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Chapter 1

Introduction

This thesis consists of two different works with a similar motivation. The
common ground for them is the theory of Thermodynamic Formalism, (see,
for instance, [LMMS15]). In the classical setting, one seeks the thermody-
namical equilibrium states of a system under the action of a potential. This
is done by looking for variational principles, where entropy and the Ruelle
operator play central roles. An important issue is to introduce an a priori
probability for defining the Ruelle operator. The two works are extensions
of this theory to adjacent subjects.

In Chapter 2] we explore Thermodynamic Formalism on the Skorokhod
space D, of right continuous with left limit (cadlag) trajectories on the circle
St. The goal, in this case, is to construct the Gibbs states not as probabilities
over S', but over D.

The Ruelle operator in classical Thermodynamic Formalism seems to be
of discrete nature in time, but a natural extension of the concept contem-
plates the continuous time case (see [BELO§| and [LNT13] for a similar set-
ting). In a formula that resembles the Feynman-Ka¢ formula, we note that
the iteration of the Ruelle operator presents an average of the potential A
taken over the shift pre-images of a given point.

EiI) = [ N )
o"(z)=y

Notice the similarity between the above and the integral on the right in
Figure 1.1 below.

We will take L as a generator of a Markov stationary semigroup which will
help us to define an a priori probability on the Skorokhod space. Considering
the Time-reversal Markov Process, it gives us a discrete version of Feynman-
Kac, a formula that is forward in time. This is the motivation to call this
Stochastic Semigroup, e/“+tV) a continuous time Ruelle operator. Recall
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Figure 1.1: Trajectories satisfying w(0) = y or w(t) = y.

that L : C(S') — C(S') acts on continuous functions and V : S! — R itself is
a Holder function, that acts by multiplication, f € C(S') — fV. Note that
the Skorokhod space is a non-compact Polish space.

We then look for a version of the Perron-Ruelle-Frobenius Theorem in
this setting, since the introduction of this potential breaks the normalization
condition. Restricting to the Holder potentials and functions, we make use
of Krein-Rutman theorem to show the existence of additive eigendata: two
positive additive Holder eigenfunctions, one for L+V and the other for L*4+V,
both associated to the same additive positive eigenvalue. With these in hand,
we can follow a normalization procedure. More precisely, after finding the
eigenprobability, we obtain a normalized Ruelle operator, and then we are
able to define a new stationary semigroup (a new time continuous Markov
chain taking values in S'). This stationary continuous Markov chain will be
called the Gibbs state (that can be also seen as a probability on the Skohorod
space) associated to V' (and the a priori infinitesimal generator L).

We also consider a variational principle, where the entropy in the pressure
problem is the relative entropy of the probability with respect to the a priori
probability. Since the relative entropy is related to entropy production, this
is also explored and explicitly computed.

In Chapter 3| we study Thermodynamic Formalism in a quantum setting,
at continuous time. This means we look at a Quantum Markov Semigroup
acting in the space of matrices M, (C) and its corresponding infinitesimal
generator £ : M,(C) — M,(C). More precisely, we investigate a particular
stationary case, the latter meaning the existence of a density p such that
L*(p) = 0. Following the approach introduced by Schrodinger, this p cor-



responds in the Quantum setting to an invariant (stationary) probability in
the classical setting.

In order to analyze a variational principle, it is necessary to define a
notion of entropy for density matrices, and also the concept that would cor-
respond to the action of a potential A in this setting. After introducing these
concepts we will discuss the existence of an equilibrium state in the set of
density matrices. This program ends with the explicit construction of what
we called the continuous time equilibrium Quantum Markov Process for the
Hamiltonian A. The main idea in this result is to reduce the problem to the
“diagonal case”, where the computations turned out to be easier.

Regarding the notion of entropy employed in this work, we observe that
it is a natural non-commutative extension of the concept of rate function
for continuous time Markov chains. In the works of [Kac80] and [Str&4],
the authors show a simplification of the rate function in case the system is
reversible. In the classical case, the terms reversibility and detailed balance
are used as synonyms, depending on the approach. In the quantum setting,
several analogous notions are studied in the bibliography. The most natural
for us, (and most accepted) is what is called o-Quantum Detailed Balance,
which refers to a particular invariant state (stationary density) . For a spe-
cial system with this property, the Heat-semigroup, considered in [CM17], we
can show that the same simplification holds, indicating the notion of entropy
is consistent. In order to define entropy, a certain kind of a priori probability
is necessary, and the choice of ¢ and £ will help to set this concept. This
entropy has no dynamical content. The dynamics is on the continuous time
evolution of the semigroup (not at the level of the infinitesimal generator).

To end this introduction, we will now discuss some differences between the
two works and future directions. In the second work, the entropy is obtained
employing properties of the infinitesimal generator of the system, allowing
us to say the generator helps to define the a priori probability, since the
entropy can be obtained in a similar way as in Thermodynamic Formalism
via the Ruelle operator. Thus, we understand this setting as being in the
“log scale”. This is in contrast to the second work, where we recognize the
Ruelle operator in the semigroup scale, or exponential scale.

A natural question in the quantum setting is to extend the formalism to
other Quantum Markov Semigroups with Detailed Balance Condition. The
case of Heat-Semigroup was treatable mostly due to the simplicity of the
invariant density: the normalized identity. In the trace computations, this
was very useful. This topic will be addressed in future work.

For the Skorokhod setting, one can investigate how to extend the pre-
sented formalism for potentials V' that depend not only on the first coor-
dinate. In classical Thermodynamic Formalism, a potential can depend on



all coordinates. It is also of interest to consider an extra parameter 3 (a
constant times the inverse of temperature) in the potential, studying the 5V
case, and letting S go to infinity, which means sending the temperature to
0. The accumulation points of the sequence of Gibbs states Pz can reveal
important thermodynamical information on the system.

* kK

During the Ph.D. degree the following papers were produced: [BKL21b],
[BKL21a], [BKL22] and [KLMN22|]. The two first are already published at
this time, and the last two were submitted to review and are the essence
of this thesis. The author thanks Fulbright Commission for the award that
let him develop a research project at a university in the U.S.A. During the
academic year 2021-2022, the author visited the University of Kansas and
develop research in collaboration with Prof. Dr. Jin Feng. This topic will
be also addressed in future work.



Chapter 2

Thermodynamic Formalism on
the Skorokhod space: the
continuous time Ruelle
operator, entropy, pressure,
entropy production and
expansiveness

Abstract

This chapter is part of the work [KLMN22]. Consider the semi-flow given
by the continuous time shift ©; : D — D, t > 0, acting on the Skorokhod
space D of cadlag paths (right continuous with left limits) w : [0, 00) — S*,
where S! is the unitary circle (one can also take [0, 1] instead of S*). We
equip the space D with the Skorokhod metric and we show that the semi-
flow is expanding. We also introduce a stochastic semi-group e'*, t > 0,
where L (the infinitesimal generator) acts linearly on continuous functions
f: St — R. This stochastic semi-group and an initial vector of probability
7 defines an associated stationary shift-invariant probability P on the Polish
space D. This probability P will play the role of an a priori probability.
Given such P and a Holder potential V : S' — R, we define a continuous
time Ruelle operator, which is described by a family of linear operators L,
t > 0, acting on continuous functions ¢ : S' — R. More precisely, given any
Holder V' and ¢ > 0, the operator L}, is defined by

o = U(y) = Lo (@)) = [y €5 VDL ow(0)) dP(w).
We show the existence of an eigenvalue Ay and an associated Holder



eigenfunction ¢y > 0 for the semi-group Li,, ¢ > 0. After a coboundary pro-
cedure we obtain another stochastic semi-group, with infinitesimal generator
Ly, and this will define a new probability Py, on D, which we call the Gibbs
(or, equilibrium) probability for the potential V. We define entropy, for some
shift-invariant probabilities on D, and we consider a variational problem of
pressure. Finally, we define entropy production and analyze its relation with
time reversal and symmetry of L. We wonder if the point of view described
here provides a sketch (as an alternative to the Anosov one) for the chaotic
hypothesis for a particle system held in a nonequilibrium stationary state, as
delineated by Ruelle, Gallavotti, and Cohen.

2.1 Introduction

We consider the semi-flow given by the continuous time shift ©, : D — D,
t > 0, acting on the Skorokhod space D of cadlag paths (right continuous
with left limits) w : [0,00) — S!, where S! is the unitary circle (one can
take [0, 1] instead of S'). We will prefer to state the results in [0,1]. The
set D is equipped with the Skorokhod metric. The Skorokhod space D is a
noncompact Polish space. We will show that continuous time shift ©;, t > 0,
is expanding (see Proposition [2.6.1)).

Continuous time Stochastic Processes Xy, ¢ > 0, taking values on [0, 1]
are described by probabilities P on D. To say that the process is stationary
is equivalent to saying that the associated probability P is invariant for the
action of the shift O, ¢t > 0.

The results presented in the initial part of our work are in some way
related to [BELOS], [LN'T13], [LMN22] and [LN15]. Our main purpose here is
to describe a version of Thermodynamic Formalism for semi-flows specified by
infinitesimal generators. More precisely, in section we follow the program
of introducing a Ruelle operator from a potential and an a prior: probability
(in a similar fashion as in [BCL™11], [LMMST5], [BELOS] and [LNT13]).

We introduce a stochastic semi-group e, ¢ > 0, where L (the infinites-
imal generator) acts on continuous functions f : [0, 1] — R. This stochastic
semi-group and an initial vector of probability 7 defines an associated sta-
tionary shift-invariant probability P on the D (see [Lid19]). This probability
P will play the role of an a priori probability (a continuous time version of
the point of view of [LMMS15] and [BCL™11]).

Given the a prori probability P on D and a Holder continuous potential
V :]0,1] — R, we define the Ruelle operator L}, ¢t > 0, in such way that for



¢ :[0,1] = R, we get L, (¢) =, t > 0, when

t
o= o) =LA = [ B ). 21)
w(t)=y

The above expression can be recognized as in Feynman-Kac form if the
infinitesimal generator is symmetric according to Lemmall]in Section 2.3]and
figure [2.1] (see also [LMN22]).

The Feynmann-Kac formula is the partial differential equation

ou

E—FLU—FVUZO.

General results for continuous-time Markov chains that were specially
designed to be applicable to our setting appear on [MN22].

Note that expression depends also on L (because P depends on L).

From the a prior: probability P on D, in section [2.4] we are able to in-
troduce the concepts of entropy, for a certain class of shift-invariant prob-
abilities on D, and pressure for a potential V' : [0,1] — R (see Definition
and expression ([2.40)). For the existence of an eigenvalue and a pos-
itive eigenfunction for the Ruelle operator (see Theorem , an assumption
on the regularity of the potential V' will be required (Holder or Lipschitz
continuous will be enough) as discussed in Proposition in section
Example 3| presents explicit expressions for the eigenvalue and the eigenfunc-
tion f :[0,1] — R solutions for a certain class of infinitesimal generators L
and quadratic potentials V. In the Appendix Section we show that this
regularity assumption is necessary. From L and V', after a kind of cobound-
ary procedure, we obtain another stochastic semi-group, with infinitesimal
generator Ly, and this will define a new probability Py, on D, which we call
the equilibrium probability for the potential V' (see Definitions ,
Lemma [2| and expressions and (2.25)). The initial stationary
vector of probability for such a process is given by Proposition [2.3.6 A nice
formula related to the main eigenvalue is given by . Note that V' is
completely independent of the dynamics of the shift ©,, ¢ > 0, and the a
priory probability defined by L.

We define entropy production in section [2.5| and we discuss some proper-
ties related to time-reversal and the symmetry of the infinitesimal generator
L (see Propositions e[2.5.4). Related results for continuous time quan-
tum channels (where the infinitesimal generator is a Lindbladian) appear
in [BKL22].

In [Coh97], [Gal99], [Rue96], [ABRI4] and [Ruel5], the authors use an
idea of Ruelle’s as a guiding principle to describe nonequilibrium station-
ary states in general. The purpose is a better understanding of a model
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for the chaotic hypothesis for a single (moving) particle system held in a
nonequilibrium stationary state. This model is described by properties of
SBR probabilities for Axiom A (or Anosov) systems and entropy production
rate (see also [JQQOO0], [MNS09],[MNQ2| and [Poll4]). In this case, the po-
tential is fixed as the Lyapunov exponent. The reason for such interest is
that the real physical problem behaves, in many respects, as if they were
Anosov systems as far as their properties of physical interest are concerned.
We wonder if our setting, where V' is general, also provides a sketch (as an
alternative for the Anosov one) for the chaotic hypothesis.

The original article has two extra Appendix sections of technical nature
and they have the purpose of analyzing some integral kernels which naturally
appear in our reasoning. The interested reader can find them [KLMN22].

