooth functions f§* which converge
pointwise such that [|fg'||zeme) < |[fol/z(re) and supp fi C Bg for all n
for some R > 0. Thus, HJSLHLoo(RsR?s) < HngLoo(Rs) < HpOHLOO(]R3), and
supp |J§| C supppy € Bgr. Moreover, |H % J§| < H *x pj < oo and
Hxpy — Hxpy and H x J — H % Jy in LY for every p, and we
conclude by dominated convergence that

lim (/ V14 |[v)2fi(z,v) dedv + 07E (H * py)py dz
RS R3

n—oo

2 Jps

~ [ VIE R o) dedo+ ZE [ (< pmda
R6 2 R3

+ 2B (H %) Jyda
2 Jes
Step 2: fo € L*(R®) without mollification of H. By Step 1, it is
enough to approximate fo by (fi')nen C L (R®) with converging energies to
obtain (2.48). For this purpose, define

f(?(il?, U) = min{n? 1Bn(x7 U)fo(lc,’l])}, (LE, U) € R°.

Since H > 0, the first two integrands on the left-hand side of (2.48) converges
monotonically, and we conclude by monotone convergence. Since |(H % J) -
JI < (H * po)po a.e., and (H * py)po is integrable (since fy has every energy
bounded), we conclude that the last integral on the left-hand side converges
by the dominated convergence.

Step 3: Approximation of the kernel. Given (f3),en € C°(R)
provided by the previous two steps, we have

lim (/ (H *n" *pg)pgdx—l—/ (H *n" % J7) - Jgdx>
k—o0 R3 R3

— [ ey [ ) gy
R3 R3

OB
+—= | (HxJ})-JJdz
0 ) (2.48)

97



for every fixed n. Hence, there exists k,, sufficiently large such that

/3(H*n’“" *pﬁ)pgdl‘Jr/ (Hxn* = Jg) - Jg do
R

RS

1
- [ emaan = [ () gy <
R3 n

RS

and the lemma follows. O

In what follows, we need the following result from [4, Lemma 3.3] that
we state for convenience of the reader.

Lemma 2.17. Let T > 0 and ¢ € C.((0,T)) be a nonnegative function.
Then, for every sequence (p™)nen C C([0,T); 4 (R3)) such that

sup sup pf'(R?*) < oo

neN ¢€[0,T]
and
lim sup / ed(pf —p)| =0 for every ¢ € C°(R?). (2.49)
N0 ¢ecl0,T] | JR3
we have

T T
/ o(t) | Hxpi(x)dpi() dt < limin / o(t) / oo s g () dpt () dt,
0 R3 0 R3

n—oo
(2.50)
Although the previous lemma is enough for op € {0,1}, we need a slight
higher integrability assumption in the gravitational case oy = —1. This is

due to the fact that we obtain (2.40) by a lower semicontinuity argument,
and (2.50) is not sufficient if the electric potential energy is nonpositive.
Nonetheless, if p € L5 we obtain (2.50) with a limit and an equality, and
we prove it in the next lemma.

Lemma 2.18. Let p", p € L>([0,T]; L*(R?) N L5/>(R?)) in the same setting
as Lemma 2.17. Moreover, assume that

sup sup ||pf || o/srsy < 00 (2.51)
neN ¢€[0,T
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Then

T T
im [ () [ Hwn s o) dpi(a) de = / o(t) / H + py() dpy(z) .
n—o00 0 R3 0 R3

(2.52)
Proof. Notice that

/RS Hosn" s pf(x)pf (x) — H * pi(x)pe(x) dw

_ / CH x5 (@) = pu())p () dr

+ H o+ (" pr(x) — pi())pf () do

+ [ H @)@ = ple) de = D+ T+ o
Now, by (2.46) and Hélder inequality, we obtain that

|| < Cln™ * pp — ptHL6/5(R3) SUIN) Hp?HLG/5(R3)'
ne

Letting n — 0o, we obtain that I, vanishes. We now define (;, € C>°(R?)
as a cutoff function in the annular set By, \ B, namely,

