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Abstract

In this work we introduce the notion of partial actions of weak Hopf algebras on algebras.
This new subject arises in order to unify the notions of partial group action [29], partial
Hopf action ([2],[3],[18]) and partial groupoid action [7]. We also develop some fundamental
tools in order to construct the partial smash product and the globalization of a partial
action, as well as, we establish a connection between partial and global smash products
via a surjective Morita context. In particular, in the case that the globalization is unital,
these smash products are Morita equivalent.

We show that it is possible to connect globalizable partial groupoid actions and sym-
metric partial groupoid algebra actions, extending similar results for group actions [18].

We also introduce the concept of partial coactions of weak Hopf algebras. In this context,
we show that every partial comodule algebra comes from a global one and also that the
reduced tensor product is a coring.

Moreover, we give a complete description of all partial (co)actions of a weak Hopf
algebra on its ground field, which suggests a method to construct more general examples.

Finally, we explore the Morita theory in two different ways. The first one is made using
partial actions. In this approach we show that, under some special conditions on the weak
Hopf algebra, the obtained Morita context is a generalization of the one given in [37]. As
an application, we develop a Galois theory connecting this Morita context, the canonical
map, and the Galois coordinates.

The second one is via partial coactions. We construct the reduced tensor product and
show that it is a coring. Motivated by corresponding results in [16], we construct the Morita
theory obtaining some new additional Galois equivalences.
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Resumo

Neste trabalho introduzimos a nocao de agoes parciais de dlgebras de Hopf fracas em
algebras. Este novo conceito surge com o intuito de unificar as nocoes de acao parcial
de grupos [29], acdo parcial de algebras de Hopf (]2],[3],|18]) e agado parcial de grupdides
[7]. Também desenvolvemos ferramentas fundamentais para a construc¢ao do produto smash
parcial e para a globalizacao da agao parcial, bem como estabelecemos uma conexao entre o
produto smash parcial e global através de um contexto de Morita sobrejetor. Em particular,
no caso em que a globalizagao é unitaria, estes produtos smash sao Morita equivalentes.

Mostramos que € possivel conectar acao parcial de grupdide e acao parcial simétrica da
algebra de grupdide, extendendo resultados similares para acao parcial de grupos [18].

Noés também introduzimos o conceito de coagao parcial de dlgebras de Hopf fracas. Neste
contexto, mostramos que todo comdédulo algebra parcial vem de um global e também que
o produto tensorial reduzido é um coanel.

Mais ainda, damos uma descricdo completa de todas as (co)agdes parciais de uma
algebra de Hopf fraca no seu corpo base, o que sugere um método de construir exemplos
mais gerais.

Finalmente, exploramos a teoria de Morita de duas maneiras distintas. A primeira é
feita usando-se agoes parciais. Nesta abordagem, mostramos que sob certas condigoes para
a algebra de Hopf fraca, o contexto de Morita obtido é uma generalizagao daquele dado
em [37]. Como uma aplicacdo, desenvolvemos a teoria de Galois conectando esse contexto
de Morita, a aplicacao candnica e as coordenadas de Galois.

A segunda abordagem ¢ feita através de coagoes parciais. Construimos o produto ten-
sorial reduzido e mostramos que ele é um coanel. Motivados por resultados em [16], con-
struimos a teoria de Morita, obtendo algumas novas equivaléncias de Galois.
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Introduction

Partial (co)actions

Partial action of groups on algebras was introduced in the literature by R. Exel in [31].
His main purpose in that paper was to develop a method that allowed to describe the
structure of C*-algebras under actions of the circle group. The first approach of partial
group actions on algebras, in a purely algebraic context, appeared later in a paper by M.
Dokuchaev and R. Exel [29].

Partial group actions can be easily obtained by restriction from the global ones, and
this fact stimulated the interest in knowing under what conditions (if any) a given partial
group action is of this type. In the topological context this question was dealt with by F.
Abadie in [1]. The algebraic version of a globalization (or enveloping action) of a partial
group action, as well as the study about its existence, was also considered by Dokuchaev
and Exel in [29]. A nice approach on the relevance of the relationship between partial and
global group actions, in several branches of mathematics, can be seen in [2§].

As a natural task, S. Caenepeel and K. Janssen 18] extended the notion of partial group
action to the setting of Hopf algebras and developed a theory of partial (co)actions of Hopf
algebras, as well as a partial Hopf-Galois theory. Based on the Caenepeel-Janssen’s work,
E. Batista and M. Alves in |2, 3] showed that every partial action of a Hopf algebra has a
globalization and that the corresponding partial and global smash products are related by
a surjective Morita context. At almost the same time, D. Bagio and A. Paques developed a
theory of partial groupoid actions extending, in particular, results of Exel and Dokuchaev
in [29], about partial group actions and their globalizations.

Actions of weak Hopf algebras is the precise context to unify these above mentioned
theories, and this is our main purpose.

In this work we deal with actions of weak Hopf algebras and extend to this setting many
of the results above mentioned. As it is well known, Hopf algebras and groupoid algebras
are perhaps the simplest examples of weak Hopf algebras. The weak Hopf algebra theory
has been started at the end of the 90s by G. Béhm, F. Nill and K. Szlachényi [9-11},39,43].

In we present the definition of the partial action of a weak Hopf algebra on an
algebra. One of our main goals is to show that the notion of globalization can be extended
to partial module algebras over weak Hopf algebras. We succeed to prove that every partial
module algebra over weak Hopf algebras has a globalization (also called enveloping action),



extending the corresponding results on partial Hopf actions obtained by E. Batista e M.
Alves in [2] and [3]. We also prove the existence of minimal globalizations and that any
two of them are isomorphic, as well as that any globalization is a homomorphic preimage
of a minimal one (see [Theorem 2.4.9)).

Another one is to ensure that the partial version of the smash product, as introduced
by D. Nikshych in [38], can also be obtained in the partial context (see . The
hardest task here is to show that such a partial smash product is well-defined, just because
the tensor product, in this case, is not over the ground field. The usual theory does not fit
into our context since the definitions for partial structures are a bit different. The existence
of partial smash products allows us to construct a surjective Morita context relating them
with the corresponding global ones (see [Theorem 2.6.6)).

As an application, we describe completely all the partial actions of a weak Hopf algebra
on its ground field, which also suggests the construction of other examples of these partial
actions, different from the canonical ones (see [Lemma 2.3.1)). We also analyze the relation
between partial groupoid actions, as introduced in [7], and partial actions of groupoid
algebras, showing how partial group actions, in particular, and partial groupoid actions, in
general, fit into this new context (see [Theorem 2.2.5)).

In |Chapter 3| we study the partial coactions of a weak Hopf algebra on an algebra. In
the same way as we did in [Chapter 2| we describe the partial coactions on the ground field
(see [Theorem 3.2.1)) and, moreover, we show that any partial coaction can be obtained
from a global one (see [Theorem 3.3.3). As a last task in this chapter, we show that the
reduced tensor product AQH is an A-coring (see [Proposition 3.4.1). However, our main
goal in this chapter is to build a necessary theory that we will need in [Chapter 4]

Galois and Morita

Evariste Galois left us a rich and prosperous theory, intending to describe the relations
between roots of a polynomial equation. A modern approach of the Galois ideas, developed
by E. Artin, R. Dedekind, L. Kronecker and several other mathematicians, deals with field
extensions and their automorphism groups. It is well known that there are several equivalent
conditions for a field extension to be a Galois extension.

The extension of the field Galois theory to the commutative ring context was started
by M. Auslander and O. Goldman in [6] and continued by S. U. Chase, D. K. Harrison
and A. Rosenberg in [25]. In this last paper several others equivalent conditions for a ring
extension to be Galois were introduced.

Recently, a Galois theory for partial group actions on rings was introduced in the
literature by M. Dokuchaev, M. Ferrero and A. Paques generalizing the Galois theory
developed by Chase-Harrison-Rosenberg, and stimulating many others contributions to
the developing of this new subject.

On the other side, K. Morita has developed his own theory relating two rings by means
of two bimodules and two morphisms of bimodules. The Morita context is useful to relate
the category of modules over these rings. Indeed, it is well known that if they are unital



rings and the morphisms are surjective then we can show that the correspondent categories
of modules are equivalent.

We merge both such Morita and Galois theories in order to obtain a theorem which
gives necessary and sufficient conditions for an extension to be Galois, in the context of
partial actions of weak Hopf algebras.