In Appendix we present the details of the claims mentioned in Exam-
ple [1} which describes in explicit form an interesting working case.

Some of our results are related to the ones in [DV75], [Kif90al, [Kif90b],
[IMNS09], [MNO2], [LMN22], [JQQO00], [Gom01], [LT1g] and [LM22a].

2.2 Motivation and Preliminaries

To motivate our reasoning, we will begin with a review of some basic and
simple properties of Markov chains taking values on [0, 1] (in a similar fashion
one considers the case where the process is taking values in S?.

Consider P(x,y) > 0, P : [0,1] x [0,1] — R continuous such that for all
y €[0,1]
/P(:v,y) dr = 1. (2.2)
Note that is not true that the supremum of P is smaller than 1.

Let 6 : [0,1] — R be a strictly positive function such that
// P(z,y)0(y) dz dy = 1,
and also that for any z

/ P, y)b(y)dy = 0(z). (2.3)

The function @ is the initial invariant vector of probability for a stationary
discrete-time Markov chain with values on [0, 1].



The above reasoning was just to explain what is a line sum 1 stochastic
matrix with values on [0, 1]. In analogy with Markov chains with finite state
space, P(z,y) should be seen as a matrix with entries in [0, 1] x [0, 1] where
x is in the vertical axis and y is in the horizontal axis (see [LMST09] for
related results).

We define the infinitesimal generator L acting on the left in periodic
functions f : [0,1] — R, by

L(f)(y) = / f(@) Pz, y)dz — f(y),
which by means

L(f)(y) = / [£(2) - f(y)] P(a,y)dz (2.4)

Note that L(1) = 0.
We call L the a prior: infinitesimal generator.

Later we consider (see the expression (2.25))) the action of infinitesimal
generators of the form

f ) / [F(2) - f(y)] Pla,y)de, (2.5)

where -y is positive, as in [LNT13].
We will consider L : £2(dz) — L*(dz) and the dual L* : L£*(dz) —
L?(dx), which acts on probability densities g : [0,1] — R by

L*(g)(x) = / Pla,y)g(y)dy — g(x). (2.6)

Now setting u(dz) = 0(z)dz, the probability measure with density 6, we
get L*(f) = 0, by (2.3). In this context, this means that p is invariant for
the action of L*.

L and L* are bounded operators.

Note that for any f, g we have for £2 inner product

< g, L(f) >=<L"(9), [ >.

L acts on (the left) functions f : [0,1] — R (on the variable y) and L*
acts on (the right) densities g(x)dz (or on probabilities).

A nice reference for continuous time processes with infinitesimal generator
L is [DV75], where it is considered a strongly continuous semigroup mapping
Tt, t > 0, acting on the set of continuous functions f on compact manifold,

9



satisfying for all ¢ > 0: T*(f) is a positive function, if f is positive and
T'1 = 1.

The operator e'”, for fixed ¢+ > 0, is an integral operator, that is, there
exists a function K : [0, 1] x [0,1] — R™ such that

N = [ e Kl y)de + ¢S ()

The function K, : [0, 1] x [0, 1] — R satisfies the following equations (see
appendix 1):

d

%Kt(:p,y) = /Kt(x, 2)P(z,y)dz — Ki(x,y) + e " P(z,y), (2.7)

%Kt(x,y) = L(Ki(x,)(y) + ¢ P(z,y)
= L*(K:(,y))(z) + e "Pla,y),

and
d

EKt(aj’ y) = /Kt(z, y)P(z,2)dz — Ki(z,y) + e "P(x,y).

Example 1. Take P(z,y) = cos|[(x —y)2n]/2+ 1. This P is symmetric and
continuous on [0,1]. Since [ cos[(x — y)2n]dx = 0, for any y € [0,1] we get
that [ P(x,y)dz = 1.

Ki(z,y),t > 0 can be explicitly expressed by

K(x,y) = 2cos(2m(z — y)) (e 3+ —e™t) + (1 — 7).

The Lebesgue probability dx is the unique invariant probability. The proofs
of these claims are presented in Appendiz section [2.8,

&

For each t fixed, K;(x,y) can be seen as a matrix with entries in [0, 1] X
[0, 1], where z is in the vertical axis and y in the horizontal axis.

We denote by D the Skorokhod space of cadlag paths (right continuous
with left limits) w : (0,00) — [0, 1] (see [EK86] for general properties)

The continuous time shift O, : D — D, t > 0, is defined in such way that,
O:(w,) = wy, if for all s > 0, we have wy(s) = w,(s +t).

We say that a probability P on D is invariant for the semi-flow ©; : D —
D, t > 0, if for all measurable set C' C D, and any ¢t > 0, we have that
P(C) = P((0:,)71(C)).

10



The kernel K; , t > 0, defines a Markov Process X;, t > 0, with values
on [0,1]. Given an initial density function ¢q on [0, 1], this Markov Process

determines a probability P on D. For example, for the cylinder set C' =
{XO € (CL(),b()),th € (&1,b1),Xt2 S (CLQ, bz),th € (Clg, bg)} we get that

bo b1 bo b3
B(C) = / / / Ko, (20, 21) Koy oo (1, 2) Koy o (2, 73)
ag a1 as as

X QOO(ZL‘()) dflfg deQ dIl dIo.

Given L (as in (2.4)) assume that there exists a positive continuous
density function 6 : [0,1] — R, such that, for any continuous function
f:]0,1] = R we get

/L(f)(x)@(x)d:r =0. (2.8)

Moreover, we assume that L is such that the above-defined 6 is unique.

Definition 2.2.1. Given L (as in (2.4)) and an initial density oo = 6 sat-
1sfying , we get a continuous time stationary Markov process X;, t > 0,
with values on [0, 1] (see [BGLI135],[Bob0d] or [Lid19]). This process defines a
probability P = P,y on the Skorokhod space D. This probability P is invariant
for the shift ©,, t > 0.

Consider an infinitesimal generator L (where L is given by (2.4)) for
the semigroup e!l, ¢ > 0. This semigroup satisfies e!£(1) = 1. Moreover,

e!L"(0) = 0, where L* was given by and 6 satisfies .

Now we take a continuous function V' : [0,1] — R, which will be called
a potential. In Statistical Mechanics H = —e" should correspond in some
sense to the Hamiltonian. For some results, we will assume that V is of
Holder class.

By definition, the operator L + V : £L*(dz) — L*(dx) (acting on the left
on functions on the variable y) is such that

(L+Wwﬂw=9@%i/U@%J@ﬂH%wdx+V@M@)

The dual operator acts (on the right) on density functions g on the vari-
able x

(L4 V)9)@) = $@) = [ Play)aw)dy— g(o) + V() gla).
If P(z,y) is symmetric the spectral properties of L and L* is the same.

11



Example 2. P(z,y) = cos|[(z — y)27]/2+ 1 and V(y) = (y — 1/2)*.
Then,

(L +V)()y) = / f@)lcosl(@ — y)2ml/2 + 1] da — f(y) + (y — 1/2)? £(v).

o

t(L+V) " By Feynman-Kac (see [Str84] or

Now consider the semigroup e
[BGL13]), we can write

! V) f(2) = By el VOO f(X,)|,

where Xy, t > 0, is the Markov process with infinitesimal generator L. This
semigroup is not a stochastic semigroup.

This operator is an integral operator, that is, there exist K} : [0,1] x
[0,1] = R™, such that,

() = / J@KY (@, y)de + eV f(y).

The function K} : [0,1] x [0,1] — R satisfies the following equation (see
Appendix 1 and 2 in [KLMN22])

LY () = (L + VYEY (2, ) (9) + V@D Pz, y)

dt
= (L+ V) (K () () + VOV P(a, y).

2.3 Ruelle Operator

We denoted by D := D([O, +00), [0, 1]) the path space of cadlag trajec-
tories taking values in [0,1] (see [Lid19]). This space is endowed with the
Skorokhod metric.

Remember that the flow ©;, : D — D, t > 0, satisfies: given ¢ we have
that ©;(w;) = we, if for all s > 0, wy(s) = wy(s +1).
We assume in this section that L is of the form ({2.4)).

Lemma 1. If L is symmetric, then

/ el VN (10 (1)) Py (w) = / el VN (1 (0)) dP (w).
w(0)=y w(t)=y
(2.9)

12



A more general version of the above result appears in the Appendix. This
Lemma, in particular, is an immediate consequence of (2.52) for 7' = t.

Definition 2.3.1. Given L and V', consider, for each fixed t, the continuous
time Ruelle operator Lt,, t > 0, where L, : C°[0,1] — C°[0,1], associated to
V' (in a similar way to [BEL0S]): in this case fort > 0 we denote L}, (¢) = 9,
when,

o = bly) = / T () )
w(0)=y

that s,
v = o(y) =Ly (p)(y) = () (y), (2.10)
where v, : [0,1] — R.

This operator (which was considered in similar cases in [BELOS| and
[LNT13]) is the continuous time version of the classical Ruelle operator
(discrete time case). Indeed, Lemma [1| confirms the claim and figure
schematically support this statement.

The left-hand side of expression is more suitable for the Feynman-
Kac formula.

According to our notation the continuous time Ruelle operator L, ¢t > 0,
is a family of linear operators indexed by t.

Definition 2.3.2. Given L and V : [0,1] — R we say that the familiy of
Ruelle operators Ik, t > 0, is normalized if I}, (1) =1, for all t > 0.

Given L, in case V is constantly equal to zero, the family of Ruelle oper-
ators LY, ¢ > 0, is normalized.
In this case L{(f) = g, when

Foo= [ )R =) = LW,

where f,¢g:[0,1] — R are periodic.

Definition 2.3.3. Given L and V' we say that f : [0,1] — R is an eigen-
function of the continuous time Ruelle operator Lt t > 0, associated to the
eigenvalue A € R, if for all t > 0,

L (f) = e f. (2.11)

In order to find eigenfunctions, we have to analyze the properties of the
operator L +V and L* + V.
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I (TR ———

0 t 0 :
I\ V(w(s)) ds I\ "Viw(s)) ds
L Oy’ P(w(t)) dP(w) fw o (w(0)) dPL(w)
y
i : yr -
pa ! o
: [0.1]
0 L 0

Figure 2.1: The point y € [0, 1] is the value at time ¢ = 0 of the path obtained
as the image - by the continuous time shift ©, - of the set of paths described
above.

Assume that the positive function f : [0, 1] — R is such that
(L+V)(f) =Af, (2.12)

then, for all t > 0,
() = e, (2.13)

that is, f : [0,1] — R* is an eigenfunction (for the semigroup generated by
the infinitesimal generator L + V') associated with the eigenvalue A € R.

We say that such A (which can be positive or negative) is the main eigen-
value for L + V.
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Example 3. Consider the periodic function g(z) = (1 + 2 (1 — z)) and
P(z,y) defined for x,y € [0,1] (or, in S* x S), by

P(z,y) = g(z+y), if (x+y) <1, and P(z,y) = g(x+y—1), if(x+y) > L.

(2.14)

One can show that the kemel P is symmetric and therefore the corre-

sponding density 0 satisfying (2.3) is equal to 1. Consider now the function
V:S8t=10,1) = R, given by V( ) =142y (1 —y). Taking

1 1
A= (35 + VI345) and y — f(y) = 75(35 + VI345) + (L= )y > 0,
we get for all y € S*

@+Vﬂﬁ@)—Af%mwﬂﬂw—f@%Hdwﬂw—Aﬂw7(Zw)

and therefore, f and X\ solve (2.12)) for such P and V.
As P is symmetric the function f : S' — R also solves

(L* +V)(f) = Af

1051 /‘\ 7.40

7.25

7.20

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

Figure 2.2: On the left, functions g (blue) and V' (orange); On the right,
eigenfunction f.

More generally, given V' of the form V(y) = r —|— sy(l — ), and the
quadratic density g(z) = d+§j$6x (defining P as in (2.14)) ), one can find a
density [ of the form f(y) = a + by(1 —y), such that, for some \ we get
@2.15).

¢
Given X as in (2.12), if g(y) > 0 is such that
(L"+V)(9) = Ay, (2.16)

15



then, for all t > 0,
et (L*+V) (g) _ 6t)\97

that is g : [0,1] — RT is an eigenfunction (for the semigroup generated by
the infinitesimal generator L* + V') associated to the eigenvalue A € R. It is
natural to assume the normalization condition [ ¢(y)dy = 1 so we can see g
as a density.

Note that we ask for f and g to have the same eigenvalue \.

A natural normalization assumption for f is to assume that

/f(x)g(x)d:t =1 (2.17)

In this case m(z) = f(z)g(z) is a density on [0, 1], and this will be impor-
tant later (see proposition [2.3.6).

Compare all this with pages 52-54 in [Kac80] and around page 113
in [Str84].