=1 in By \ Bi;
G =0 i B U By
0<¢G <1 in RS

We write I3 as

|I5] <

/}R H (@) (5 () — )Gl d

_|_

H o pr(2) (pf (x) = pr(2)) (1 = Ge(2))

R3

We want to take first the limit n — oo and after k — 0o to be able to use
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(2.49). Now, by (2.46), we obtain

H + py()(pf (x) = pr()) (1 = Gp()) da

R3

< /B o ) =

< C||pt||L6/5(R3) sup || py' — Pt||L6/5(Bl/kuB,g)-

neN

Defining measures du == (pf — p;)%/°dz and p = sup,cy 1", by (2.51) and
the continuity from below for measures gives that

lim Sup/ (P} = p0)™" dx = lim py(Byji U By)
By ,,UBS 00
= Mt (ﬂzolel/k) + (ﬂZilBi) =0,

and we conclude that second term vanishes as &k — co. Now, we bound the
first term by

HH * ptHLOO(Bk+1\Bl/(k+1))

[ 6@ = plo) s

By Young’s inequality, we have

HH* pt’lLoo(Bk+1\Bl/(k+1)) < HHHLOO(Bk+1\B1/(k+1))HptHLI(R3) < 0.

Hence, by (2.49), I3 vanishes as n — 0o and k — oo. Analogously, we
have

|| =

/R3 H xn" x pf(x)(pf(x) — pe(x)) do

| 6@ = pa) ao

+ C'sup HP?HLG/5(R3) sup ||y’ — Pt||L6/5(Bl/kuB,g)>
neN neN

< ”H* p?HLOO(Bk‘-Fl\Bl/(kJJrl))

and by the same argument as before, I; vanishes as n — oo and kK — o0,
and the lemma follows. m
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We now want to rigorously justify (2.41) for |J| < p € L}(R?). Actually,
the same argument yields the result for |J| < p € .#, (R?®). The following
lemma gives (2.41) with an inequality; in particular, the magnetic potential
energy is nonnegative.

Lemma 2.19. For every |J| < p € L*(R?) nonnegative,
V()P do < [ (1« p)od
R3 R3

(2.53)
/ va(H*J)dexg/(H*J)-de—/ (V- (H « J))* dz.

In particular, we obtain that the magnetic potential energy is nonnegative.

Proof. We split the proof similarly to Lemma 2.16:
Step 1: J;, p € L>(R?). Consider first p, J smooth compactly sup-
ported functions, and perform an integration by parts to obtain

/ \V(H*p)\de:/ (H % p)pdx + H % pV(H x p) - vg, d#?
Br

Br OBRr

/B|V><(H*J)|2dx:/B(H*J)-Jdas—/ (V- (HxJ))? da

RB

= [ ) XV X ()] v 0
0Bp
+/BBRV-(H*J)H*J-VBRd%.

The same identity holds for J;, p € L*(R?) by approximation for each com-
ponent i € {1, 2, 3}. Since H * p and V(H * u) decay as R™! and R
when evaluated at OBg for all u € L(R3), the boundary terms vanish as
R — o0, and we obtain that (2.53) holds with an equality.

Step 2: J;, p € L*(R?®). We consider the truncations

p" = min{n,1p, (z,v)p}, JI':=min{n,1p, (z,v)J;}.

Since H > 0, by monotone convergence and Step 1 we obtain that

/ (H*p)pde = lim [ (Hxp")p"de = lim |V(H * p™)|* dz.
R3 R3

n—oo R3 n—o0
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Moreover, since |J| < p, by dominated convergence and Step 1 we obtain
that

Rg

n—oo R3

= lim IV x (H*J")|*dx

n—oo R3

+ lim (V- (H*J")? da.

n—0o0 R3

Assuming without loss of generality that (H % p)p € L'(R?), we get bounded
sequences (V(H#*p"))nen, (V- (H*J"))nen, and (VX (H*J"))nen in L2 Since
each sequence converges in the sense of distributions to V(H *p), V- (H % J),
and V x (H * J), respectively, and the lower semicontinuity of the L?-norm
with respect to the weak convergence, we conclude (2.53). O]

Finally, we prove our third main result.