In [Chapter 4], we construct a Morita context relating the partial smash product and the
subalgebra of invariants (see|Theorem 4.1.10f). Moreover, under some additional hypothesis,
we show that the context match with the one given by M. Cohen, D. Fischman and S.
Montgomery in [27] (see [Subsection 4.1.2]). We also develop a Galois theory, relating the
canonical map, the Morita context and the Galois coordinates (see [Theorem 4.2.3)).

We continue the chapter showing that the category of the relative partial Hopf module is
equivalent to the category of comodules over the A-coring AQH, where A is a partial H-
module algebra (see|Proposition 4.3.5)). Finally, we present a new Morita context for partial
H-comodule algebras relating the subalgebra of coinvariants and an specific subalgebra of
Hom(H, A), unifying results obtained by S. Caenepeel, E. De Groot and K. Janssen in
[14,/15,/18] (see [Theorem 4.3.11]).

Conventions

Throughout, H will denote a weak Hopf algebra over a field k. Every k-algebra is
assumed to be associative and unital, unless otherwise stated. Unadorned ® means ®y.
We will adopt the Sweedler notation for the comultiplication of H, that is, A(h) = hy ® hy
(summation understood), for any h € H. We will also denote by - any partial action and
by > any global one. In a similar way, for partial coactions we will use the notation p and
for the global one p. The Sweedler notation for right partial coaction will be written as
pla) = a’ @ a' and p(a) = a® ® a' for the global one (summation understood).



Chapter 1

Preliminaries

In this chapter we recall some basic concepts which will be necessary along the whole

work. For the proofs of the results in see [14] and [16].

1.1 Weak Hopf algebras

We start recalling the definition and some properties of a weak Hopf algebra over a
field k. For more about it we refer to [9].

Definition 1.1.1. A sixtuple (H,m,u,A,¢,S) is a weak Hopf algebra, with antipode S,
if:

WHAL1) (H, m, u) is a k-algebra,

WHA2) (H, A, ¢) is a k-coalgebra,

WHA3) A(kh) = A(k)A(h), Vh, k€ H,

WHAS5

WHAG) hyS(hs) = e, (1),

(h1>h2 = €R<l’>
(WHAS) S(h) = S(hy)hsS(hs),

wheree, : H — H and ¢, : H — H are defined by ¢, (h) = €(11h)15 and £, (h) = 1,¢(hls).
We will denote Hy, = ¢, (H) and Hg = ¢,(H). It is clear from these definitions that H;, and
Hpg are both finite dimensional over k. Algebras H satisfying only the five first statements
enumerated above are simply called weak bialgebras.

Note that item (W H Ab)) can be written as 1; ®171,®1, =1, 01, ®13 = 1; ® 1,1] ® 15,

(
(
(
(WHA4) e(khy)e(hag) = e(khg) = e(khs)e(hag),
(
(
(

)
)
)
)
) (la@A(1r)(Alm)@©ly) = A% (1x) = (A(ly)®1r)(1n@A(1H)),
) h
)
)

WHAT



Example 1.1.2. Every Hopf algebra is a weak Hopf algebra.

Example 1.1.3. Let G be a groupoid (see|Definition 2.2.1|) such that the order of Gy is
finite. Then the groupoid algebra kG with basis {0, | g € G} is a weak Hopf algebra with
the maps

m: kG kG — kG
58 {5gh if Igh
g

0 otherwise

u: k kG

Zée

ecGo
— kG ® kG
dg > 0y ® 0y
e: kG — k
5g = 1y

S: kG — kG
59 — 5971.

Il

In this case the algebras Hy, and Hg are the subalgebra of kG generated by the elements
m G()

Example 1.1.4. If H is a finite dimensional weak Hopf algebra, then H* is a weak Hopf
algebra with the maps

m: H*@ H* — H*
f®g — fxg:H—k
[f + gl(h) = f(h1)g(hs)

u:k — H*

1y — g
A H* — H*®Q H*
[ = Zfi@)gi

=1

where f(hk) = anfz(h)gz(/f);
e H*

—

11 T4
= =
S

-z



Example 1.1.5. Let H and L be two weak Hopf algebras, then the tensor product H ® L
15 a weak Hopf algebra.

Remark 1.1.6. Note that a Hopf algebra is also a weak Hopf algebra, then for a Hopf
algebra H the tensor algebra H ® L is a weak Hopf algebra (which is not a Hopf algebra)
if and only if L is a weak Hopf algebra (which is not a Hopf algebra).

Based on it, the whole amount of examples of Hopf algebras can generate weak Hopf
algebras simply using the tensor product.

It is usual to use the next proposition to determine when a weak Hopf algebra is a Hopf
algebra.

Proposition 1.1.7. A weak Hopf algebra is a Hopf algebra if one of the following equivalent
conditions hold:

1. A(ly) =1 ® ly;

e(hk) = e(h)e(k) Vh, k € H;
hiS(hy) = e(h)ly Yh € H;
S(h)hy = e(h)ly Yh € H;

Hp = Hr=kly.

Many of the basic properties of a weak Hopf algebra proved in the finite dimensional
case (see [9,[11,|17]) also hold in the general case. We start by enumerating some of these
properties which can be verified using arguments similar to those used in the finite dimen-
sional case. These properties will be very useful along this work.

Lemma 1.1.8. Let H be a weak Hopf algebra. Then,
ELOEL =€,

EROER —=ER
e(her(k)) = e(hk)

P
—_ = = = =
S O = W N
— N N

for all h,k in H.
Proof. We will show (1.1]), (1.3) and ([1.5). The remaining ones follow in a similar way.



(1) Let he H

Then e, 0er, = <.

([3) Let h,k € H

Then e(her(k)) = e(hk).
(T5) Let h ke H

Then e (her(k)) = ep(hk).

e(her(k))

€L(h€L<k))

Lemma 1.1.9. Let H be a weak Hopf algebra. Then, A(ly) € Hr ® Hy,.

Proof. Note that

SO A(lH) S H@HL
On the other hand

so A(ly) €e Hr® H.

1, ® 1,

1 ®e(l)13
11 X 8(1&12)1’2
1, ®er(1a)

L ®l,
118(12) X 13
115(1/112) X 1/2
er(l) @1y

Then A(lH) < (HR®H)Q(H®HL) :HR®HL.



Lemma 1.1.10. The following statement holds:
ZGHL@A(2>:112®12

and in this case A(z) = z1; ® 1.

For Hg there is a similar statement:
’IUGHR@A(U)) = 11@11}12

and in this case A(w) =17 ® lyw.
Moreover A(Hy) C H® Hy, and A(Hg) C Hr ® H.

Proof. Let h be in Hy. Then

A(h) = Ale
A

= &
115(1/1h)1/2 & 12

= 11€L(h) ® 12

- 11h® 12.

Conversely, if A(h) = 1,h ® 1o, thus h = (e @ I)A(h) = €(11h)1y = 1 (h) € Hy.

Moreover, in the above case,

Ah) = Aler(h))

= A(Z—f(llh)lg)
Lih)A(12)
11h)1y ® 13
L) L1, ® 1,
(h)1

mn o M

(
(
(Lih

L(h)1; ® 1,
1; ® 1s.

|
-0

Also, if h € Hy, then we have

A(h) = Lih®1,
= 11h®e(ly)l;
= Lih®e(1]12)15
= Lih®er(ls).

and so A(H) C H® Hy.

The remaining items are analogous.

(1.7)

(1.8)



Proposition 1.1.11. Let h, k in H. The following properties hold:

h1 @ haS(hs) = 1,h ® 15 (1.9)
S(hi)he @ hg = 1; ® hly (1.10)
h er(k) = e(hik)hs (1.11)
er(h) k = kie(hks) (1.12)

Proof. We will show (1.9)) and (1.11)). The items (1.10) and (1.12]) work in a similar way.
(1.9) For h € H,

hl ® hQS(hg) = h1 & SL(hg)

hl X 8(11h2)12
hlé(llhg) X 12
(1h)1€(11(1h)2) X 12
1/1h1€(111/2h2) X 12
11h1€(12h2> &® 13
(1ih)1e((11h)2) @ 1o
= Lh®I1,.

(.11 For h,k € H,
h €L<I{?) =

D‘

(11k)12
h1)€(11 )hglg
h1)5(’<12 (h3)k)ha

h1)e(haS(h3)k)hy
1hyS(ha)k)hs)hy

er(hn)k)hs
hl)

€

=
IE
M

|
o

€

(
(
(1
e(l
(
(

=
=

€

O

Lemma 1.1.12. H;, and Hgi are subalgebras of H with unit 1. Moreover, if z € Hy, and
w € Hg, we have that zw = wz.

Proof. Let h,h' € Hy. Then

hh her (1)
€<h1h/)h2
5(11hh/)12
€L<hhl)

= =
IR EN
@i

and it means hh' € Hj,.