We want to show that given L and V one can find a solution for (2.12]).
This will follow from Krein-Rutman Theorem (see [Dei85] and [LMST09]).

Theorem 1. Assume that V : [0,1] — R is Holder , then, there exist A € R,
0:[0,1] = R* and r : [0,1] — R*, where £, are also Hélder (in particular
(,r € L*(dx)), such that,

C(L+V)=M

and

(L+V)r = Ar.

Proof. The action of ¢ — ¢(L + V) (acting on the left side) can be seen
as the action on the dual, ie., ¢ — (L* 4+ V) (acting on the right side).
Consider H,, the Banach space of Holder continuous real functions on [0, 1]
with constant o and the norm

hlla = 1A + sup P = 2@

x#y ly — x|

The above supremum is denoted as Hol,. Let K C H, be the cone of
positive a-Holder functions in [0, 1]. The interior of K, denoted K°, is the
set of strictly positive a-Holder functions. We will use item (a) in Theorem
19.3 in [Dei85].

Indeed, consider z = ||V|| + 1. We claim that (L + V + z1) is a strongly
positive operator (take non-null positive functions to strictly positive func-
tions). Then, from Krein-Rutman Theorem (see Theorem 19.3 page 228 in
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[Dei85]) there exists a unique eigenfunction r for (L +V + zI) in the set K°.
The same is true for the left eigenfunction /.

We now check the assumptions of Krein-Rutman theorem. Notice that
—[|[V]| < V(x) and therefore V(z) +2z—1 > 0 for all x € [0,1]. It follows
that

(L+V420)f /f D)dy+(V(@)+2—1)f /f

We started with f(y) > 0 and P(y,z) > 0, for every =,y € [0,1]. For f # 0,
by continuity there exists an open set in which f is strictly positive and then
(L+V +zI)f(x) > 0. This means (L +V + 2I)(K\{0}) C K°.

Now to see that the operator is compact, consider f € B, (1), the unitary
ball of H,. Then ||f|| <1, Hol; <1 and

(L+V 4 20)f(y) — (L+V + 2D ()] < |LF() - LF(@)
V) ) - V@ F@) + 21f ) — £)]

< [1@IIPtw.y) = Plw,o)|dw + (+ DIfG) - Fla)]+
V)Ilfw) — @)+ F@IV ) - V)

Since P : [0,1)> = R, V :[0,1] = R are continuous and therefore uniformly
continuous, given £ > 0, there exists § > 0 such that |z —y| < § = |P(w,y)—
P(w,z)| < § for every w € [0,1] and [V (y) — V(x)| < 5. If we take § small
enough to have 6% < 3(z+++HVH) also, we get

(L+V+20)f(y) = (L+V +2D)f(2)] < %+ (z + 1+ [IVIDIf(y) = ()]

2e
< §+(z+1—|— VIDly—z|* <e.

This means that (L +V + 2I)(B,(1)) is equicontinuous. It is bounded
also, since L + V + zI is bounded by 1 + 2||V||, and finally the operator is
compact. The same analysis can be done for L +V + zI acting on the right,
which is equivalent to the action of L* 4+ V + z1.

From the above we get the existence of £, 7 : [0,1] — (0, 00) and a A which
satisfy

(L+V —=X)r=0, (2.18)
and
UL+V — ) =0, (2.19)
by Krein-Rutman (as in [1]).
[
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We denote by ¢y, ry and A(V') the solutions of the above equations.
We consider normalization conditions: [ry(y)dy =1 and (see (2.17))

/rv(x)fv(x)dx = 1. (2.20)

The equation for the above right eigenfunction r = ry is

/r(a:)P(x, ) dz — (14 (V) — V() r(y) = 0. (2.21)

for any y.
The equation for the above left eigenfunction ¢ = ¢y is

/ P, y)(y) dy — (14 A(V) — V(@) () = 0. (2.92)

for any x.
It follows from the existence of ¢ satisfying (2.19) and the above that:

Proposition 2.3.4. Given L and the Hélder continuous function V' : [0, 1] —
R there exists f and X, such that,

Ly (f) = e f. (2.23)

For all y,z € [0,1], ¢ > 0 and f € Cy(]0, 1]), define

W =LAV =V, Qi) = ED S aay
Lo (F)(y) = w(v) / ) — FW)Qv(zy) dz (2.25)
and
v EEE) )
Py (f)(y) STy (2.26)

Lemma 2. The operator P), defined in (2.20)), is the semi-group associated
to the infinitesimal generator Ly, defined in (2.25)), that is,

i P () = fy)
t—0 t

= Lv(f)(y).
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Proof. Since

we have ()P(2.1)
[ r(2)P(z,y L
/QV(Z’y) te = / ) (227)
We can rewrite w as
L S0 (y) = r(y)f(y) e M1
eMvir(y) ( t > * f(y)( t >

Taking limit as ¢ — 0, we get - )(L +V)(rf)(y) — AV) f(y). Using (2.24)),
the last expression becomes

/ ) — F)) % P(zy)dz = £V ().

The semigroup e'“v .t > 0, is normalized.

Definition 2.3.5. The continuous Markov chain process with values on [0, 1]
and infinitesimal generator Ly has an initial stationary positive density my :
[0,1] — R. We denote the associated stationary continuous time Markov
chain by Xtv ,t > 0. We call such Process the Gibbs Markov Process for
the potential V' (see section in 3 in [LNT15]).

In Proposition [2.3.6| we show that 7, = £y ry, where the normalization
conditions are assumed to be satisfied.

Note that from we get that Qv (z,y), x,y € [0, 1], defines a contin-
uos time Markov chain with a generator L of the form where we replace

Then, multiplying (2.22)) by ¢(y) and integrating over y we get

// (y) dy dx + /V( Jr(x)l(z)de = X+ 1. (2.28)
Note that when P is symmetric we have from (2.28)) that ¢ = r and

// )dyda:—i—/V( )2 (z) de = X + 1. (2.29)

The above reasoning is similar to section 5 in [LNT13].
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Lemma 3. The dual of the operator Ly, defined in (2.25) is the operator

g = Lyg)(z) = / T ()9 Qv (2, 9)dy — 10 (=) 9(2). (2.30)

Proof. Given the functions f, g we get

/Ev(f)(y)g(y) dy = /[W(y)/[f(?«') — fWQv(z,y)dz]g(y)dy =

J[wvwresw e dzar— [wnrwow [ Qi el -

/ )| / ) (o) Qu(z. ) dy ] d — / £2) () 9(2) dz =

[ wsw aveds - g = [ 164

Given the the Markov Process X, ¢ > 0, with infinitesimal generator
Ly, we ask: how to get the stationary initial probability 7y, = 7r 0,1] = R.
We assume that [ ry(z)dz =1 and, moreover, that [ fy(z)ry(z)dz = 1.

[]

Proposition 2.3.6. The density my(z) = by (2) ry(z) satisfies ,Cv(ﬂ'v) =0.

Proof. From (2.24)) and we get for any point z
£i(m)@) = [ Wb @re0)Qu(z o)y - w (@) b (v (2
= [ttt HELEL

W) dy — v (2) by (2)ry(2)

- / P(z,y) v (y)dy — 1 (2) by ()]

=ry(z)0
= 0.
m
From the above we get for any z
[ B QG iy = B () 231
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Corollary 2.3.7. Given V we get for any t > 0 and continuous function
v :]0,1] = R:

Tv(Xt)

P (p)a) = B [eh VOO oo

p(Xy) ] (2.32)

Moreover,
PY(1) =€ (1) =1 (2.33)

and
(PY) () = €5V (mv) = 7y, (2.34)

The expected value calculated above is relative to the a prior:i probability
P on the Skorokhod space.

Definition 2.3.8. The Markov Process X", t > 0 will be called the Gibbs
stochastic process associated with V : [0,1] — R (where the a priori P on
S was given via the infinitesimal generator L which was fized).

Definition 2.3.9. Given L and V : [0,1] — R, the associated probability
Py on the space D obtained from the Gibbs Markov Process X}, t > 0
(with infinitesimal generator Ly and the stationary probability my ) will be
called the Gibbs probability for the interaction V' (and the a priori
infinitesimal generator L). Py is invariant for the shift ©4,s > 0.

In the case V' = 0 (and the Ruelle operator is normalized) Py is the
probability P = P;, of Definition [2.2.1}
From [DV75],

1 ¢
lim — log sup E, [efo V(w(s))dS] = Ay
t—oo t -

2.4 Relative Entropy, Pressure and the equi-
librium state for V'

The results of this section in some sense are similar to the ones in [LNT13].

Given the inifinitesimal generators Ly and Ly (of the form ([2.4])) consider
the corresponding stationary probabilities p; and ps on [0, 1].

We denote by P, and P;, the corresponding associated ©;-invariant
probabilities on the Skorokhod space, t > 0.
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Definition 2.4.1. The relative entropy (or Kullback-Leibler divergence) of
P, and Pr, is the value

1 1 dPr,
—Hyp(Pp,|P,) =—= [ 1 2
7/t (PralFe) T/D °g<dPLl

H) (w) dPr, (w) (2.35)

Consider the infinitesimal generator £, which acts on bounded mensu-
rable functions f : [0,1] — R as

%) / o(y) P(y, x)dy (2.36)

£(f)(x) =A(x) / [F () — F(@)]Qly.z) dy

The invariant probability for £ is

W)

W)
) = Tolalrols ™

(2.37)

where 74 satisfies

@jx) / P, 2)f(2)dz = (x) = / 6(y

The probability If”,;b on D is called admissible, if it is induced by the
continuous time Markov chain with infinitesimal generator £ and the initial
measure ji. We point out that f is invariant for this chain.

Given a Lipschitz function V' : [0, 1] — R, note that IP’L/V is induced by the
continuous time Markov chain with infinitesimal generator £" and invariant
probability uy is admissible.

Define
1
—H =—— | lo
T T( / 0og <

22

) (w) dB;(w) | (2.38)



for ]15!1 admissible and P; the probability on D induced by the continuous
time Markov chain with infinitesimal generator L, defined in ([2.4)), and initial
probability /.

It is possible to compute

(d]P
log

Then

)(w) - /0 [1 = F(ws)] ds + [log (¢(wr)) — log (¢(wo))] -

HEIP) = [ - 1 dita). (2.39)
Note that

HPY, ) = M [ Via) duv(a).

We denote the Pressure (or, Free Energy) of V' as the value

P(V) := sup {H(I@,lupﬂ) +/V(9§)dﬁ(x)}. (2.40)

Using ([2.39)), the pressure of V', P(V), is equal to

Pa
admissible

Recalling the definition of 4, in (2.36)), and /i, in (2.37)), we have

sup / () — 1+ V(2)] da(x).

sup / (L+ V) (22 (@) i (w)dw = A (2.41)

$>0

Indeed, first we can assume |[|7g||2 = 1.

We can also assume ¢ is such that [ ‘Z)—) s(x)dr = 1.

2.5 Time-Reversal Process and entropy pro-
duction

Related results can be find in [WQ18], [JQQO0], [JQQ06], [LM22b], [MNO2]
and [MNS09).

Before we begin the study of duality on the Skorokhod space we will
state the results for the detailed balance condition when the continuous time
Markov Chain takes values on {1,2..,k}. Denote by ¢ = (oy,...,0%) the
initial invariant probability for the line sum zero matrix W = (W, ;); j=1, k-
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The detailed balance condition for W is: for all 4,5 =1, ..., k
aiWi,j = O']‘Wj’i.

Consider the inner product

k
T Yo = Y 05Ty,
j=1

It is easy to see that W satisfies the detailed balance condition, if and
only if, W is self-adjoint for the inner product (., .),.

We assume in this section that L is of the form ({2.4)).

In this section, we consider that the time parameter is bounded, ¢ € [0, T
for a fixed T" > 0, in order to explore the time-reversal process. As mentioned
before, we have that p is somehow invariant with respect to L*:

[ Li@utan) = [ [176) - @) P, 2)dy b2
— [ 1) [ Ptz dy~ [ @) [ Plo.a)y o(a)is
~ [ 1wy - [ fpia)ds =

More precisely, L*(6) = 0, where L* acts on £2(dz). We will consider the
dual process associated with g in what follows. The substantial change is
that our reference measure which was simply Lebesgue measure dx becomes
now 0(x)dx. Taking that into account, the inner product in this new space

is given by
= [ f@gantan = [ s

The dual operator for L (using (f,g),), will be denoted by £* : £?(u) —
L%(1). One can show that

(9@ = [loly) — g(o) % P(e, y)dy.