Proof of Theorem 2.4. The proof of existence of renormalized solutions be-
gins similarly to the proof of Theorem 2.3: let (f3)nen € C°(R®) and (ky, ) nen
given by Lemma 2.16. By Steps 1-3 in the proof of Theorem 2.3 we get a
sequence of smooth functions f" satisfying (7) with initial condition f§ and
kernel K™ (see Proposition 2.13) such that

f" — f weakly in L'([0,T] x R®) for any T > 0;
pt — p wealdy* in L%((0, 00); A, (R?));

2.54
|J°T) < p"  as measures; ( )

Op T+ V- JM =0 as measures with initial condition po,

where p(z) = [s f*(z,v) dv. Analogously to (2.30), we have that for o €

{_17 0}7

£ zsrzwey < [l follsrzmeys 1 fellsrzmey < M follpsrzsy  for ae. t € [0, 00).
(2.55)

Moreover, since (2.39) holds for classical solutions and f, has every energy
bounded, we obtain that

sup sup / V14 w)fdede < C, (2.56)
R6

neN t€[0,00)
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and by the lower semicontinuity of the relativistic energy we deduce that, for
every T > 0,

T T
/ / \/1+|v]2ftdxdvdt§1iminf/ / V14 2ftdedodt < CT.
0 JRS oo Jo o JRS

(2.57)
We now claim that p®f = p and, consequently, J = J°t where |J| < p €
L>=((0,T); LY(R%)) as in (7). For this, consider ¢; : R® — [0, 1] a nonnega-
tive function which equals 1 inside By and 0 in Bj_; and compute

/ /R3 —p)prdaedt = / -, (fi'(x,v) — fi(x,v))pe(x)Ce(v) dvda dt
/0 o fi(z,v)p(z)(1 = (p(v)) dvde dt
+ /000 - fi(z,v)pi(z)((r(v) — 1) doda dt.

By the weak convergence in L' in (2.54), the first term vanishes as n — oo.
The second and third terms can be estimated using (2.56) and (2.57):

[ [ e - o aotse
i /OOO | filz0)@@)(Gw) = 1) dvde

L el Omxm)/ / 1+ RS de dv dt
+||90||L°° ((0,00) XR3)/ / V1 + [v]2f; dz do dt
R6

< CT«)IISOIILoo«o,oo)xRS)
g k‘ b)

where T, is the time support of ¢. Letting k& — oo, we conclude that p"
converges to p weakly* in L>((0,00); .4, (R?)), which combined with (2.54)
gives that p = p®f. Hence, by (2.54) and Lemma 2.12, we conclude that
J = J and in Steps 4 and 5 in the proof of Theorem 2.3, we obtain a
global Lagrangian (hence renormalized) solution f; € C(|0, oo) Li . (R%)) of
(7) with initial datum f;.
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We now prove properties by a lower semicontinuous argument on the
energy of f™.

Step 1: Bound on the total energy for Z!-almost every time.
We use the weak convergence of f™ (see (2.54)) with ¢(t)\/1 + |v|?x,(x,v)
as a test function, where ¢ € C°((0,00)) and x, € C2°(R®) are nonnegative
functions, with y, being a cutoff between B, and B,;, we obtain

/ / fe(z,v) 1+ [vPo(t)x (2, v) dv da dt

0 JRS

= lim f/ <t>/ 1+ ’UPftn(x,v) dv dz dt.
0 R6

n—oo

Taking the supremum with respect to r, we deduce that
/ gzﬁ(t)/ V14 |[v)2fi(z,v) dvdz dt
0 RS
< liminf/ qzﬁ(t)/ V142 (2, v) dvde dt.
0 RS