10



Analogously, if k, k' € Hg, then we have

k'k

I

and it means k'k € Hp.

Moreover,

5L(1H) = 8(11)12 = 1H = 118(12) = ER(lH)

hence 1y lies in both Hr and Hj,.
Now, picking up h € Hy, and k € Hp

hk =

=
||g I

en(k)k
k’1€<k’lk32)

116(1{3/1{312)
er(k'k)

we have

er(h)er(k)
5(11h)121/18(/€1/2)

= 8(11]2)125(]{313)

e(11h) 1] 156 (k1Y)
1/15(]61/2)8(11h)12

; €R(]€)€L(h)

kh.

Lemma 1.1.13. Let H be a weak Hopf algebra. Then,

er(er(h)k) = ep(h)er(k)
er(her(k)) = er(h)er(k)
er(h) =e(S(h)11)1s
er(h) = 11e(125(h))
er(h) = S(11)e(12h)
er(h) =¢e(11h)S(1,),

for all b,k € H.
Proof. (LT3)

(T.14)

er(er(h)en(k))
— gL(h)gL(k)‘

= crler(h)er(k))
= €R(h)€R(k).
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Lemma 1.1.14. Let H be a weak Hopf algebra. Then,

eroS=¢croeg=So¢ep
eroS=cpoe,=So¢p
S(11)®@S(1le) =1, ® 14

S(hk) = S(k)S(h)

S(h)1 ® S(h)2 = S(h2) ® S(h)
coS=c¢

S(ly) =1y

hi ® S(hy) hs = h 1; ® S(1s)
hy S(he) @ hy = S(11) ® 15 h,

for all h,k € H.
Proof. (1.19) For the first equality:

For the second:

e (en(h)) er(1ie(158(h))
= e (1)e(1,8(h))
= (1 1)14e(1,5(h))
= e(11)e(1S(R)1]
= (1,81}
= e(S(h)).

For the second:

er(er(h))
12)
)1ie(1215)
11)e(1215)
15)



(L.21)

S)@S5(ly) = S(er(l)) @ S5(1,)

S(hk)

= e
I IIE IIE ol

= =
= ||!

=
I ||g

=

(=

=
||§ I

!
[\

=i
-
[\

= =
=R @ I

= er(er(ly)) ® S(1s)
= e1(1) ®5(12)

= 5(11/11)12/ X S(lQ)
= 12/ (059 €(11/11)S<12)
12/ ® ER(lll)

1y ® 140,

ER(hlkl)S(kQ)S(h )
SR(éR(hl)kl)S(/{?g)S(hg)
€R(l€1)5(€R<h1)k’2)8(k53)5(h2)
S(kl)kgf‘:(f‘:R(hl)k )S(k)4)S(h2)
S(kl)éR(hl)kQ (k’g)S(hQ)
S(k1)er(h1)er(ka)S(hs)
(k1)er(k2)er(ha)S(hs)
(k1)koS(k3)S(h1)haS(hs)
(

S(k,
S(k,
S(k)S(h).
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= A(S(h1))A(hg)[S(hy) @ S(h3)]
= A(S(h1))A(h2)[S(hy) ® S(h3)]
B2 A(S(hy) ) [S(ha) @ S(hs)]
= A(er(h))[S(h3) ® S(hs)]
= [11 X 12 ER(hl)HS(hg) & S(hg)]
= S(hs) @ 1 er(hy) S(hs)
= S(ha) @ 1 S(h1)haS(hs3)
= S(hy) ® 15 S(hy)
— s<12> S(ha) @ S(11) S(h)
22 sty 1) @ S 10)
= S(hy) ® S(hy)
(T24)
e(S(h)) = e(S(h1)h2S(h3))
= €(S(h1)€L<h2)
= (S (h)ha)
= ¢e(er(h))
e(h).
Moreover, S(1y) = S(er(1y)) = er(er(ly)) = 1y
(T.26)
hl X S(hz) h3 = hl & €L(h2)
" hl ®€(h2 11) 8(12)
= hl S(hQ 11) & 8(12)
= Iyly e(holy 1;) ® S(1s)
= hlll 6(]1212) (024 5(13)
=  hl; ® S(1s).
)
hy S(hy) @ hs = en(h1) ® hy
B 510) e(1y hi) @ ho
= 5(11> X 6(12 hl) hg
= 8(11) & 8(12 11/h1) 12/h2
= S(ll) &® 6(12h1) 13h2
—  S(1,) ® Luh.

]

The finite dimension of H; and Hpg is enough to prove the following lemma, which
allows us to obtain results in the sequel without to resort, as it is usual, to the bijectivity

of the antipode.

Lemma 1.1.15. Let H be a weak Hopf algebra. Then S(Hp)
are bijections between Hyp and Hpg.

Moreover, Sy, = S]HL and Sp = S|HR

= HR and S(HR) = HL.
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Proof. We proceed by showing that the linear maps S = S|HL : H, — Hp and S =
Sy,  Hr — Hy are surjective and dim(H;) = dim(Hp).

Since Hy, = €1 (H), it follows by that S(Hy) C Hg. Similarly, S(Hg) C Hi.
Conversely, if z € Hy, then z = €(z) S(1y)e(12z) € S(HR). And, if w € Hg, then
w=ep(w) = e(wly)S(1y) € S(Hy).

Now, take the linear map ¢ : H, — Hj}, given by ¢ (2)(w) = e(wz), for all z € Hy,
and w € Hp.

Notice that if z € Ker(pr), then z = e(z) = e(112)1s = ¢r(2)(11)12 = 0. Hence, ¢y,
is injective and dim(Hp) < dim(H},) = dim(Hg). Similarly, we also get that dim(Hg) <

dim(H,). O
Lemma 1.1.16. For all z € H;, and w € Hg, we have:
LS (2) @1y =1, ® 1y (1.28)
1L ® S (w)ly =wl; @1, (1.29)
Proof. Indeed,
(T.29):
LS () @1, = S (2)) ® Sph(2)25(S51(2)s)
= 5151( )1®5L( Sz'(2)2)
= 1, ®¢e.(125:'(2)) (since S;'(z) € Hg)
" 11 X 12 5L( (Z))
= 11, ®1yep(e (S 1(2))) (since S;'(z) € Hg)
1@ 1 £1(S(55(2)
1, ® 13 e(S],,, (S5 (2)))
= 11 &® 12 &TL(Z)
= 11 (24 12 z
(T:29)
L @S (w) 1y = S8 (w)1)S; (w)y ® 85 (w)s
= er(SpH(wh) @ Sy (w)s
= er(S;Hw)l) ® 1, (since S;'(w) € Hp)
= (ST )L @1
= er(en(S;H(w))1; @ 1y (since S;'(w) € Hp)
R(S(S7 (@)L 15
= er(Sly, (57 (W)L @ 1o
= €R(w)11 ® 1
wll X 12

16



Lemma 1.1.17. For all z € H;, and w € Hg, we have:

Proof. Indeed,
(11.30):
S(]_l) & ]_22,’ " 3(11351(2)) (024 12
= S(S5'(2))S(L) @ L,
= 25(11) X 12
(L.31)
wly @ S(1) wly ® 5(1,5; (w))
= wly ® 857 (w))S(12)
== U)]_l X U)S(lg)
[

1.2 Corings

Definition 1.2.1. Let A be a unital ring. A set C is an A-coring if C is an A-bimodule
and there are morphisms of A-bimodules A¢:C — C ®4C and e¢ : C — A such that

(CR1) (Ac®a I)Ac = (I ®4 Ac)Ac;
(CR2) (I ®aec)Ac(c) =c®414~cVeeC;
(CR3) (ec @4 I)Ac(c) =14 ®4c~cVeeC.
Example 1.2.2. If A is a commutative ring then any A-coalgebra is an A-coring.

Definition 1.2.3. Let A be a unital ring. An A-bimodule R is said to be an A-ring if there
exist morphisms of A-bimodules m: R ®4 R — A and 2 : A — R such that for all a € A
and r € R,

. (I@esmm=(m®®s [m;
2. m(e@sN(a®@ar) =14 ®412(a)r;
3. m(I®a1)(r®aa)=14®4r1(a).

Note that if C is an A-coring then *C = 4Hom(C, A) is an A-ring with multiplication
# given by (f#9¢)(c) = g(c1f(c2)) and 2 : A — *C given by u(a)(c) = ec(c)a.

Definition 1.2.4. An element x in an A-coring C is a grouplike element if A¢(x) = x @42
and ec(z) = 14.
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From now on we will consider the A-coring C with a fixed grouplike z.