To verify this, notice that
(L1.9)u= [ Lie)ga)p(a)da
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//f x)dy 0(x dx—/f
// x)dz f(y)dy — /f ) O(z)dx
// P(z,y)0(y)dy f(x d:c—/f ) O(z)dx

~ [[ stwrr i dy f()f(a)dz ~ / o(x) ()6
-/ / g(y)P(x,w%c@ gl st
dFrom 1' we have [ P(x,y)0(y)dy = 6(x). Thus, fP(x,y)%dy =1
9(3/)
Lo = [[low 9) gy (@)0(x)da

- / / 9(y) — 9@ P*(y,2)dy F()0(x)dx,

where P*(y,x) = P(xz, y)(—y; To fix ideas, we write again the expression for

£

(£7g)(z) = /(g(y) —g(x))P*(y, x)dy = /(g(y) - g(x))P(m,y)%dy

Notice that we write L* for the dual over £?(dx) and £* for the one over
L2(p).

Having discussed that, we turn now into defining the Time-Reversal pro-
cess, associated with the stationary Markov Process (X, ) and an interval
of time [0, T]. The new process is then denoted by (X;) and satisfies

E.[9(X0) f(X0)] = Eul 9(Xr) f(Xr—0)].

It has transition family P, satisfying

/g(w)(f%f(»%)) dp(z) = E,[g(X7) [ (Xr-)]. V.9 € L2(n).
This object is not at all new. In fact, notice that
Eu[9(X7) f(Xr_t)] = Eu[ f(Xr—¢) Eu[g(X7) | Fre] |
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= Eu[f(Xr0) Ex, [9(X0)] | = Eu[f (Xo) Exo[9(X0)] ]

/ £(2) Bl g(X,)) dpz)
- / £(2) P(g()) dpu(z).

Since the last is true for all f,g € £%(u1), we already get that Pt = P
the transition family of £* : £2(u) — £2(11). This also means that Lf(z) =
£ f(x), dx — a.s., where L is the infinitesimal generator of the semigroup B,

For a fixed T' > 0, we are interested in the quantity %HT(IP’MH@)N) where
Hr(.].) is the relative entropy between two probability measures over the
space of trajectories D(S, [0,71]). Recall the definition

A dP,
Hr(P,|P,) =
T( ul u) /D dP“

The general formula of the above Radon-Nykodin derivative for a cadlag
process with general state space S is given by

Y

dIP
Fr

e

P T X,-) dP
T —end [AG) -GS + 3 log M) AP v x)
db, |, 0 U \NKX, ) dP
(2.42)
Above, for each fixed x € S, Zg (x,y) is the Radon-Nykodin derivative of

P(z,dy) with respect to P(z,dy). The summation over s < T stands for all
jumps until time 7. Here we are omitting technicalities that guarantee the
existence of this derivative

For the processes we are considering, we have A(z) = A(z) = 1 and

P(z,dy) = P*(z,dy) = P*(y,z)dy = P(I,y)%dy

P _ P(X,, X,-)0(X,-)
= —P(XSﬂXs)  P(Xe-, Xe)0(X5)

After these simplifications, we get

B | Stox (7 Xs))ee(gé)))]

s<T

Hy(P,[P,)

— 5, | toe (py ) ) + loROCx. >>—log<e<xs>>].

s<T )
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Notice the telescopic summation

ZIE“[ log 0(X,-) —log0(X,)] = E,[ log 0(Xo) — log 8(X7)] =0,

s<T
since p is invariant. Therefore, it is natural to consider the expression

Zlog( §XX§>]

s<T

For this one, we use the underlying structure of the Markov chain given by P.
Invoking the jump times 7}, and the skeleton &, of the discrete time Markov
chain, we write

ZIE

If until T" there are no jumps, then we will simply get 0 from the expression
above. This means that the summation could start at the first jump, n = 1.

Skr1, Ek)
- Z E, Zl ( §z+ék-:)) 1[Tn<T<Tn+1}]

To simplify the calculations below, we denote for every n > 1, p(zo, ..., T,) 1=

n—1 P(xk41,Tk)
ko log m Then

Hy(P,|P,) :i / (o) / P2y, 20)dan / / P, 20 1) dn 0(20, - )

></ dsy eso.../ ds, e Liocryrts,<on)- (2.43)
0 0 -

Above, the first line covers spatial integrals that involve P. The second
line integrals are independent of P and are easier to compute now. Notice
that

P(X,, X,- )
Zlog X, X)) Lir, <r<Ty44)

s<T

/o don€™ Lo cp st < 5] = /T—z?ol dsne™ 1y <p st
(-t s _ _-T
=e ( 27,:0 ) 1[0ST72?:_01 si] = e 62 1[0<T Z > SZ]
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The second line in (2.43]) becomes

€_T/ / dSO...dSn_l 1[2?:0181'ST]7
0 0 B

where the integrals can be recognized as a fraction (exactly 2%) of the volume
of the ball in the R™ with 1-norm and radius 7". This means those integrals
sum up to ;n 27: T™. Thus, the entire second line of 1} is equal to e~ 7 7;:

The first line in (2.43)) is

P
/dM To / (21, 20 dxl/ / (2, Tp—1) dzy, log Pgﬂi’ zk;
ky LEk+1

(2.44)
To illustrate what happens in general, we will analyze the term of £ =0
of the above sum, for general n:

/ (o) / P2y, 70) log I;(L’x“)da;l l / Py, 21) das ... / P(xn,xn_l)dxn]

(20, 21)

oo n—1

n=1 k=0

The integrals inside [ | are all equal to 1. This happens in general for the
integrals where the variable of integration is x; for k +1 < i < n. We can
rewrite the general term of (2.44)) as

Plxpyi,x
/d,u(xo)/ (21, 0 da:l/ / (Tg, Tp—1 dxk/log (Tht1 k)P(ka,xk) dxp1.

(flfk, $k+1)

Now we will handle those integrals of variables x; with ¢ < k. This is
allowed since there are no functions that depend on xq, ..., zx_1 on the right.
Notice that

/ du(xo) / P(ar, 20)day / P(ra, 21)ds / / Plag, 2 1) da
_ / 0(z0) P2, 20)do day / Pla, 21)ds / / Pl v11) dzs

:/9@1)61:51 /P(xQ,xl)dxg.../P(xk,xk_l)dxk

:/du(xl)/P(xg,:vl)dxg/.../P(:z:k,a:k_l)da:k



:/dp(a:kl)/.P(xk,a:kl)dxk

_ / / O(wx 1) Pag, o5 1) dor dig
:/Q(xk) dxy.

After all of this, (2.44)) becomes

P(xii,x
/G(xk)dxk/log ﬁP(mH,xk)dwkﬂ

= /Q(x)dx/log igi’i;P(yax) dy
N Py, x)
= // logm P(y,z) dy du(z).

Therefore,

[e.9]

Hr(BlE) =3 Z//

y,z) dy dp(z)
_ Z T

_T//

and finally, the entropy productlon rate is

,x) dy du(x)

y,x) dy dp(x)

T—o00

1 Py, x
ep = lim — Hy(B,[B,) = // log PEi’y; P(y,z) dy du(z).  (2.45)
Notice that P(x,y) = P(y,x) = ep = 0.

Proposition 2.5.1. In the above conditions, ep > 0, for all transition func-
tions P(x,y) > 0.
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Proof. Since £*(p) = 0, we have that [ L(f)du = 0, for every continuous
function f. For f = —logof, we have that

/ / log(8(x)) — log(6(y))] P(y. x) dy du(x) = 0. (2.46)

Therefore, we can include this term into the entropy production rate of
@4 as
)0(
ep = //log{ .7) x]P ) dy du(x)
P(z,y)0(y)

Wi m
1
x)

) D p(g y)zg; dy dp(x)
Slnceffoy z dy du(z) = [

du(r) = 1, we can use this as a
probability measure (m fact it is P*(y,z) dy du(x)) in order to apply the
Jensen inequality for the convex function ¢(x) = xlogz on R,. In this
way,

Py, x)0(x) 0(y)
(0 (/ [ P(z,y dy du(x
Ple.yiy) | Y o) @)
Py, z)0(z) 0(y)
¢[ T,y dy du(x) = ep.
< [ v (5 w7 i v o
Finally,
ep > (/ P(y,z) dy d,u(:v)) =¢(1) =0.
The idea here was similar to the one in Lemma 3.3 in [PP90]. O

Proposition 2.5.2. ep* = limy_o 7 Hp(P,|P,) = ep.

Proof. Recall that P*(y,z) = P(z,y)68(y)/0(x). The calculation in ({2.46)
allows us to add a term into ep:

ep = // log ig g P(y,x) dy du(a;)+//[log(e(a:)—log(e(y))] Py, z) dy du(z)

3
=
&

_ / / log W,x)) Py, z) dy dp(z).
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In the formula above, we can recognize the transition functions, P(y,x)
and P*(y,x), associated to the processes P, and PP, respectively. Now, to
proceed the change to Hp(P,,P,), we change the role of them:

ep’ = // log ¢<(y’ ; P*(y,x) dy dp(x // logP Zig P*(y,x) dy dp(x)

= // log % P*(y,x) dy du(:v)+//[1og 0(y)—log 0(x)] P*(y, x) dy dp(x)

— [ 10 ];g g P(z, y)% dy dpu(x)

= // log ]P;E;:i; P(z,y) dz du(y) = ep.

Remmark 2.5.3. In case one wants to symmetrize the process generated

. L £* . .
by L by taking the average 2 , the following would apply. Consider the

transition function for this operator

]

Qy,r) = +

Notice that

/Q(y,x)dy = %/P( )dy+#()/P(x,y)0(y)dy =1

and
Qle,y) = @(y,@%.

We arrive at an equation that can be understood as a balance condition:

Q(z,y)0(y) = Qy, x)0(x) (2.47)
We already knew that % 15 symmetric by construction, but the above

is sufficient to conclude the symmetry for any operator.

Proposition 2.5.4. Every operator A which has a transition function () that
satisfies the balance condition is symmetric in L>().
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Proof. Indeed,
JAD() gte) dute)

= [[ 116 = 1@)Q.2) dy g0
~ [[110) = 5@ 9te) QL. 21002y d
~ [[156) = s@) 9(a) Qb0
— [[ 1wte) Qo) dyds - [ Fe)g@oe) [ Q.o dyds
— [] 109() Q. dyde ~ [ f@)g(w)6le) do
://f(y)g(x) Q(z,y)0(y) dydx—/f(y)g(y)G(y) dy

= // fWlg(x) — g(y)] Qz,y)0(y) dy dx
— [ 1) o) - 9w)] Qary)da 010) dy
/ f() (Ag)(y) du(y).

2.6 Expansiveness of the semi-flow ©;, t > 0,
on D

From now on we assume in this section that L is of the form (2.4)).

In this section, we consider the Skorokhod space D of paths w (—00,00) —
R continuous at right and with limit at left (also called cadlag).

O, t € R, denotes the bidirectional flow on D, acting on w by translation
to the left on time ¢. That is, for fixed ¢, then @ = ©,(w) is such that
w(s) =w(s+1).

Let D, the set of path ws : [0, 00) — R continuous at right and with limit
at left.

Oy, t > 0, denotes the shift on D, acting on w, by translation to the left on
time ¢. That is, for fixed ¢, then wy = O;(wy) is such that wq(s) = wa(s +1).
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Let D*, the set of path w; : (0,00) — R continuous at left and with limit
at right.

It is necessary to make our notation clearer: by w =< w;|wy >= (wq, wo)
we mean a path w : R — D such that w(t) = wq(t) for t > 0 and w(t) =
wy(—t) for t < 0. In our notation wy : [0,00) — R is continuous at left and
with limit at right, and ws : (0, 00) — R is continuous at right and with limit
at left.

Using the above notation we can write D, the Skorokhod space of cadlag
paths w : (—o0,00) — R, as D = D*x D. A typical path in D will be written
in the form w =< wy|wy >= (w1, we) € D* x D. By convention, w; will be
at left of t = 0 and wq at right of t = 0.

Denote, for s > 0,

i = {7 15

We denote by II; : D* x D — D* the projection I1; (w) = I1; (< wq|ws >
) = wy. If we denote by Il : D* x D — D the projection Iy(w) = (<

w1|w2 >) = W2, then (w1|tw2) = H2(®_t(w1,w2)).

w1 b om—

Figure 2.3: The bilateral shift and the projection Il

We will show that the semi-flow ©y, t > 0, is expanding (see (2.49)).

Proposition 2.6.1. The continuous time shift ©,, t > 0, acting on the
Skorokhod space D equipped with the Skorokhod metric is expanding: given
paths wy, wy and t

d ((wy |qws), (wy|;w)h)) < /too e Udu=re". (2.48)
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Proof. Notice that |A(wy |yws)—A(wy |ywh)| < Cad ((wy|pws), (wr]wh)) , where
d(z,y) denotes the Skorokhod distance on D. This is the distance between
two paths that coincides until time ¢. Recall the definition of the Skorokhod
distance

d(z,y) = ilelg {V(A) /\/0 e "d(z,y, \,u)du| .