(2.58)

n—oo

Since ¢ is arbitrary, we have that \/1+ |v[2f; € Li.(R®) for almost every
t. Moreover, since we can decompose the density current as J = Vp (see
remark after Definition 2.11), where |V| < 1 a.e. in spacetime, we have that

sup |Vi(x)| dp(z) < o0,
te[0,00) JR3

hence by [2, Theorem 8.1.2], we have that p, has a weakly® continuous rep-
resentative. Furthermore, since p" satisfies a similar continuity equation, by
the proof of [2, Theorem 8.1.2], we have that

t
< H@HCl(RS)/ /]R3 (V2 prdaedr < C|t — s

/ (P} = py)pde
R3

for all p € C°(R?), which gives that the map ¢ — [p5 @ dp} is equicontin-
uous. By the weak* convergence of p™ to p in L>((0, 00); .4, (R?)), we have
a uniform boundedness, thus Arzela-Ascoli theorem implies that

/ 2 d(P? - Pt)
R?:

lim sup
N0 ¢e(0,7)

=0 for every p € C°(R?). (2.59)
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Combining the above with the fact that p} is uniformly bounded with respect
to n and ¢, by Lemma 2.17 we obtain

[ o [ et ant)ar<simin [T o) [ ot
0 R3 e Jo R3

(2.60)
Combining (2.58), (2.60), and (2.39), we conclude that for o € {0, 1}

/ </ V14 v fi(z,v) dvdr + 07E H x pi(x)p() da:) dt
R3
< lim inf gzﬁ(t) </ V14 |[v)2fi(z,v)dvde
0 RS

n—oo

+ 22 [ H n™ % o (2)pf (2) dx) dt
2 Jes

- (/Oooqb(t)dt> (/R V1 + [v]2fo(z,v) dvde

+ 22 | H * po(@)po() dx).

2 Jas

The case o = —1 is subtler: by (2.58) and (2.39) we have that
o 1
/ o(t) (/ V1+|v2fi(x,v)dvde — 5/ H x pi(z)p(2) dm) dt
0 RS R3
gliminf/ qﬁ(t)(/ V142 (e, v) dvde
0 RS

n—o0

1
2]R3

< ([Totwar) ([ VIFRFAw o vt -5 [ e miomi) i)
#gtmswp [ o) ([ Ho gt @sie) - e poploar) a

n—oo

H x p(x)pe() dx) de

Notice that by (2.57), (2.55) and (2.46), we have for every T > 0,

sup ||ptl| /s (rsy +sup sup ||p}{| /s (msy < oo
tel0,T neN te[0,T]
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Thus, by Lemma 2.18, we obtain that the last term equals 0. Since ¢ was
arbitrary and since fy has every energy bounded, we conclude that f; has
every energy bounded for #Z1-almost every t € (0, 00).

Step 2: Bound on the total energy for every time. Notice that the
relativistic and electric potential energy is lower semicontinuous with respect
to the strong Ll . and weak* .#, convergences, respectively. Hence, by the
continuity of ¢ — f; € L'(R%) and t — p; € 4, (R?) for the L. _ and
weak™ _#, convergences, respectively, combined with Step 1, we have that
for t,, — ¢ € [0, 00) such that (2.40) holds for all ¢,,, we may pass the limit
and obtain (2.40) for ¢t = t.