Definition 1.2.5. Let M be a vector space over k and A be a k-algebra. M is a right

comodule over the A-coring C if M is a right A-module and there exist a map p: M —
M ® 4 C such that

(CM1) p is right A-linear;
(CM2) (I ®acec)p(m) =m®4 1y ~m;
(CM3) (p®al)p=(I®aAc)p.

We will denote the category of the right C-comodules by MC.
The set of elements of a C-comodule M invariant by the coaction p is defined by

M ={me M| p(m)=m®,z}.

Note that A is an object in MC¢ with the coation p : A — A ®4 C ~ C defined by
p(a) = 14 ®4 za. Hence A°C = {a € A | za = ax} which is clearly a subring of A.

Definition 1.2.6. Let C be an A-coring and consider the map

Can:A®AcoC’A — C
a®b — axb.

We say that C is a Galois coring if can is bijective.
Let now Q = {q € *C | c1q(c2) = q(c)z}. Q is an (*C, A®C)-bimodule via

f— q<a= fH#qsh(a).
Moreover, A is an (A°C,*C)-bimodule with actions b>a = ba and a — f = f(za).
The maps
T:ARweQ — A
a®q — q(za)
and
,LL . Q ®ACOC A — *C
g®a — q#ia)
determine the Morita context (A, *C, A, Q, T, ).
Finally, consider the map

*can : *C — *(A & geoc A) ~ AcocEnd(A>Op
[ ean(f)(a) = f(za),

and the functors
FC : MACOC — MC
N — N ®AcoC A
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and
GC’ . MC — MACOC
M — McoC

where M 4eoc denote the category of right A°°“-modules and M the category of right
C-comodules.

Theorem 1.2.7. Let C be a coring with fived grouplike x such that C is a left A-progenerator.
The following statements are equivalent:

1. can is bijective and A is faithfully flat as left A°C-module;
2. *can is bijective and A is a left A°C-progenerator;
3. The Morita context (AC,*C, A, Q, T, ) is strict;

4. (Fe,Ge) is an equivalence of categories.
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Chapter 2

Partial actions of weak Hopf algebras
on Algebras

2.1 Partial actions of weak Hopf algebras

Hereafter, all actions of a weak Hopf algebra on any algebra will be considered only on
the left side. Actions on the right side can be defined in a similar way, and corresponding
results similar to the ones we will deal with along this text can be obtained as well. Recall
that in this work all algebras are assumed to be associative and unital, unless otherwise

stated. Furthermore, in order to avoid confusion, we will always denote by - any partial
action and by > any global one (see, in particular, [Section 2.4)). Throughout, H will always
denote a weak Hopf algebra, without any more explicit mention, unless otherwise required.

The usual definition for (global) actions of weak Hopf algebras on algebras is the fol-
lowing.

Definition 2.1.1. Let A be an algebra. A (global) action of H on A is a k-linear map
>: H® A — A such that the following properties hold for all a,b € A and h,k € H:

(i) Ig>a=a,
(ii)) h>ab= (hy>a)(he> D),
(iii) he (k>a) = hk>a.

In this case, A is called an H-module algebra.

Note that in this definition we do not need to require A to be unital. However, in the
literature we find the definition of an action of a weak bialgebra H on an algebra A with
unit 14, where the conditions (i)-(iii) have to be satisfied, as well as the fourth condition

thAsz(h)DlA.
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Nevertheless, in the case that H is a weak Hopf algebra, this fourth condition is implied
by the three previous ones, as we will see in the following lemma.

Lemma 2.1.2. Let A be an H-module algebra. Then,

ho> 14 :EL(h)DlA,

for all h € H.
Proof. In fact,
e, (h)ply = hiS(hy)> 1y

C hye (1a(S(ha) b 14)
W (hy b 14)(haS(hy) > 14)
2 qne 1)1, 1)
W1 (hb14)) (12> 14)
W e (h>1a)1a
© h>1y.

In the setting of partial actions we have the following.

Definition 2.1.3. Let A be an algebra. A partial action of H on A is a k-linear map
- H® A — A such that the following properties hold for all a,b € A and h,k € H:

(PMAL) 1y -a = q;
(PMA2) h-ab= (hy-a)(hy-b);
(PMA3) h- (k- a) = (hi - La)(hok - a).

In this case A is called a partial H-module algebra.

Moreover, we say that - is symmetric (or, A is a symmetric partial H-module algebra)
if the additional condition also holds:

(PMA4) h-(k-a) = (hik-a)(hs - 14).

Remark 2.1.4. Observe that, assuming the condition (PMA1|), the conditions
and in Definition are equivalent to

he(a(k b)) = (h - a)(hok - b).

In a similar way, conditions (PMAZ) and (PMAJ) are equivalent to

h- ((k-a)b) = (hik - a)(hs - b).
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Example 2.1.5. Let Hy =k < g,z | ¢> =1 2> = 0 and gz = —xg > be the Sweedler’s
algebra over a field k with characteristic different of 2. Define A\ € Hj by

A H4 — k
1 — 1k
g — 0
T
g > —r

where r € k.
For a weak Hopf algebra H, the map

CHeoH,oH — H
h@v@h — hih'S(hy)A(v)

defines in H a structure of partial H ® Hy-module algebra.

It is immediate to check that any (global) action is a particular example of a partial
one. The following proposition tells us under what condition a partial action is global.

Lemma 2.1.6. Let A be a partial H-module algebra. Then, A is an H-module algebra if
and only if h- 14 =¢,(h)- 14, for allh € H.

Proof. From [Lemma 2.1.2] if A is an H-module algebra then h-14 = ¢, (h) - 14, for all
heH.

Converselly, suppose that h-14 =¢,(h) - 14, for all h € H. Then,

he(gra) = (h-1a)(hag - a)
— (e, () - 1a)(Iag - )
= (mS(hy) - 14)(hsg - @)
=V (5(1) - 14)(12hg - a)
= (£,(5(1)) - 14)(Lahg - a)
(e.(ex(11)) - 1a)(12hg - a)
= (ex(l1) - 1a)(12hg - a)
=Y (1, 14)(1shg - )
= lg - (hg ’ a)
hg - a,
for all g, h € H. )

In the next lemmas we will see some technical properties of partial actions, which will
be very useful tools in the sequel.
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Lemma 2.1.7. Let A be a partial H-module algebra. If w € Hg (or, w € Hy and the
partial action is symmetric), then

w- (h-a)=wh-a,
for every h € H and a € A.
Proof. Suppose first that w € Hg. Thus,

w-(h-a) (wy - 14)(woh - a)

(11 - 14)(1ywh - a)
ly - (wh - a)
= wh-a.

Now, assuming that the partial action is symmetric and w € Hy, we have

w-(h-a) = (wh-a)(wy-1y)
L qwh 101, - a)
= 1y - (wh-a)
= wh-a.
]
Lemma 2.1.8. Let A be a partial H-module algebra, h,k € H and a,b € A. Then,
(h-a)(k-b) = (11h-a)(12k - b).
Proof. In fact,
(h-a)(k-b) = 1g-[(h-a)(k-Db)]
== (11 -h- a)(lg . 1A>(13k} . b)
= (13- (h-a)la)(1l2k-b)
= (11-h-a)(12k-D)
= (11h-a)(12k - b)
where the last equality follows by Lemmas [2.1.7] and [1.1.9] O

Lemma 2.1.9. Let A be a partial H-module algebra, a,b € A and z € H.
(i) If z € Hy, then (z-a)b = z - ab.
(i1) If z € Hg, then a(z - b) = z - ab.

In particular, (Hp, - A) is a right ideal of A and (Hg - A) is a left ideal of A.
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Proof. (i) If z € Hy,

(z-a)b = (z-a)(1g-b)
l’ (].12: . (l) 12 b)
= (2 a)(z D)
= z-ab
(11) If z € HR,
a(z-b) = (lg-a)(z-b)
— (11 - a)(1laz - b)
L8 (z1-a)(z2-b)
= z-ab
The last assertion is obvious. O]

From the above lemma, we have the following immediate consequences.
Corolary 2.1.10. Let A be a partial H-module algebra, h,z € H and a € A.

(i) If = € Hy, we have that (z - 14)(h-a) = z - (h-a). If, in addition, the action is
symmetric, then z - (h-a) = zh - a.

(i1) If z € Hg, then (h-a)(z-14) = zh-a O
Lemma 2.1.11. Let A be a partial H-module algebra. The following assertions hold for
all h,k € H and a,b € A:

(1) (h-a)(k-b) = hi-(a(S(h2)k - b)).