Above, the A set is for the continuous functions such that the below
function ~ is finite.
So, if we choose A as the identity function, we get

Y(A) :=sup ess |log \'(t)| = 0.
>0
Then

d((wifyws), (wrfywy)) < /OOO e d((wilaws), (wilaws), A, u) du

= /000 e sup q ((w1|iwz)(s A w), (wr]wh)(A(s) Au)) du

s>0

_ / e supq (i) (s A, (wilewh)(s A w) du,

s>0

where ¢ = r A 1 with r denoting the metric on the state space, i.e.,
Lebesgue in [0, 1]. For u < t, the distance ¢ above is q(w; (s Aw), wi(sAu)) =
0. Furthermore, the distance ¢ is upper bounded by 1. Then,

d ((wy|yws), (w]w))) < /too e du = e . (2.49)

]

Proposition 2.6.2. For a fix Lipschitz function A : D — R and a path
why € D denote Wg =W : D* x D — R the function given by

/
Ajty,wh

WO w, wa) a ey, = Wo (wi, wa) =Y AWy |ty w2) — A(ws |, w}). (2.50)
n=1

Then, W° is well defined.
Proof. As consequence of ([2.49)), we have

©© (o9}
’Wt(i (w17 w2)| S Z |A(w1|nt1w2) —_ A(w1|nt1wé>| S CA Ze—ntl < 007
n=1 n=1
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for t; > 0. We conclude that W} given by the expression (2.50) is well
defined.

]

2.7 Appendix - The need for Lipschitz or Holder
class on Theorem 1

We present an example of the operator L +V + zI with domain the whole
space of continuous functions. Without the restriction on the variation of
the functions, we cannot assure that the operator is compact and therefore,
we cannot use Krein-Rutman theorem.

Let f,, : [0,1] — R be defined as

nx 0<zx<i
n
fal) =4 2—nz t<ax<?2
0 2 <<
TST S

fn

o
Q|-
SN

—_

The key idea here is that the set {f,} is contained in the unitary ball of
Co([0,1]), but it does not admit a uniform bound M on the variation, i.e.,
[n(y) = fu(@)] < My — |, for all n, z,y.

Take P(z,y) = 1. Then

Liw) = [ faado = ) = 1 = Fuly).
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For V(z) = (x —1/2)? and z = 1 + ||V]|00, We get

Guly) = (L+V+2Dfly) =+ o)V (o) + 2~ 1

= AV )+ V) =~ + Fa)6 —y+1/2).

If L+ V + zI is compact, {g,} must admit a convergent subsequence,
since { f,,} is a bounded sequence. Without loss of generality, we assume that
such subsequence g, is rewritten as g,.

It is a Cauchy sequence: take € = There must be a N s.t. m,n >

=1 and f,(z) =0, for 2 > 2. For
m > 2n, we have fm(%) = 0, since 711 =5- > =. So,

1 1 1 1 1 1 1
gl =) =gm(=)|=t(z-o+5)+--0-=—
n n n n 2 n m

2 n2 m| 2 m

1
Z.
N = ||gn — gmllso < . Notice that f,(1)
2

The latter contradicts ||gn — gm|loo < § for n > 2.

2.8 Appendix - Proofs of claims of Example
1l

In this appendix we will show the proofs of the claims mentioned in Ex-

ample [T}
First, we will show that

Ki(z,y) = 2cos(2n(z — y))(e3/* —e™ ) + (1 —e7h).

Note that P(z,y) = cos|[(z —y)27|/2+ 1 is symmetric and continuous on
[0,1]. Also, note that

/cos(27r(:t: —2)) - cos(2m(z —y))dz = %COS(QTF(SC — 1))

= P2(x,y) = /P(x, Z)P(z,y) ds — Cos(27rgl; — y))

We state: P"(z,y) = % + 1. We proceed by induction.

+1

P (z,y) = /P”_l(:v,z)P(z,y)dz
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_ / <cos<227;ii— 2) | 1) (cos@w(;—y)) +1) I

= L/(:0:3(27T(9c —2))-cos(2m(z —y))dz +1

22n—2

_ cos(2m(z — y))

922n—1 + 1.

We continue to find Ky(x,y). We refer to the appendix 1 for the general case.

=350 ($) P

Jj=1

_ i(_”k_j (,;) (008(2;§x1— w) 1)

= 2cos(2n(x — Ek: ( )2; + Zk:(—n’f—j (I;)

Jj=1 Jj=1

= 2cos(2m(z — y)) [(—1)’”1 + (_2) + (—1)k+!
= (2cos(2m(z —y)) + 1)(—1)“1 + 2cos(2m(z — y)) (—2)
Finally,
=37 e
> Lk 0 Lk k
= (2cos(2m(z —y)) + 1) Z Z‘( 1)k+1 +2cos(2m(z — 1) Z% (_2)
k=1 k= :

= (2cos(2m(z — y)) + 1)(1 — ") + 2cos(2m(z — y)) (e 2/* — 1)
= 2cos(2m(x — y)) (e — e 4 (1 —e7h).
This way,
e f(y) = e () /f VK (2, y)d

=e'fly)+(1—e )/f(:c)d:v +2(e 34 — et)/f(:c) cos(2m(z — y))dzx.

Since P(z,y) = P(y,x), we have L = L* and the normalized eigenfunc-
tions are precisely the eigendensities. By construction, L*(1) = L(1) = 0,
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so 1 is an eigenfunction, for which we get dx, the Lebesgue probability is
invariant. Given the simplicity of P we can go further and find that they are
unique.

Continuous functions f : S' — R can be seen as periodic functions f :
R — R with period 1, so that we can employ Fourier Series. Write

ao o0 o ‘
flz) = 5 Z a, cos(2mnz) + Z b, sin(2wnzx),

n=1 n=1

where ag = 2 [ f(z)dz, a, =2 [ f(x)cos(2rnz)dz and b, = 2 [ f(z)sin(2rnz)dz.
Notice cos(2m(x — y)) = cos(2mx) cos(2my) + sin(27wz) sin(27y). Then

Liw) = [ sz + ;5 [ fa)coszna - y)ds - 7o)

1 1 b
- % +3 cos(%y)% Ty sin(2my) 5 — f(y):

Therefore, Lf = 0 if and only if

2

b
fly) = % cos(27ry)% + sin(27ry)zl.

5 (2.51)

and from this follows a; = a;/4, by = b1/4 and a,, = b, = 0, Yn > 2. Con-
clusion: Lf =0 = f =%, constant. This means that the only eigendensity
of the operator e'” is that of Lebesgue measure dz.

2.9 Appendix 5 - Another look of Feynman-
Kac formula for symmetrical L

Consider X; a continuous time process with state space S and infinitesimal

generator L. Let f and V be two functions on S taking values on R. For any

fixed T' > 0, we denote by XS = X7_, the time-reversal process and by Lit’s
generator. For this process X, we have that, by Feynman-Kac, the function

~

wy(w) = B, [V p(Xy)
is the solution of the partial differential equation

{ 8tut(a:): =L

Aut(x) + V(z)u(z), t€ (0,7
up(z) = f()
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If L is symmetric, i.e., L = L, this partial differential equation is the same
for the original process X, whose known solution, by Feynman-Kac, is

v(z) = E, [efé vixads rox )

Then, for any t € (0,7, we have that v; = u;. Looking to the paths, we get
[ el puap() = [ VT (7 - )dp(w)
w(0)=x w(T)=z

Making a change of variables, we can rewrite this expression as

/ o VN £ () dP(w) = / elr— VDI f (4 (T — 1)) dP(w).
w(0)=e = (2.52)

Data sharing not applicable to this article as no datasets were generated
or analysed during the current study.

On behalf of all authors, the corresponding author states that there is no
conflict of interest.
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Chapter 3

Thermodynamic formalism for
continuous-time quantum
Markov semigroups: the
detailed balance condition,
entropy, and equilibrium
quantum Markov processes

Abstract

This chapter is part of the work [BKL22]. Let M, (C) denote the set of
n by n complex matrices. Consider continuous time quantum semigroups
P, = el£, t >0, where £ : M,(C) — M,(C) is the infinitesimal generator.
If we assume that £(I) = 0, we will call /4, ¢+ > 0 a quantum Markov semi-
group. Given a stationary density matrix p = p., for the quantum Markov
semigroup Py, t > 0, we can define a continuous time stationary quantum
Markov process, denoted by X, t > 0. Given an a prior: Laplacian operator
Ly : M,(C) — M, (C), we will present a natural concept of entropy for a class
of density matrices on M,(C). Given a Hermitian operator A : C* — C"
(which plays the role of a Hamiltonian), we will study a version of the varia-
tional principle of pressure for A. A density matrix p4, maximizing pressure
will be called an equilibrium density matrix. From p4 we will derive a new
infinitesimal generator £4. Finally, the continuous time quantum Markov
process defined by the semigroup P, = e'#4, ¢ > 0, and an initial station-
ary density matrix, will be called the continuous time equilibrium quantum
Markov process for the Hamiltonian A. It corresponds to the quantum ther-
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modynamical equilibrium for the action of the Hamiltonian A.

3.1 Introduction

We are interested in continuous time stationary quantum Markov process
which corresponds to equilibrium for a quantum bath (interacting with a
quantum system) under the action of a certain given Hamiltonian. Therefore,
our results concern continuous-time quantum channels.

In [CM17] the authors present a detailed study of a nice version of the
detailed balance condition for a continuous-time quantum Markov semigroup
on M, (C), n € N. In Theorem 4.2 in [CM17] it is explained that the detailed
balance condition for a classical continuous-time Markov Chain, with values
on a finite state space, corresponds to the commutative part of the dynamical
evolution of the continuous-time quantum Markov semigroup. Results of
[CM17] are used here in an essential way.

On page 75 in Section 9 in [Kac80], and also on page 114 in Section 5
in [Str84], for a classical continuous-time Markov Chain satisfying the de-
tailed balance condition, a deviation function (which is a form of entropy) is
introduced and a variational principle (in some sense a form of maximizing
pressure) is considered (see expression 9.18 in page 76 in [Kac80]). We would
like to extend the results obtained for the classical commutative setting to
the non-commutative setting of quantum Markov semigroups satisfying the
detailed balance condition as described in [CMI17].

We will present a natural concept of entropy for a class of density matrices
(see Section [3.3). We point out that the dynamics of the flow in the set of
matrices is encapsulated on the infinitesimal generator and the entropy we
consider here is at the level of this linear operator. In this sense, this concept
of entropy has no direct dynamical content. Our setting is the quantum
channel version of the classical ones considered in [Kac80] and [Str84].

After introducing entropy we will study a version of the variational prin-
ciple of pressure and its relation to an eigenvalue problem for a certain type
of transfer operator (see Section and expression in Section .
In classical Thermodynamic Formalism, the Ruelle operator plays this role.
The Ruelle Theorem describes a relation of equilibrium states with a corre-
sponding eigenvalue problem (see [PP90]). The Ruelle operator is an infinite-
dimensional version of the Perron-Frobenius operator. The transfer operator
we consider here is not exactly an extension of the concept of Ruelle operator.
A density matrix maximizing pressure will be called an equilibrium density
matrix. We will provide examples in Section [3.5
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Our results are in some sense the quantum analogous of the reason-
ing delineated in [BELOS] and [LNTI3|, which considered the dynamics of
continuous-time dynamics (a flow) in the Skorokhod space.

Our definition of entropy is also different from the ones in [BKL21Db] and
[BKL21a] which considered quantum channels in discrete-time dynamics.

Taking into account the concept and the notation described in section 5
in [CM17] we will denote by L, (the Laplacian) the generator of the heat
semigroup. We will choose a special Ly (see Definition 7)) which will play
the role of the a priori Laplacian. Our particular choice of L, is analogous
to taking the normalized counting probability as the a prior: probability in
the classical definition of Kolmogorov-Shannon entropy (see discussion in
[LMMST5]).

From this £y (which is fixed from now on) we will be able to define
the detailed balanced condition (as described in [CM17]) and the Laplacian-
entropy.

Definition 4. Given a density operator p define the Laplacian-entropy by
hip) = Tr[p2Li(p"?)], (3.1)

where we set Ly by Deﬁnitz’on@ and £g is the dual operator with respect to
the GNS inner product in M,(C): (A, B) = Tr(A*B).

Our source of inspiration for the definition of entropy was the classical
setting of continuous-time Markov chains as described by M. Kac¢ in Section
9 in [Kac80] and by D. W. Stroock in Section 5 in [Str84].