Step 3: Strong Llloc—continuity of the p, J, E, B. Givent € [0,00),
let t, — t. Fix r > 0, and for any R > 0

/T/Rg|ftn—ft|dvdx§/T/BR|ftn_ft|dvdx

LR / / VIT 0BG + 1) duda.
r JR3

By the uniform boundedness of the relativistic energy with respect to time
and the L continuity of f;, by taking the limit in n and then in R, we

loc
conclude that p;, — p; in L. Moreover, since |§| < 1, we have

|Jtn—Jt|dCE</ / \ftn—ft|dvdx%0,
B B, JRr3
thus J;, — J; in Ll . Finally, since K € L] _ and |J|(R?) < p(R?) < oo,
we conclude that Ej, B; are also strongly continuous in L (R?).
Step 4: Globally defined flow. We can combine the fact that f; has
every energy bounded and Lemma 2.19 to obtain that
Et7 Bt € LOO([Oa OO), L2(R3))7

thus by Corollary 2.10 we conclude that the trajectories of the maximal
regular flow starting at any given ¢ do not blow up for fi-almost every (z,v) €
RS,

Step 5: Strong L'-continuity of f. By Theorem 2.2 and L -
continuity of f;, we deduce that finite energy solutions conserve mass, i.e.,
p:(R3) = po(R3) for every ¢t € [0,00). In particular, solutions are strongly

continuous in L'(R®) and not only L (RY) (see [4, Theorem 4.10]). O

loc
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Future problems

We now discuss further desirable results concerning the regularity of the
free boundary associated to (3) and the Lagrangian structure obtained in
Appendix 2 for the relativistic Vlasov-Maxwell system. Once again, due to
the different nature of problems, we split the section in two parts.

Free boundary regularity

Since existence, uniqueness and (almost) optimal regularity of solutions of (3)
are achieved in chapter 1 (see Theorem 1.32), a natural problem arises: does
the free boundary 0{u = ¥} have some regularity? The answer is affirmative
for the fractional heat equation, that is, when b = 0, r = 0, Z = 0, and for
a obstacle ¢ with regularity ¢ € C*, with || D*9||psogny < 0o for 1 < k < 4,
and it was proven in [5]. Their main result states that there exists o > 0
such that free boundary is C''® in space-time near regular points, i.e, points
(to, xo) such that u — 1 have subquadratic growth in the fractional parabolic
cylinder Q,.(to, o). We remark that although that the regularity result of [7]
comprehends the full range 0 < s < 1, the free boundary regularity obtained
in [5] is restricted to s > 1/2 due to the space scaling slower than time
in this setting. Moreover, its proof heavily uses the scale invariance of the
fractional heat equation, thus its adaptation for the full problem (3) is not
straightforward. Nonetheless, it is expected that a similar result holds, since
the regularity is given by the fractional heat operator and R is a lower order
operator with respect to (—A)*.

We remark that one can investigate if the regularity of solutions of (3) is

—s 1_
)

optimal, that is, if one can improve the time derivative regularity to fj °
however this is an open problem even for the fractional heat equation.
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Lagrangian structure for relativistic Vlasov-
Maxwell system

We now recall that the system (7) is in fact a approximation of the relativistic
Vlasov-Maxwell system

’atft +0-Vaofi + (B +0 x By) - Vo fy = 0;
o) = [y fila,0)do, i) = [y i 0)
V- E(x)=p(x), OBi(x)+V x E(x)=0
V-Bi(x) =0, 0Ei(x)—V X By(x) = —J(x);

\ft:0 = fo-

dv;
: (2.61)

Thus, it is natural to ask if the results of Appendix 2 (namely, Theorem 2.2,
Theorem 2.3 and Theorem 2.4) can be extended to (2.61). The main dif-
ficulty at adapting the results is the lack of explicit representation of the
electromagnetic field. In particular, the finite initial energy assumption in
Theorem 2.4 probably does not work for a general electromagnetic field, since
the potential energy and the electromagnetic energy may not have a simple
relation as (2.41). One alternative is to use the Jefimenko equations [22] in
order to recover an explicit form for the electromagnetic field, but additional
difficulties arise, such as desynchronization of fields and sources, besides time
derivatives of sources in the formula for such equations. Moreover, most of
tools developed in [4] and its adaptations in Appendix 2 heavily use the
explicit form of fields, thus preventing a straightforward generalization.
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