(i) If the action is symmetric and the antipode S is invertible then,

(h-a)(k-b) = ky- ((S7 (k)R- a)D).

Proof. Let h,k € H and a,b € A. Then,

(i)
hy - a(S(ha)k - b) (hy - a)(hs - ( (hs)k - b))
= (h-a)(ha - 14)(h3S(ha)k - b)
= (h,l a)(h2 (hg)k b)
2 n )1k b)
= () k-b)
(ii) Since S is invertible, we obtain from that
koS~ k) @ ks = 1) ® 19k, (2.1)
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for all k € H.

Thus,
kg - (S7'(k1)h - a))(ks - b)

(
= (k‘gsil(kl)h'a)(k’g ].A)(k4 b)
= (koS (kD - a)(ks - D)
(11 - a)(Lok - b)
=Y (hea)(k-b)

2.2 Partial groupoid actions

Partial groupoid actions were introduced in the literature by D. Bagio and A. Paques
in |7]. Our main purpose in this section is to prove that, given a groupoid G such that
the set Gy of all its identities is finite, there is a one to one correspondence between the
symmetric partial actions of the groupoid algebra kG on a Gg-graded algebra A and the
globalizable partial actions of the groupoid G’ on A (see Theorem 2.2.5).

Definition 2.2.1. A groupoid is a non-empty set G equipped with a partially defined
binary operation, for which the usual axioms of a group hold whenever they make sense,
that is:
(i) For every g, h,l € G, g(hl) exists if and only if (gh)l exists and in this case they are
equal.
(i) For every g, h,l € G, g(hl) exists if and only if gh and hl exist.
(iii) For each g € G there exist (unique) elements d(g),r(g) € G such that gd(g) and
r(g)g exist and gd(g) = g = r(g)g.
(iv) For each ¢ € G there exists an element g~! € G such that d(g) = ¢g~'g and
r(g) = g9
The uniqueness of the element ¢g~! is an immediate consequence of the above definition,
and (g71)7! = g, for all g € G. The element gh exists if and only if d(g) = r(h) if and only
if exists h='g~! and, in this case, (gh)™! = h='g™!, r(gh) = r(g) and d(gh) = d(h).
An element e € G is said to be an identity of G if there exists g € G such that
e = d(g) (and so e = r(g7')). Let Gy denote the set of all identities of G. Note that
e =e ! =d(e) =r(e), for all e € Gy. For more about groupoid’s properties we refer to

[35].
Definition 2.2.2. [7] A partial action of a groupoid G on an algebra A is a pair

o= ({&g}g€G7 {Dg}gGG)

where, for each e € Gy and g € G, D, is an ideal of A, D, is an ideal of D,, and
ag: Dy — Dy is an algebra isomorphism such that:
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(i) a is the identity map Ip, of D,
(i) ;' (Dg—1 N Dy) € Digny—1,
(iii) ag(an(x)) = agn(x), for all x € ay-1(Dy-1 N Dy),
for all e € Gy and g, h € G such that d(g) = r(h).

For the proof of the following lemma see |7, Lemma 1.1].

Lemma 2.2.3. Let a = ({oy}seq,{Dg}gec) be a partial action of a groupoid G on an
algebra A. Then,

(i) ag ' = ay-1, forall g € G,
(ii) ag(Dy-1 N Dy) = Dy N Dy, if d(g) = r(h). O

Given a groupoid G, the groupoid algebra kG is a k-vector space with basis {d, | g € G},
and multiplication given by the rule

5.5, = {5gh, it d(g) = r(h)

0, otherwise

for all g, h € G. It is easy to see that kG is an algebra, and has an identity element, given
by lkg = Y _.cq, e if and only if Gy is finite [36]. Moreover, kG has a coalgebra structure
given by

A(dy) =6,®06, and e(d,) = 1,

for all g € G. It is well known that kG, with the algebra and coalgebra structures above
described, and antipode S given by S(d,) = 6,-1, for all g € G, is a weak Hopf algebra.

From now on we will assume that Gy is finite and a = ({ay }gea, {Dy}gec) is a partial

action of G on A = @ D.. We also assume that each ideal D, has a unit, denoted by
eeGo
1,. Notice that, in this case, each 1, is a central element of A (in particular, D, is also an

ideal of A), and the conditions (ii) and (iii) of Definition imply the following;:
ag(ap(@ly-1)1g-1) = agr(xlgn-1)1l,, (2.2)
for all € A, whenever d(g) = r(h).

Lemma 2.2.4. With the notations and assumptions given above, the map

ckGRA = A
dg ®a — ag(aly—1)

is a symmetric partial action of kG on A.
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Proof. Indeed, - is a well-defined linear map. Furthermore,

(i) for all a € A,
1kg~a = 258'CL

e€Go

= > ac(ale)
e€Go

= > al.
eeGo

= alA = a.

(ii) for all g € G and a,b € A,

dg-ab = ag(ably-1)
ag(aly—1)a,(blg-1)
= (&g -a)(dy D).

(iii) for all g,h € G and a € A, if d(g) # r(h) then Dy-1 () Dj, = 0 = 40, and

dg - (0n - a) = aglap(alp-1)14-1) =0 = (04 - 14)(040n - @).
Otherwise, if d(g) = r(h) then

59 : ((Sh : CL) = ag(ozh(alhq)lgfl)
Oégh(al(gh)—l)lg
= (dg - 1a)(dgn - a)
= (59 : 1A)(5g(5h : a).

The symmetry of - is obvious for, as noticed above, 1, = d, - 14 is central in A, for all

g € G, and the groupoid algebra is cocommutative. ]

The converse of Lemma [2.2.4] is given in the following theorem, which in particular
generalizes |32, Proposition 2.2].

Theorem 2.2.5. Let A be an algebra and G a groupoid such that Gq is finite. The following
statements are equivalent:

(1) There exists a partial action o = ({og}geq, {Dglgec) of G on A such that the ideals
D, are unital and A= @ D..

e€Go
(ii) A is a symmetric partial kKG-module algebra.
Proof. (i)=(ii) It follows from Lemma [2.2.4]

(i)=(i) Let Dy =6, A, 15 =04 - 14, and oy: Dy-1 — D, given by ay(x) = o, - z, for
all g € G and € D,—1. We will proceed by steps.
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To show that o = ({ay}geq, {Dy}gec) is a partial action of G on A we need to check
that, for every g € G and e € Gy, D, is an ideal of D, ), D, is an ideal of A, and ay is
an algebra isomorphism, which will be done in the steps 1, 2, and 3. We also show in the
step 1 that the ideals D,, g € G, are all unital. In the step 4, we show that the conditions
(i)-(iii) of [Definition 2.2.2 hold. Finally, in the step 5 we show that A= @ D..

e€Go

Step 1: First of all, 1, is a central idempotent of A and D, = 1,4, which implies that
D, is a unital ideal of A, for all g € G.

Indeed, (1,)* = (05 14)(6y - 14) =0, - 14 = 1,, and

1ga = ((59-1A)a
= 1kG . ((Sg . 1A>CL
= 3 (b La)(be-a)
= EZG (5859 1A)(5e . 1A)(5e . CL)
= GZG (004 - 14) (e - @)
09 - 14)(9r(g) - @)
~14)(0r(q) - @)
14)(0g0,-1 - a)

g 1t ”

(0r(g)
(0r(g)g
(9 -

I
0')
>

|
—~
0’)9} S

I
IS
—~
QQ'] .
—
b
~—

= aly.

Note that the above sequence of equalities gives an important and useful relation for the
partial action of G on A, that is,

(0g-1a)a=10g4-64-1-a=a(dy-1a), (2.3)
for all g € G and a € A, which implies
D, =6, A= (6, 14)(d, - A) C1,A= (5, 1)AE s, .5,..4AC6, - A=D,,

hence Dy = 1,A. The last assertion is immediate.

Step 2: D, = D,y 1y, in particular D, is an ideal of D, for all g € G.
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It follows from (2.3) and the symmetry of - that

Step 3: o is an isomorphism of algebras, for all g € G.

It is clear from the above that oy is a well-defined linear map. Thus, it is enough to
show that oy is multiplicative and o, = a1, for all g € G.

For all a,b € A, we have

aglably—1) = 04 abl,—
= (0g-aly-1)(0y-bly—1)
= oglaly—1)ay(bly-1).

In order to show that ay is an isomorphism, we need first to show that o is the identity
in D, for all e € Gj.