Expression (5.12) in [Str84] defines the so-called rate function I in the
setting of classical continuous-time Markov Processes taking values on the
compact metric space E. If L is the infinitesimal generator, then (5.12)
means

I(v) = . me / —dy
u>0,ue

where C(FE) is the set of real continuous functions defined on F.
Later, for reversible processes, the above formula simplifies to expression

(5.18) in [Str84], which claims

dv
- [ oo a6 =

In [Str84] it is used the term symmetric operator but in other contexts,
this would correspond to conditions like reversibility or the detailed balanced
condition.
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Under the detailed balanced condition, in the quantum channel context,
one should replace the role of L by the generator of a QMS, which is usually
denoted by £ (the Lindbladian). Probabilities are replaced by densities p
(states). In this case, (5.12) in [Str84] corresponds here to

I(p)=—inf Tr (pU""
(p) ==t Tr(p U™ Lo V),
where the infimum is taken over the positive matrices U € M,,.
In [Str84] (see also [Kac80]) the variational principle is taken as

A(V) = sup (/ Vdv — 1(v)),

prob v

where A\(V') is the main eigenvalue of a certain operator.

Denote D,, = {p > 0: Tr(p) = 1}, the set of density matrices.

In section [3.5) we consider an analogous problem: given an Hermitian
operator A : C" — C", we consider the variational problem:

Py = sup {h(p) + Tr(Ap) }. (32)
pEDR

A matrix p4 maximizing P, will be called an equilibrium density for the
operator A.

A connection of P, of expression (3.2]) with the eigenvalue of a certain lin-
ear operator is described in expression (3.34]) in Section (see also )
In this way, we get all elements for establishing a continuous time quan-
tum channel version of the classical Ruelle operator (see [PP90], [LMMS15],
[BELOS], [LNT13]).

Our entropy has a difference of sign when compared with the setting of
[Str84], so we wonder if there exists a connection between h(p) and —I(p).
In section [3.7] we will show this connection in the special case of the heat-
semigroup with the a priori generator £y defined in section[3.3] We will show
that:

Theorem 5. Given the density matriz p, then

h(p) = inf Tr(p A7 Lo(A)).

Following [CM17], we will present in Section the classical Markov
Chain associated with a continuous-time quantum channel and we will pro-
vide examples.
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3.2 An outline of the main prerequisites

Given a linear operator A : C — C, its dual (with respect to the canonical
inner product), is denoted by A* : C — C.

Denote by M, (C) = M, the set of n by n complex matrices with the GNS
inner product (A, B) = Tr (A* B). Given a linear operator 1" : M,, — M,,, its
dual with respect to this inner product is denoted by T : M,, — M,,. That
is, for all matrices A, B we get

(T(A), B) = (A, T"(B)).

We denote by 1 the diagonal matrix with entries % Then, 1 is a density
matrix and also the unity of the C*-algebra M, (C). We denote by &, the
set of invertible density matrices (operators) p : M, — M,. Recall that a
density matrix is a positive semi-definite, Hermitian operator of trace one.

We will consider continuous time quantum semigroups (QS) the ones
given by P; = et£, t > 0, where £ : M,(C) — M,(C) is the infinitesimal
generator (see Definition 5.5.1 and also Section 9.3.2 in [Chal5]). The linear
operator £ should satisfy the conditional complete positivity property (see
section 5 in [Chalb| or section 6 in [Woll2]). We assume that L£(A*) =
(L(A))*, for all A € M,(C). Given a selfadjoint matrix A € M, (C), the
dynamical evolution t — e*(A) is called the Heisenberg dynamical evolution.
Given a density matrix p € M,(C), the dynamical evolution t — e’ (p) is
called the Schrodinger dynamical evolution.

If we assume that £(I) = 0, we will call P, = ¢'*, ¢t > 0, the continuous
time quantum Markov semigroup (QMS) associated to L (see Definition
5.5.2 and also section 7 in [Chal5]). It is known that in this case e!“(1) =
1, for all ¢ > 0. Continuous time quantum Markov semigroups provide a
convenient mathematical description of the irreversible dynamics of an open
quantum system.

If p = p is such that £1(p) = 0, then for all t > 0, we get e/~ (p) = p and
we say that p is the stationary density matrix for the continuous time
quantum Markov semigroup with infinitesimal generator £. Section 9.4
in [Chal5] presents a discussion on the uniqueness of the stationary matrix
p.

We call X;, t > 0, the continuous time quantum Markov process
(QMP) associated to the infinitesimal generator £, the process associated to
the pair (e'“, pz), t > 0. We can ask questions about ergodicity for such a
process (see Section 11 in [Chal5]).

Given the (QMP) associated to £ and the stationary density operator p,
take an observable (a self-adjoint matrix) A € M,,. Then, we get that

t — Tr(pe(A))
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describes the time evolution of the expected value of the observable A.

We say that L is irreducible if for every non-zero matrix A > 0, and every
strictly positive ¢ > 0, we have e'*(A4) > 0. We will also assume that £ is
irreducible (see Sections 10 and 11 in [Chalj]).

Given o € B, consider the inner product (, ), in the set of matrices in
M,, given by (A, B), = Tr (A*Bo) = (A, Bo).

Definition 6. Given o € &, we say that the QMS e'* t > 0, satisfies the
o-detailed balance condition if L is symmetric with respect to (, ),. That is,
for all matrices A, B € M,, we get

(L(A), B)g = (A, L(B))o-

Given o € &, if the QMS e'*,t > 0, satisfies the o-detailed balance
condition, then, o is stationary for the evolution of the semigroup etU,t >0
(see Lemma [13)).

The explicit form of the infinitesimal generator of a continuous-time quan-
tum Markov semigroups satisfying the detailed balance condition is described
by expression (3.4) in [CMI17] (see our expression (3.14))).

Definition 7. We denote Ly the infinitesimal generator satisfying d.b.c.
where we take o = 1. Lo will be called the Laplacian (see Section 3 in
|CM17)).

The semigroup P, = e, ¢t > 0, describes the unperturbed continuous
time quantum channel.

Given the a priori Laplacian operator Ly : M,(C) — M,(C), we will
present a natural concept of entropy for a class of density matrices p on
M,(C) (see Definition [§)).

Given a Hermitian operator A : C" — C™ (which plays the role of minus
the Hamiltonian), we will consider in Section a variational principle of
pressure for A, which is given by Definition [15]

A density matrix p, maximizing pressure will be called an equilibrium
density matrix for A. This matrix (in fact p114/ 2) will satisfy an eigenvalue
property for a certain linear operator £4 to be described in Section |3.6| From
pa we will derive a new infinitesimal generator £4. Finally, the continuous-
time quantum Markov Process X;, t > 0, associated to P, = et©4, t >
0, and p4, will be called the continuous-time equilibrium quantum Markov
semigroup for the Hamiltonian A. This new process describes a continuous-
time quantum channel after the perturbation by the selfadjoint operator A.
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3.3 The heat semigroup and entropy of den-
sity operators

In this section the inner product in M, is (A, B) = Tr(A* B).
Denote by e;, j = 1,...,n, the canonical base in C", and by

j@j = |€i><€j| :C"—>C",

where 4,7 = 1,...,n. Note that J; ; = | e; )(e; .

We denote by J; ; the matrix which is zero in all entries, up to the entry
1, 7, where it has the value 1.

We denote by 1 the operator identity I times % The matrix 1 describes
an invertible density operator.

Ly denotes the infinitesimal generator satisfying d.b.c. for ¢ = 1.

One can show that J,;, 4,7 = 1,...,n, is an orthonormal basis for £,
associated to the eigenvalue 0.

Following section 5 in [CM17] we call £, (the Laplacian) the generator of
the heat semigroup (the Laplacian)

A= Lo(A) = 3 (Vi5[A Vi) + [Vig, AIVE), (33)
ij=1
where V; ; = |n;){(n; | and n;, i € {1,2,...,n}, is a orthonormal basis of C".

Consequently, V;*; = |m; ) (mi |-
This operator is negative-semi definite. (see page 1827 in |[CM17] and

also (3.14) and (3.16]) of next section. Notice that

Lo(A) =" <VZj [A, Vil + [Vig, Al VZZ‘)

3,j=1
n

= > (Im Xl Al (n ] = L)l ) (s A

L Yoy 1Ay Yo | = A ) (g | [y Yo )
:Z (aii|771><77j|—|77j><77j|A+ ajj|77z'><77i|—f4\77¢><m|>

=2Tr(A)l —2nA, (3.4)

since > .| m; )(mi | = I. Note that Lo(I) = 2nl —2nl = 0.
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Note that

n

Lip) = (Vigp. Vil + Vg p Vi) (3.5)
ij=1
One can show that £ = £, and Tr (1 Ly(A)) = 0, for all A € M,

o = 1 is invariant for the flow el
Definition 8. Given a density operator p define the Laplacian-entropy
hp) = Tr[p"2LY(p"?)] (3.6)

This definition is consistent with expression (5.18) on page 113 in [Str84].
Our main result in this section is the explicit expression for entropy to
be described by Proposition [10]

First, we want to show the following Lemma:

Lemma 9. h(1) = 0.

Proof. Notice 11/2 = \/% I. It follows that

LH(a'?) = ﬁ L) =0.

Thus, h(1) = 0. O

Consider now a general density operator p € G,. We want to estimate
h(p). From expression ([3.4)),

hp) = Tx | L0072 |

= Tr[pl/2 (2 Tr(pY?)1I — 2np1/2> }
= 2Tr(p'*)Tr(p'/?) — 2nTr(p)
= 2Tr(p"?)* — 2n.

If \;, 5 =1,...,d, are the eigenvalues of p, we have

n 2
h(p) =2 (Z \/A_) — 2n.
j=1
Note that sup(}_7_; /A;)> = n and inf(3°7_, \/A;)* = 1.

Therefore, for fixed n and a given p, h(p) < 0.
Note h(p) can be very negative if n is large. We get the following propo-
sition by looking at this last inequality:
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Proposition 10. The entropy h depends only on {\;} the eigenvalues of p
and

h(p) =2Tr(p/*)? —2n =2 <i \/X> —2n <0.

Note that as )7 ; A; = 1, the maximal value of h(p) is zero, and this
happens when all eigenvalues A\; = 1 are equal to % Thus, the maximal
value of entropy is attained by the density matrix 1.

Remark 1. For fized A we denote 0; ;(A) = [V ;, A] and 8%(14) = [Vi%, Al

0;,j is a version of the momentum operator %a% acting on the set L? of
functions for the Lebesgue probability on the circle. Indeed, denote by D the
operator g — D(g) = %g/. For fized a : [0,1) — R, take the multiplication

operator g — a g acting on functions g. Then, the operator

1
g — D(ag) —aD(g) = ga’g,

describes multiplication by %a’ = %%.

We point out that Zij(‘?iﬁj@j,j corresponds to second derivative (Lapla-
cian). On the other hand, 3, ; 0; ;0; ; corresponds to minus second derivative
(minus Laplacian,).

3.4 The general setting for detailed balanced
condition

Before we begin the study of the quantum case we will state the results
for the detailed balanced condition when the continuous time Markov Chain
takes values on {1,2..,k}. Denote by s = (s1,...,6) the initial invariant
probability for the zero row sum matrix W = (W, ;); j=1,. k-

The detailed balance condition for W is: for all 4,5 =1, ..., k

ﬁin‘,j = 5jo,i'

Consider the inner product in R*

k
(T,y)s = Zﬁjxjyj-
j=1

It is easy to see that W satisfies the detailed balance condition, if and
only if, W is self-adjoint for the inner product (.,.)s.
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The above is the classical (commutative) setting for presenting the de-
tailed balance condition. We are interested in presenting the non-commutative
version of the concept.

We will be interested here in the C*-Algebra A = M,, of complex n by
n matrices. The inner product in M, is (A, B) = Tr[A* B]. Following the
notation of [CM17] the associated Hilbert space will be denoted by b 4.

We will fix from now on an element ¢ : C" — C" in &,. A hypothesis
that can be helpful for ergodic properties is to assume that all eigenvalues of
o are simple.

Now, we present some preliminary definitions and properties taken from
[CM17].

Once we fix the Hamiltonian H we fix the density state o via 0 = e~
in some sense we are considering a “normalized” Hamiltonian). In fact,
o= #f,{) and h = H + log Tr(e ).

Assume that the linear transformation, A, : M, — M,, is given by
A— A, (A)=0Ac™". Note that A,(c) =0 and A, (1) = 1.

Assume each eigenvalue of ¢ is simple.

A M, — M,, is given by B — A,(B) =0 ! Bo.

Note that (A, (A))* = A1 (A*).

K : M,, — M, is positive preserving, if K(A) > 0, in the case A > 0.

A, is positive but not positive preserving.

We say that IC : M, — M, is self-adjointness preserving, if (K(A))* =
KC(AY).

Remember that by definition Kt : M, — M, is the one such that for all
A B

h

Te[A*K(B)] = (A,K(B)) = (K'(A), B) = Tr[(K'(A))" B].
K : M, — M, is self-adjoint if K = KT.
A, is self-adjoint.
Note that if A,(F) = e "E, then A,(E*) = e“E*.
Assume that n; € C", j = 1,2,...,n, is an orthonormal basis for A =
—logo,
h(ng) = Anj, V3. (3.7)

Then, n; € C", j =1,2,...,n, is also an orthonormal basis for o.
h = —log o plays the role of the Hamiltonian.
Then, we get that n; € C", j =1,2,...,n, is an orthonormal basis for o,

o(n;) =e My, Vi. (3.8)
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Aso:C" - C"isin &, we get that

n

d eh=1 (3.9)

j=1
For a = (aq, ag), where ay, as € {1,2,...,n}, denote
Way.0p = Wa = Aoy — Aay- (3.10)

If o = 1, then, all wy, 4, =0.
For each pair a € {1,2,...,n}?, denote

Fo = ‘na1><77a2 ‘

Note that
F(*QLOQ) = Flaz,an)- (3.11)
Moreover,
Aa(Fa) = 67>\a1+)\a2 F,. (312)
Indeed,

Ao(Fa) = 0 [0y )Moy |07 = €721 [ 1oy (o [ 07" =
et [ )y | = €7 Ao
This shows that:
Lemma 11. The operators Fy = |Nay Y{Nay |, a1,00 € {1,2,...,n}, de-

scribe a natural orthonormal basis of A,. The corresponding eigenvalues are
o~ HaqHhag

Note that if o = (a1, ) is such that ag # ag, then,
Tr(F,) =0
and, for o, € {1,2,...,n}?
Tr(F Fa) = daa = 0ay.6100.s-

Now we denote the different F,, o € {1,2,....,n}? by Vi, k=1,....,n% (in
order to use the same notation as in [CMI17]). In this identification, we also
denote for each k = 1,...,n?, the value wy = Ay, — Aa,, for the corresponding

Q= ()\0627 )\041>'
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Then, the family Vi, ..., V,2 represent the different eigenmatrices (an or-
thonormal basis) for A, associated to the eigenvalues e=, ..., e~ “n2 where
wp €R, k=1,...,n% 1 and o are eigenmatrices associated to the eigenvalue

1. The matrices V. do not have to be self-adjoint, but from (3.11]) we get
{‘/la ceey VnQ} = {Vi*a ceey ;2}

Therefore, if wy, is in the above list, there exists a j such that w; = —wy,.
Given the Hamiltonian A = —logo, the modular automorphism «; :
M, — M,, t >0, is defined by

A = ay(A) = et Aemith

This is the Heisenberg point of view.

A Quantum Markov Semigroup (QMS) is a continuous one-parameter
semigroup of linear transformations P; : M,, — M,,, t > 0, such that for each
t >0, P, is completely positive and P;(1) = 1.

It is natural to focus on quantum Markov semigroups that commute with
the modular operator A, associated to their invariant states o.

Consider a QMS P; : M,, — M,,, t > 0, of the form

_ L
Pt_e )

for some linear operator L : M,, — M,,.

The operator £ acts on observables (self-adjoint matrices). Note that
L(1) = 0. The dual operator L' acts on density matrices.

A state o (density) is invariant if Trjo £L(A)] = 0, for all A € M,. In
other words, LT(A) = 0.

In terms of the possible inner products described in Definition 2.2 in
[CM17], we will choose s = 1.

Remember that given o we consider the inner product (, ), = (, )1 in
M,,, where

(A, B), =Tr[cA*B].

From [CMI17] we get:

Proposition 12. Given the density operator o, the the QMS Py : M,, — M,,,
t >0, of the form P, = e'*, satisfies the o- detailed balance condition, if and

only if,
LoA, =A,0L. (3.13)

If P, = e'*, satisfies the o-detailed balanced condition, then, for all t > 0,

7Di,‘oAU:AUo’]Dt-
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Moreover, for any ¢,t and matrix A we get that
(av 0 P)(A) = (Proar)(A).

It follows from ({3.13]) that Vi, ..., V,,2 is an orthonormal basis for £ asso-
ciated to the eigenvalues e, ...,e "2, where v; € R, j = 1,...,n%

Lemma 13. o is a stationary density matriz for the semigroup with infinites-
imal generator L.

Proof. Note that
Vo, Vil =1 (nglolng ) (ni | = Tng ) (i [l ma ) (ny lo
= e M m ) (ni | — eV ) (|
= e (|mi){mi|—|m;)(n; )
and
Vi o V5l = [na)(njlelng ) (il = olmg ) (il m:) (ny |
= e M| ) (mi | — e n; )|
=e N (Im) (| —m){ml).

Using expression (3.16)) we get
£1(0) =27 M2 () (i | = [y Yy |
i,J

=2 e MY e N2 (g | =) ey e ) (]
j i i J

=0.

Remember that for each pair ¢, 7 € {1,2,...,n}, we denote

Vii=|mi){n;l,

where 7;, i € {1,2,...,n}, is the orthonormal basis of eigenvectors for h =
—log o associated to the eigenvalues \; (according to (3.7))). As we mention
before w; ; = \; — Aj, 1,7 € {1,2,...,n}.
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Theorem 14. If P, = e, satisfies the o-detailed balanced condition, then
L is of the form

A= L(A) =) eP (V5 [A Vi) + [V, Al Vi), (3.14)
ij=1
where Vi ; = |m;)(n; | and w;; = X\ — N, 4,7 € {1,2,...,n}, are real numbers
such that (3.8), (3.9) and (3.10) are true (which also means A,(V;;) =
e—)\i-i-)\j 7,])
Note that given o € &, the eigenvetors |n;) and eigenvalues \;, j €
{1,2,...,n}, are determined. Therefore, if P, = e'* satisfies the o-detailed
balanced condition, then, L is uniquely determined.

Remark 2. Conversely, given o in &, and V;, j =1,2,...,n?, such that,
1. AV, = e iV},
2.{V;,j=1,2,...,n*} = {Vj*,j =1,2,..,n%},
then,

n2

A= L(A) =) e P (VA V] + [V}, A V), (3.15)

j=1
is the infinitesimal generator of a QMS e**, t > 0, which satisfies d.b.c. for
the given o. Therefore, o is stationary (invariant) for e’ ¢t > 0.

The dual operator LT satisfies
p— Lip) =D e ([Viy p, Vil + Vi p Vi) (3.16)
ij=1

Remark 3. If P, = e'*, satisfies the detailed balanced condition for the
o = 1, then from (3.13) we get that V;; = TJ;;, 1,5 = 1,...,n. This is the case
when L = L.

3.5 The Pressure problem

Definition 15. Given an Hermitian operator A : C* — C", D, = {p > 0:
Tr(p) = 1}, consider

Pa(p) = hip) + Tr(Ap) (3.17)
and
Py = seug Pa(p). (3.18)
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A matrix ps maximizing P, is called an equilibrium density operator for

A.

Question: Is there £ such that p, is stationary for £? The converse in
Theorem 3.1 in [CM17] may be useful.

The expression of entropy we found in Proposition [10| suggests we look
at the matrices of the form & = p'/2, where p is a density. In order to study
the problem of who maximizes P4, we then define

E.={6>0:£¢D,}, (3.19)

the set of square roots of density operators and

PA(€) = h1ja(§) + Tr(AE?), (3.20)

where hy2(§) 1= 2Tr(£)*—2n = h(£?) by Proposition . Notice that p,(§) =
Pa(€?).

Proposition 16. If £ maximizes the functional p,, then there exists a k
satisfying

2k =4Tr(6)] + AL + EA. (3.21)

Proof. We will use Lagrange Multipliers. Let g : M,(C) — R, ¢g(¢) =
Tr(¢?) — 1. We have Dg(¢)(-) = 2Tr(¢ -), which means Dg(¢) is not identi-
cally 0 unless ¢ = 0, and g(0) = —1. This way, 0 is a regular value of g. We
are good since we are looking for a maximal ¢ in =, C g~1(0).

Remark 4. Although 2, is not the whole level set g=1(0), it will contain a
maximizer for p,. This is justified as follows: if € € = and n € g~*(0) \ =,
have the same square £2 = n?, then p(&) > pa(n), since Tr(€)? > Tr(n)>.
To illustrate that, consider

3.0 ~3 0 —3 0
52(5 ),771:(5 )andn2=(5 )
0 3 0 —3 0 3

All of the above are in g='(0), with only & € Zy. We have Tr(€)? =
Tr(m)? > Tr(nz)?, and thus ps(§) = pa(m) > pa(ne)-

A maximal element £ then satisfies, for all h € M,,(C) and some k € R,

{DpA<s><h> = kDg(€)(h)

o) = 0 (3.22)
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with Dp ,(€)(h) = 4Te(€)Tr(h) + Tr(A{€, h}) and Dg(€)(h) = 2Tr(he).
Taking h = | e; )(e; | we have

2k = 4T1"(f)5i,j + {4, f}ij-

Since the above is true for every 7, j, it corresponds to the coordinate
equations of the matrix equation

2k€ = ATr(€)] + AE + EA. (3.23)
]
Note that if £ = pz/ ? then it follows from (13-23)

1
wpa = 2Te(p") Pl + 5 (Apa+ pl{*Ap%). (3.24)

Indeed,
Dpa = (26€)E = ATh() € + ALE + EAE = ATh(E) € + Apa +EAE.  (3.25)
Moreover, by doing the product by the other side, we get
2wpa = E(2RE) = EATH(E) + € A + £ €A = ATa(€) € + EAS + pad,  (3.26)
revealing that Aps = paA. In particular, A and p, are simultaneously

diagonalizable.

Proposition 17. If & mazimizes py, then the following statements are true

1. Tr(A€) = (k — 2n) Tr(€);

2. Pa(pa) = Pa(§?) = pa(€) = K — 2n;
Proof. In (3.22) take h = I and h = &, respectively. ]

Remark 5. The problem of finding the mazimizing density p = £ for a
general Hermitian A can be reduced to the study of the diagonal case. Since
A is hermitian, it is diagonalizable. We have UAU* = A, the latter a diagonal
matriz, for some unitary matriz U. Multiplying on the left by U and on the
right by U* in the above matrix equation gives us

2k UEU* = ATr()UU + UAU* UEU* + UEU™ UAU™
< 260 =4Tr(n) + An + nA,

where n := UEU*. We arrive at a particular version of on which the
matrix is diagonal.
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Theorem 18. If A = Diag(as,...,a,), there is a unique element {& € =
which mazimizes p,. Furthermore, £ is also diagonal, with

£ =

C

)
R — a;

where K is given implicitly on the data ay, ..., a, and c is such that Tr(€?) = 1.
Consequently, the density that mazimizes the pressure Py is

(k—a1)?

1 (k—a2)?
Tr(pa)

pA =
(k—an)?
Proof. For A diagonal, the expression (3.23|) becomes
25&1’]‘ = 4Tr(§)5i,j + f@'(ai + aj). (327)
If we take ¢ = 7 in the expression above,

We know that Tr(£) > 0, because Tr(§) = 0 leads to £ = 0. Then &; # 0
and k > a; for all 7. So,

L &
k—a; 2Tr(€)

(3.29)

and

n

1 1
= —. 3.30
Z/{—ai 2 ( )

=1

We need to find k to completely characterize the maximal £. Suppose
that a; = max; a;. Notice that f(z) = >"1 m%ai, for © # a; has a vertical
asymptote at ay, lim,_, .+ f(z) = oo, and it decreases to lim, o f(z) = 0.
By the intermediate value theorem, we have a k > ay s.t. f(k) =1/2.

Alternatively, one can find it as one of the roots of the following polyno-

mial, which is the expression (3.29)) rewritten.
1 n
5 det(kl — 4) = det (m A (a4 — k4 Des) e |) —0. (331
i=1

There is just one root that is bigger than all a;, therefore it is k.
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Claim: ¢ is diagonal. Let’s prove that the other entries, outside the
diagonal, are null. For ¢ # j, the expression gives us 2k&;; = &;j(a;+a;),
or equivalently,

&i(26 — (@i +aj)) =0.

We know that x > a;, Vi. Thus 2k > a; + a;. This leaves us with §; = 0.

To conclude the pressure problem, we write

c

5 13%(5117 75 ) 5 K — a ( )
where c is the constant that makes Tr(£?) =1, i.e.,
~1/2
()
(k= a)? '
=1
This way, given aq, ..., a,, we find k, then ¢ and finally &.
m

Corollary 19. If A is diagonalizable, with UAU* diagonal, then the maxi-
mazing density pa for Pa is such that Up U™ is diagonal.

Proof. If A was not diagonal at first, we proceed as in Remark [5| and use
the last theorem to find a maximal n = U&U* which is diagonal. Then
n? = UEU* = Up,U* is diagonal. O

Remark 6. Using , we know that if A = a1l then &; = &1 for all 7.
Since A is diagonal and Tr(&§*) = >, &2 =né&}, = 1, it follows that & = \/LHI
s the only & that mazimizes py.