Notice that for any h € G and a,b € A,
(0p - a)b= (0 -a)(Op - 14)b (0 - a)(0p - Op—1 - b) = Op, - (a(Op-1 - b)). (2.4)
Therefore, for e € Gy and a € A we have

ale = (lyg-a)l,
= > (0er - a)(de - 1a)

e'eGo

S b+ (a8 - 6o - 1)) (taking b= 4, - 14)
e’eGo

> Oer - (a(derbe - 14)(0er - 14))

e'eGo

de - (a(de - 14))
0e - al,
ae(aly).

Finally, for all a € D, we have

ayfoy-i(a)) = 3,
=



For the equality ay-1a4(a) = a, for all a € D;-1, one proceeds in a similar way.
Step 4: o = ({Dy}sec, {oy}gec) is a partial groupoid action of G on A.

We only need to check that « satisfies the conditions (i)-(iii) of [Definition 2.2.2]
(i) It follows from Step 3.

(i) For all h, g € G such that d(g) = r(h) and a € A, we have

Qp—1 (alh)ahﬂ (1971 1h)

ap-1(alp)lp-11(gn-1 € Dign-1,

ozha(alga 1h) =

thus Oéh—l(Dg—1 N Dh) - D(gh)—l.

(iii) It follows from (ii) that if + € ay-1(Dy-1 N Dy) then ap(x) € Dyr and z =
alp-11gp)-1, for some a € A. Hence, the elements agap(r) and ag,(x) exist and lie in
Dy Dgp, and

Oég<04h(l’)) = Oég<(5h : alh—ll(gh)—l)
= (59 : (5h : a1h71 1(gh)*1)
= (59(Sh : alhq l(gh)—l)((sg : 1,4)
= (5gh . a1h71 1(gh)*1)<5g . 1A)
= ogn(z)l
= ag(z).

Step 5: A= & D..

ecGo
Indeed, notice that

A=l A=Y 6.-A=> D,

e€Go e€Go

and, since
Lelp = (0c - 14)(65-1a) = 0 (0e-0f-14) =0c- ((6c - 1a)(dedf - 14)) =0,
for all e # f in Gy, it easily follows that D. N (> Dy) = 0. O

feGq

fe

2.3 Partial actions on the ground field

Partial actions of a weak Hopf algebra H on the ground field k provide a large amount
of examples of partial actions. In this section we give the necessary and sufficient conditions
for an action of H on k to be partial and, as an application, we describe all the partial
actions of a groupoid algebra on k. The reader is invited to compare the results presented
here with the results in [4].

It is clear that any action of H on k is, in particular, a k-linear map from H on k. The
question is: under what conditions a k-linear map from H on k defines a partial action of
H on k? The answer is given in the following lemma.
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Lemma 2.3.1. Let A\: H — k be a k-linear map. Then, X defines a partial action of H on
k, via

h-1x = A(h), forall he H,
of and only iof

AM1lg) =1k and A R)A(g) = A(h1)A(hag), for all g,h € H.
Proof. Assume that - is a partial action. Then,
Mly) =1y - 1x = 1
and
A(M)A(g) = h - (g - L) = (h1 - 1) (hag - 1) = A(h1)A(h2g).

Conversely, note that 1y -1y = A1) = 1x and h- (g - 1x) = A(h)A(g) = A(h1)A(hag) =
(hy - 1k)(hag - 1x). Taking g = 1 in this last equality we have the third required condition.
O

It is well known that, in the setting of Hopf algebra actions, the only global action on k
is given by the counit €. This is not true for actions of weak Hopf algebras. In the following
proposition we will give necessary and sufficient conditions to obtain a global action of a
weak Hopf algebra H on k.

Proposition 2.3.2. Let \: H — k be a k-linear map and >: H @ k — k the k-linear
map giwen by h> 1y = A(h). Then, > is a global action of H on k if and only if X is a
convolutional idempotent in Algy(H,k) = {f € Homy(H,Kk) | f is multiplicative}.

Proof. Assume that > is global. Then, A(h)A(g) = h> g 1y = hg> 1y = A(hg) and
AMlyg) = 1y 1y = 1, for all g,h € H. Thus, A € Algy(H,k). Moreover, A x A\(h) =
AhD)A(hs) = (hy > 1) (ha > 1y) = h 1, = A(R), for all h € H, that is, A A = A,

Conversely, since A is a map of k-algebras, for all a,b in k and g, h in H, we have
(1) 1Hl> ]-]k = /\(]-H) = 1k7
(ii) hab= abA(h) = ab(Ax X\)(h) = (hy>a)(he > D),

(iii) A>g>a = ar(h)A\(g) = a\(hg) = hg>a.

The example below illustrates this previous result.

Example 2.3.3. Let G be a groupoid given by a disjoint union of finite groups Gy, ..., G,,.
Choose G; one of these subgroups and define \: kG — k by AN(g) = 1 if g € G, and

Ag) = 0 otherwise. It is straightforward to check that X is a convolutive idempotent in
Alge (kG k). O]
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Note that the counit ¢ of a weak Hopf algebra is not an algebra homomorphism, so
it does not turn k on an H-module algebra. The next proposition gives a necessary and
sufficient condition for ¢ to define a partial (so, global) action on k.

Proposition 2.3.4. A weak Hopf algebra H is a Hopf algebra if and only if € defines a
partial action on k. In this case, € is the unique convolutional idempotent in Algy(H, k).

Proof. 1f H is a Hopf algebra, then ¢ is an idempotent element in Algy(H,k) and so it
defines an action on k. Conversely, if ¢ defines a partial action on k, then (1) = 1 and
e(h)e(g) = e(hy)e(heg) = e(e(hq)hag) = £(hg), which implies that H is a Hopf algebra.
For the last assertion, it is enough to see that if H is a Hopf algebra then Algy(H,k) is
a group with the convolution product and ¢ is its unit. O]

We end this section presenting a complete description of all partial actions of a groupoid
algebra kG on k, as well as, all partial actions of kG* on k when G is a finite groupoid.

Let GG be a groupoid. We say that a set V' C G is a group in G if V' is a group with the
operation of G.

Proposition 2.3.5. Let G be a groupoid such that Gy is finite, and A\: kG — k a k-linear
map. Then, X defines a partial action of kG on k, as characterized in iof and
only if the set

V:{UEG | 5v'1k:1k:5r(v)'1lk}

is a group in G and 8, - 1y =0, for allg e G\ V.

Proof. Assume that A defines a partial action on k, given by d, - 1x = A(g), for all g € G.
Then, it follows from the equality

(59 ' 1k)(5h : 1lk) = (59 ' lk)(dgéh ’ 1k)a

that
0 1k = (Jg - L) (kg - i)
= > (0 L) (de - i)

eeGo
= 2 (05 L) (dgde - Lx)
e€eGo
= (0g " 1i)(d40a(g) - k)
= (59 ) 1k)2-

Thus, d, - 1k is an idempotent in k, and therefore equal to either 1y or 0, for all g € G.
Furthermore, the equality A(1xg) = 1) ensures that V' 2 .

Now, we show that V' is a group.

(i) For all g,h € V, the product gh exists and lies in V. This is an immediate conse-
quence of the following expression

Iy = )‘<59))‘(5h) = A(ég))‘(dgéh) = A(égéh)-
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(i) For all g € V, the element ¢! lies in V. Indeed, since g € V' we have
A(dg-1) = A(0g)A(0g-1) = A(Gg)A(0gg—1) = )‘(59))‘(51"(9)) = L.

Conversely, assume that V' is group and let ey denote its identity element. Also, assume
that J, - 1Ix = 0, for all ¢ € G\ V. Under these assumptions we have, in particular,
that r(g) = d(g) = ey, for all g € V, and 6. - 1y = 0, for all e € Gy, e # ey. Thus,
AMke) = Y ey A0e) = A(de) = 1k, and it is straightforward to check that A(dy)A(dn) =
A(0g)A(640n). O

In the above proposition, if we assume k a field of characteristic 0, then 9, - 1, = 1i
implies d,(,) - 1x = 1. Later in we will suppose that this characteristic is 0 to
simplify the calculations. Similar results can be obtained for any field.

Example 2.3.6. Let G = G1UGs be the groupoid given by the disjoint union of two groups
G1 and Gy. Any subgroup V' of Gy (or G3) defines a partial action of kG on k, given by
A(0y) = dgv, for all g in G, where d,y = 1k if g € V and o,y = 0 otherwise.

Proposition 2.3.7. Let G be a finite groupoid, kG* the dual Algebra of kG with basis
{ps | g € G} and - : kG* @ k — k a k-linear map. Take the set V ={v € G | p,-1 - Iy #
0 and p, - 1y # 0} and suppose that the characteristic of the field does not divide the
cardinality of V. Then - is a partial action of kG* on k if and only if V' is a group in G,
and in this case it is defined by

1 .
Do - 1k _ m, lf g € ‘/,
I 0, otherwise.

Proof. Supposing that A\ defines a partial action, then for any g, h € V' we have that

pg-(pn-1k) = l;}(pz 1) (P19 * 1) - 1x)
= (pgn—1 - L)(pn - k)

and, on the other side, since pj, - 1 lies in k

Py (on-1k) = (0g- 1) (on - Li)-

But h € V means that py, - 1y # 0. Hence p, - 1x = pgp—1 - 1 for any g,h € V.

Therefore, it is clear that there exists the product of any two elements in V' and it lies
in V.
So, the above stated says that if g lies in V' (and so g~') then

Dg-1 - Iy = DPg-1g - Ty

which means that d(g) also lies in V.
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Moreover, there is a unique unit in V because for any g,h € V, d(g) = r(h™') = d(h).
Then V is a group in G.

It just remains to show that p, - 1y =

G It follows directly from

g k=1 & Y pg-le= 1
geG

= Zpg'lkzlk
geVv

and since p, - 1y = py, - 1 for any g,h € V', we have the desired result.
The converse follows by a simple calculation. O]

2.4 Globalization of partial actions

In this section we show that any partial action of a weak Hopf algebra can be obtained
from a global one. Particularly, in this section, the notations - for partial actions and > for
global ones are crucial.

First of all, given a global action we will see how to construct a partial one from it. The
method to do this is given in the following lemma.

Lemma 2.4.1. Let B be an H-module algebra via >: H ® B — B. Let A be a right ideal
of B which is also an algebra with unit 14. Then, the k-linear map -: H® A — A given by

h-a=14(h>a)
1s a partial action of H on A.
Proof. For every a,b € A and g,h € H, we have
(i) 1g-a=14(1g>a) =1aa=a.
(ii) h-(ab) =14(hab) = 1a(hy>a)(he>b) = 1a(hy>a)la(ho>b) = (hy - a)(hy - b).

(iii) h-(g-a) = 1a(h>(g-a)) = La(h>1a(gra)) = 1a(hy > 14)(hega) = 14(hy >
La)la(heg > a) = (hy - 14)(hag - a)).

]

The partial action - of H on A, obtained by the method given above, is called induced
by the action .

Definition 2.4.2. Let A be a partial H-module algebra. We say that a pair (B, ) is a
globalization of A if B is an H-module algebra via>: H ® B — B, and

(i) 0: A — B is a monomorphism of algebras such that §(A) is a right ideal of B,
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(ii) the partial action on A is equivalent to the partial action induced by > on §(A), that
is, O(h-a) = h-0(a) = 0(14)(h>0(a)),

(iii) B is the H-module algebra generated by 6(A), that is, B = H > 0(A).

Notice that in the above definition as well as in we do not need to require
B to be unital.

The existence of such a globalization will be ensured by the construction presented in
the sequel.

We start by taking the convolution algebra F = Hom(H, A), which is an H-module
algebra with the action given by (h> f)(k) = f(kh), for all f € F and h,k € H. Let
¢: A — F be the map given by ¢(a): h+— h-a,foralla € Aand h € H. Put B = H>p(A).

Proposition 2.4.3. The pair (B, @) is a globalization of A.

Proof.

(i) ¢ is an algebra monomorphism such that ¢(h-a) = @(14)* (h>p(a)), for all h € H
and a € A. Indeed,

-  is clearly k-linear,

-  is injective because 1y - a = a,

- p(ab)(h) = h-ab = (hy - a)(hy - b) = p(a)(h1)e(b)(h) = [p(a) * ¢(b)](h), for all
a,be Aand h € H,

- (p(1a) * (h>p(a)))(k) = (k1 - 1a)(koh-a) =k -h-a=@(h-a)(k), for all k € H.
(ii) ¢(A) is a right ideal of B. Indeed,

p(b) x (hep(a)) = p(b) *p(la) * (h>p(a))

for all a,b € Aand h € H.
(iii) B is an H-module algebra.

In fact, B is clearly a vector subspace of F which is invariant under the action >, and

(hop(a) * (k> @) = his(p(a) = (S(ha)k b o(D)))
= hiv(p(a) xp(1a) * (S(he)k > (b))
= v (p(a) x o(S(ho)k - b))
= hy>(p(a(S(h)k - b))),
for all a,b € A and h,k € H. =
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The pair (B, ¢), as constructed above, is called the standard globalization of A.

Proposition 2.4.4. With the above notations, a partial action on A is symmetric if and
only if p(A) is an ideal of B.

Proof. Suppose that a partial action of H on A is symmetric. Then,

((h>pla)) x@®) (k) = (h>p(a))(k)e(b)(ks)
= p(a)(kih)e(b) (k)
= (k’lh . a)(kg . b)

D 4 (h-a)b)
= @((h-a)b)(k)
for all h,k € H and a,b € A. As ¢(A) is a right ideal of B, the required follows.
Conversely, since ¢(A) is an ideal of B we have that ¢(14) is central in B. Then,

k-(h-a) =

|
—~
5=
& v
. —
=5
=&
— — — —
S
—_
b
N—
a
(3]

for all h,k € H and a € A. ]

By a homomorphism between two globalizations of a same partial H-module algebra
we mean a multiplicative linear map that commutes with the respective actions. If such a
homomorphism is bijective we say that such globalizations are isomorphic.

Proposition 2.4.5. With the above notations, any globalization of A is a homomorphic
preimage of the standard one.

Proof. Let (B’,0) be a globalization of the partial H-module algebra A and define the
following map
b B’ — B

Yo hiw 0(a;) — h; > p(a;)

=0 =0

In order to prove that ® is well-defined, it is enough to check that if >  h; » 0(a;) = 0
i=0
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then Z hi>p(a;) = 0. Assume that Z hi » 0(a;) = 0. Then, for all k € H we have

=0

=0

(L) (kw3 hy > 0(as))

=0

0(14)(3 ki » 0(a;)

=0

=0
- e(ikm-%)
=0

n
and, as @ is injective, we get »_ kh; -a; = 0.
i=0

Hence, for any k € H,

(S e eta)) o) -

Z@Wﬁwh)
= Z kh; - a;
= 0.

Clearly, ® is surjective and ®(g » ') = g> ®(V), for all & € B’ and g € H.
Finally, for all h,k € H and a,b € A,

O((h > 6(a))(k» 6(b)))

O(1y » ((h > 0(a))(k» 6(D))))
O((1;» A 0(a))(1la» kw» 0(b)))
O((11h » 6(a))(12k » 6(b)))
®((hy » 0(a))(haS(h3)k » 0(b)))
®(h1 » (0(a)(S(h2)k » 6(D))))
®(hy » O(a(S(hs)
hi > (p(a(S(ha)k - 1))
hi > (p(a) * (S(he)k > (b))
(h1>p(a)) * (haS(hs)k > ¢(b))
(Lih>p(a)) * Oﬁ»w@ﬁ
(I1>hep(a)) * (1o k> (b))
L > ((h>p(a)) * (k> (D))
O(hw 0(a))*D(kw» 6(b)).

k- 0)))
b

]

Definition 2.4.6. Let (B, 0) be a globalization of a partial H-module algebra A. We say
that B is minimal if for every H-submodule M of B such that (14)M = 0 we have M = 0.

The concept of minimal globalization was intruduced by M. Alves and E. Batista in
[2], where they shown that the globalization for a partial action of the group algebra are

ever minimal.
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Proposition 2.4.7. The standard globalization (B, ¢) of A is minimal.

Proof. 1t is enough to prove that the minimal condition holds for any cyclic submodule of

B. Let m = > h;>¢(a;) be an element in B. Suppose that ¢(14) * (m) = 0, where (m) is
i=0
the H-submodule of B generated by m, that is, (m) = H >m.

Then, for all k € H,
0 = o(la)*(k>m)
= ol x (ko £ i plan))

0

= p(La) * (32, khi>p(a;))
= (i khi - o(a;))
= 90(21 khi - a;)

which implies Y kh; - a; = 0, since ¢ is a monomorphism.

Since m € B C Hom(H, A) we have

m(k) = (L b e(a))k)
= (O, wla;))(khi)
= > . khi-q
= 0
for all k € H. Therefore, m = 0. O]

Proposition 2.4.8. Any two minimal globalizations of a partial H-module algebra A are
1somorphic.

Proof. Let (B’,0) be a minimal globalization of A, (B, ¢) the standard one, and ®: B’ — B
as defined in Proposition [2.4.5] It is enough to prove that ® is injective.