Example 1. Let

A:

o = O
o O =
N O O

What is the equilibrium density pa, i.e., the density that mazimizes Py ? Let’s
diagonalize A.

S = O
OO
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Now we apply Theorem [I8] & satifies

1 N 1 N 11
k+1 k-1 k—2 2

and k > —1,1,2. We get k = 6.902. Thus, the maximizing density for U AU*

1S 1
1 (6.902+1)2 )

PUAU* = W (6.902—1)2 )
(6.902—2)2

0.186
= 0.332
0.482

Finally,
pa = U'pyap-U

0.259 0.073 0
= (0073 0259 O
0 0 0482

Notice that
P(pa) = h(pa) + Tr(Apa)

= 2Tr(p'{*)? = 2n + Te(UAU*U pAU*)
= 2Tr((UpaU*)?)? — 2n + Te(UAUUpU™)
= 2(v/0.186 + v/0.332 + v/0.482)* — 6 + (—1-0.186 + 1 - 0.332 + 2 - 0.482)
~ 0.902 ~ K — 6.
in accordance with Proposition [17}

3.6 The pressure P4 as an eigenvalue problem

Consider the linear operator £4
1
E— La(&) =2Tr(I + §(A§ +EA). (3.33)

Suppose p4 is an equilibrium density operator for the selfadjoint matrix

A.
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From (3.21)) we get that £ = pz/ %is an eigenmatrix for the linear operator

£ 4 associated to the eigenvalue k, that is
1/2 1/2
Ea(p?) =k pf (3.34)

From item 2. in Theorem [17| we get that P4(pa) = k — 2n.

In this way, the equilibrium density operator is related to an eigenvalue
problem in a similar fashion as in classical Thermodynamic Formalism.

The equilibrium matrix p4 satisfies

1
wpa = 2Te(pl{) pif” + 5 (Apa+ pi{*Ap)?). (3.35)

but this is not exactly a linear relation.

3.7 A connection between h(p) and I(v)

We will present a connection between the concepts of h(p) and —I(p).

Recall that 1 = Id/n satisfies the detailed balance condition, which is the
quantum equivalent of reversibility.

We are going to establish a connection of the Laplacian-entropy of Def-
inition [3.6| with the one in (5.18) of [Stxr84]. The notion of Radon-Nikodym
derivative is not clear in the quantum setting, but we can consider a natural
analogy in our reasoning and we write g—: = A, if

Tr(vU) = Tr(pAU).

This corresponds of writing A in the form A = p~'v. When looking at
(5.18), L is symmetric in L?(u), and our operator L, satisfies d.b.c. for
1. Therefore, here we will address the computation of the corresponding

expression %. Then, it is natural to consider A = 17 'v = nv. Therefore,

di
(5.18) in our setting corresponds to

I(v)=— /(nl/)l/QEO((nl/)l/2) d1

= —nTr(1v'2L(v?))
= —Tr(v2Lo(v"?)),

and then, —h(v) come up.
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Remark 7. Recall that for an A =", an| k) (1],

n

Lo(A) =D (VA Vil + [Vis, AIVE), for Vij = |i) (]

i,j=1

= Z ViAViy — Vi Vij A + Vi AV — AV Vy

ij=1
=2 VAV = > )il 1A - ZA| (7113l
z'jl ijl 5,j=1
—22%11% an j|A—nZA|
7,]1

ijl

—2Z|J i|Ali)(j|—2nA

2]1

=2 Z at] §)Call R ) ) (G| —2nA

i,7,k,l=1

=2 alj)(j]—2nA

ij=1
= QZGu‘Z|j><ﬂ —2nA
=1 j=1
=2Tr(A)I —2nA.
The next step is to write the entropy as an infimum. We will show that:

Theorem 20. Given the density matriz p
_ -1
h(p) = inf Tr(p A7 Lo(A)).

For the proof, we will need the following result:

Lemma 21. In the space M, of matrices n X n, is true that

inf Tr(BU) Tr(UB™') = Tr(U)>.

B>0
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Proof. Let B > 0 be a general positive matrix. Let |i) be the orthonormal
basis of eigenvectors of B. Then, we can write B = > " b;|i)(i], and in
this basis, U can be written as U = > 7, | wjx |j) (k| Thus,

BU = b | i)(il| ) (k| :Zbiuik|z’><k

ijk

— Tr(BU) Zbuu

UB™ =3 )kl =D L 5]

Z ’L

ijk i
— Tv(UB™Y) = “b—
— bi

Therefore,

1 b; b;
Tr(UB) Tr(BU ! Z p Uit = 5 > (b_] + F) Ui

3,j=1 3,j=1
n n 2
E /‘ E /‘ 2
Z 'LLiinj = (7 = TI'(U) .
1,7=1 i=1

Notice that we used the fact that x + 1/z > 2, for all z > 0. By now, we
have the lower bound Tr(U)?. To finish, notice that B = Id achieves this

bound, so we conclude that

inf Tr(BU) Tr(UB™') = Tr(U)*.

B>0

Now we proceed to prove the theorem.

Proof. Using Remark [7], we have
ATL(A) = 247 Tr(A) — 2nl
= Tr(pA 'Lo(A)) = 2Tr(pA ™). Tr(A) — 2n Tr(p)
= 2Tr(pA~HTr(A) — 2n.
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Writing A in the form A = Bp'/? will not change the infimum, which will
be now taken over B > 0. This means

: -1 o — 9 1/2 p-1 1/2y _
i}r;fo2Tr(pA )Tr(A) — 2n 2]131;f0Tr(,0 B )Tr(Bp'/<) — 2n
=2Tr(p*?)? — 2n
= h(p).

As the infimum was computed by Lemma 21| we proved the claim. O

3.8 From quantum to classical

Definition 22. Given o and an infinitesimal generator L of the form (3.14)),
we say that the matriz () is the matrixz associated to L, if ) is n X n real
matriz with entries Q; ; = Tr[F;,LF;;], where Fi; = |n;)(n; .

This matrix is line sum zero with positive values outside the diagonal (see
[CM17]). The matrix QT, the transpose of @, has a stationary eigenvector
probability @ € (0, 1)™ associated to the eigenvalue 0.

Lemma 23. Given I, k, the entry Qux = Tr[Fi; LFy ] is given by

n

Qhk =2 B_wk’l/2 — 251714; Z G_wi’l/2. (336)

i=1
Proof. Indeed, when, A = Vj. . = | m ) (i | we get
VEIA Vgl = ) (i | [AS T ) (g 1]

= o )i | Clo ) Cne | T )i | =T Y | Lo ) (e |)
= Qi |mi )05 | = S5k [m5 ) (e |

Moreover, when A = Vi, = | nx ) (i |
Vi AlVig = [Imi Xmi ], A] L) |

= (I )m | Do) Coe L= T Y Come | Dy YCma 1) 1 )y |
= ig | mi )i | = Sk [ ) (my |-

Then, when A = Vi = | m ) (1 |

e—wz‘,j/2 (V;:kj [A, V;,j] + [V*

z‘7j>A] ‘/ivj)
— o Wij/2 (25i,k’77j><77j | — (5j7k|77j><77k; ’ - j,k’nk><nj |)
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= 2 (283 )y | = 285 ) (e )

and finally
LA) = e (Vi[A, Vig) + [V, Al Vi)
i,7=1
=3 e a2 (26l m; ) (mi | — 205 [ ) (i |)
i=1 j=1
=23 e ) np | =2 e ) (|
j=1 i=1

Therefore, when A = Vi = |7 ) (x|, given [
[ ) {m | L£(A)

=20 ) (m ] D e 5 g ) (g | = 20m) (1D e 2 e )|

=1 i=1
2> e oy Yoy | =2 3 e 2 b Y|
=1 i=1
2l g | = 20 3 B2 Y
=1
From this,
Que = 2 WR/2 — 25, z”: e~ Wit/ (3.37)
2 e Whi/2 = 9 e(\i=Ak)/2 h ifl#k

9 @_wl,l/Q —9 Z?:l e_wi,l/Q =92_9 Z?:l e(Az—/\i)/Q ifl=k
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Notice that:

ZQlk = Qu + Z Quk
k=1

k: k£l

— 9 wl/2 _ 9 Z e wil/2 4 9 Z e~ Whit/2
i=1

k: kL

-9 ie—wi,l/2 +2 ie—wk,z/Q
i=1 k=1

=0.

Note that the expression for the matrix ) depends on the eigenval-
ues e M, i € {1,2..,n}, and not the specific eigenfunctions n;, i € {1,2..,n},
of o. This means that many density matrices o can determine the same
matrix Q.

Theorem 4.2 in [CMI17] claims:

Theorem 24. Assume that L is of the form (3.14) for o. The matriz @,
gwen by Q;; = Tr [F;,LF;;] is line sum zero. The invariant probability for
the classical continuous time Markov chain with infinitesimal generator Q) is

T = (01,09, ...,00) = (Tr[oFy 1), TrloFysl, .. Tr[o F, ]). (3.38)
The classical detailed balance condition

Uz'Qi,k = Uk:ka,i (3-39)

1s satisfied.
Consider the Chapman-Kolmogorov linear differential equation on ?(t) =

(1(2), 20, (1)) € R,
Lo1) = (et Qus — pr(DQ1). (3.40)

k=1

This is equivalent to

Pty = (7 (0)). (3.41)

The occupation time probability in {1,2..,n} of the continuous time Markov

Chain is described by 7 (t).
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7(t) satisfies (3.40), if and only if, the quantum continuous time evolu-
tion p(t) in A satisfies

p(t) = Y ol g (3.42)

o= e ) {ml. (3.43)

Then, from (3.38)), given j

oy = Telo | m ) ms 1] = Tr [ D2 e me el [y ) (g || = . (3.44)

Expression (3.39) means for k # [

e M AR/27N/2 T AR/27N/2 =N A2 Ak/2 (3'45)

From (3.37) and (3.38]) we get
TQ = (01,09,...,0,)Q = (0,0, ..., 0). (3.46)

Example 2. Let

Then
log 2

h=—log o= log 3 ,
log 6
so Ay =log2, Ay =log3 and A3 =log6. The ) matriz given by the expres-

sion has entries

1/2
Ql? _ 2€(log2—log3)/2 —9 <g> — 2@
3 V3
9\ 1/2 1
—9 (log2—log6)/2 __ N S p—
Q13 e 6 V3

65



(v
Qu_z(_ﬁ-ﬁ)

1/2
QQI _ 2€(log3flog2)/2 —9 <§) — 2@
2 V2
1/2
Q23 — 26(10g3—10g6)/2 — 2 (é) — 2@
6 V6
V3 o1
Q22 = 2(‘% - %)
V6
1/2
Qa1 — 260610822 _ 5 (g) —2v3
1/2
Q32 = 2e(log6-log3)/2 _ 9 <g) = 2\/5
Qas = 2(—V3—V?2)
Thus
V2 1 V2 1
NEEVE] V3 V3
Q=2 ¥ _B_v B
V2 V2 Ve V6
V3 V2 Vi

We should have that ¢ = (%, %, %) is the invariant vector. In fact,

1. (V2+1) V3 V3

5(062)1—— 23 +3\/§+ G

_ V32 VB VRVB VB
6

0.

L. V2 (1+V3) V2

5(062)2—2\/5_ 3\/§ +6

V2B VI-VEEVE
6

0.

1, 1 1 (V2+V3)
_VBHV2-V2-VB
6

0.
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Example 3. Let

1 4
Loy i
4 1 8
c=10 =0
.2
_bg 1l
8 4
The eigenvalues of o are %, g and % Then h = —log o has eigenvalues

8
A = log8, Ay = logg and A3 = log2. So, the Q matriz given by the

exTPTession has entries

Q1p = 26085102 3)/2 — 9(3)1/2 — 2/3,

1/2

Q11=—2<\/§+2).

(log 8 —log 8)/2 1 v 2
= Qellog 3108 =2 = = —.
Q21 € (3> \/3
AN 4
-9 (log §—log2)/2 _ 2( = -
Q23 e =3 3 V3
6
Qa2 = —ﬁ-
1 1/2
le _ 26(10g2710g8)/2 -9 <_> = 1.
4
3 1/2
Q32 _ 26(10g2—10g§)/2 -9 <_> — \/g
4
Q33 = — (1 + \/§> .
Thus
-2(V3+2)  2V3 4
0= 2 6 4
N V3 V3 V3
1 V3 —(1+V3)



We should have that & = (%,

oolw

o 1 3 2 1

@Qn =g (-2v3-4)+55+3
V3 1 V31

-7 2t taTl

Related results are described in (3) and (4) in [dLPP21].
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