Suppose ®(> . h; > 6(a;)) = 0. Thus, 0 = (O, hi>¢(a;))(g) = >, ghi-a;, for all
g€ H, and 500 = 05, ghi- @) = 3, ghi - 0(ar) = 6(La)(53, ghe> 0(ar)) = O(14)(g
3, i 6(a))

Now, if M denotes the H-submodule of B’ generated by ). h;>0(a;) we have that
0(14)M = 0, hence M = 0. Therefore, ® is injective. ]

We end this section summarizing all the above main results in the following theorem.
Theorem 2.4.9. Let A be a partial H-module algebra.

(i) A has a minimal globalization.
(i1) Any two minimal globalizations of A are isomorphic.

(11i) Any globalization of A is a homomorphic preimage of a minimal one.
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2.5 Partial smash product

In this section we construct the smash product for a partial H-module algebra.

The smash product already exists for an H-module algebra and even for a partial H-
module algebra when H is a Hopf algebra. So, it is natural to ask if it still works for a
partial H-module algebra when H is a weak Hopf algebra. The hard task here is to get
the good definition of smash product. In fact, the smash product for Hopf algebra actions
(partial or global) is, by construction, a tensor product over the ground field, which makes
it easy to show that it is well-defined. This does not occur when dealing with weak Hopf
algebra actions because the tensor product, in this case, is not anymore over the ground
field but over the algebra H.

In order to get our aim we need first a right H-module structure for a partial H-module
algebra.

Proposition 2.5.1. Let A be a partial H-module algebra. Then, A is a right Hy-module
via a<z = S5'(2)-a=a(Sg" () 1a), for alla € A and z € Hy,.

Proof. As 1y € H;, and S;Ll(lH) = 1y, it follows that a<ly =1y -a = a.
Let a € A, h,g € Hy, so

(a<h)<g Sx'(9) - (Sg'(h) - a)

= (Sp'(9)1-14)(Sg'(9)25:"(h) - a)
=" (11 - 14)(125%"(9)Sz"(h) - @)

= 1y - (Sg'(hg) - a)

= a<hg.

The equality S;'(2) - a = a(Sz'(2) - 14) holds by [2.1.9((ii). O

Notice that the action, by restriction, of Hr on a partial H-module algebra usually
behaves like a global action. The is a good example of it. In fact, a partial
H-module algebra does not become an Hpg-module algebra simply because Hp is not a
coalgebra. However, the partial action in A generates on it a structure of Hgz-module. The
next lemma shows one more property for the action of Hr on a partial H-module algebra
that works like a global action.

=
©

Lemma 2.5.2. Let A be a partial H-module algebra. If h belongs to Hg, then e, (h)-14 =
h-14.
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Proof. Let h € Hg

€L(h)'1A = h18<h2) 1A
) 51,m) 14
=1, (S(15h) - 1)
= h - (S(hy) - 1)
== (hl 1A)(h25(h3) 1A)
(1hh - 14)(15 - 14)
= (L (b 1) (12 - 1a)
= lyg-(h-14)14
h-14.
There is also another useful characterization for the right action of Hy on A.
Lemma 2.5.3. If z € Hy, thena<z=a(z-14).
Proof. Let z € Hy,.
a<z = a(Sz'(z) 14)
= e, (51D L)
= ale,(,(S5'(2))) - 14) since Sz'(2) € Hg

(1.19) _

2 e, (5657 () - 1)

= ale,(2) - 1a)

a(z-14) since z € Hy,.
O

Now we are able to define the smash product for a partial H-module algebra A.

First, notice that H has a natural structure of a left H;-module via its multiplication.

We start by considering the k-vector space given by the tensor product A®py, H, and also
denoted by A# H, with the multiplication defined by

(a#th)(b#g) = a(hi - b)#thag.

Theorem 2.5.4. This above multiplication is well-defined, associative, and 1,#1g is a
left unit.
Proof. The well-definition:

It is enough to show that the map fi: A x H x A x H — A#H given by fi(a, h,b,g) =

a(hy - b)#hog is (Hp,k, Hy)-balanced. In fact, for all a,b € A, h,g € H, z € H;, and r € k
we have:
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ﬂ(CL?h?bq'Z’g)

— = =
N (=
IIE = IIE [ T

It is clear that fi(a, hr, b, g)

fla<z, h b, g)

= —|
I IIE I ([ IIE

The associativity:

((agth)(0#9))(cH#k)

The left unit:

(La#1u)(ath)

1H 1a
lehl :

hy - b)#z2h2g

- (b<2))#hag
- (Sg'(2)-

b))#hag
La)(haSg' (2) - b)#hsg
1A)(h211$§1<2) . b)#hglgg
1A)(h211 . b)#hglgzg
14)(hg - b)#h32g

- 1ab)#hozg
-b)#hazg
a,h,b, zg).

a,h,rb, g), and

_1)(( 1+ b)#hag

- 1a)(h1 - b)#hag
1A)(12h1 : b)#hzg

(1pzhy - b)#hQQ

(13- 14)(15zhy - b)#hag
(1 - zhy - b)#h29

(zh1 - b))#hag
b)#lghgg

b)#hag)(c#k)
. b)(h291 c)#hsg2k
-014)(hogi - €)#hsgok
-b)(ha - 14)(hsg1 - c)#hagok
~b)(ha - (g1 ¢))#hsgok
-b(g1 - ¢))Fhagok

h)<b(91 : C)#gzk)
a#h)((b#g)(c#k)).

]-A(]-l . a)#12h

(11 . a)#lgh
551(5(11) : (Z)#lgh
ad S(ll)#lgh
Q#S(ll)lgh
a#ter(lm)h

a+#th.



It follows from the above theorem that

A#H = (A#H)(La#1y)

is an algebra with 1,441y as its unit. This algebra is called the partial smash product of A
by H.

The following example illustrates that, in general, 14#1y is not a unit of A#H.

Example 2.5.5. Let G be a finite groupoid which is not a group and G, = {g € G |
d(g) = e=r(g)} the isotropy group associated to e, for some e € Gy. It is easy to see that
k is a partial kG-module algebra via

kGok — k
g®]‘k '_> 597Ge7

where 04¢, = 1k if g € G. and 0 otherwise. In this case, 1xy#1xc is not a right unit for the
smash product K#kG. Indeed, since G is not a group, there exists an element x in G\ G..
Thus, x - 1y = 0 and, consequently, (1x#x)(1x#1kg) = 0. ]

Actually, we have the following.

Proposition 2.5.6. Let A be a partial H-module algebra. Then, 1 ,#1y is a unit in A#H
if and only if A is an H-module algebra.

Proof. Suppose 14#1y a unit in A#H. Then a#h = a(hy - 14)#hy and, applying 7, on
the second element of each term of this equality, we have

a<er(h) =a(hy-14)<ep(hs).

Hence,

©

(o]

&
—~
>
~—

alep(h)-14) =" a<eyg

eI
e 2
>
=
—_
B
Q)
~
—~
>
™)
~—
—_
b
~—

©
[ ||H I
fed

and, taking @ = 14 we have h-14 = e (h)-14. By|Lemma 2.1.6| A is an H-module algebra.

The converse is straightforward and standard. ]

We have some more properties for the smash product. The first of them shows that we
can see A inside A#H. It will be useful in to give an A-module structure for
some objects.

The second one says we can break a simple element a#h in two parts, making easier
some computations. -
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Proposition 2.5.7. Let A be a partial H-module algebra. Then the map

1 A — AﬁH
a > aﬁlH

15 an algebra monomorphism.

Proof. Note that a#1g = a(1y - 14)#1s (11 - a)#1y = (1a#ly)(a#ly) = a#ly for
all a € A. o
Supposing a# 1y = b#1y, then a#1y = b#1y and so a = b. It means 1 is injective.
Moreover, if a,b e A,

u(a)e(b)

= )
= a(ll : b)ﬁlg
= (1 ab)#1y
1(ab)
then ¢ is an algebra morphism. ]

In other words, the theorem says that we can see A inside of A#H as A#1y.
And, for the second one, we have:

Proposition 2.5.8. Let A be a partial H-module algebra. Then a#th = (a#t1y)(1a#h)
foralla e A and h € H.

Proof. In fact,
(a#1g)(1azth) = a(ly-14)#12h
=" (11 - a)#1Loh
(1a#1m)(a#th)
(a#th).

©)
-
©

2.6 A Morita context

In the setting of partial actions of Hopf algebras with an invertible antipode there exits
a Morita context relating the partial smash product A#H and the (global) smash product
B#H, where B denotes a globalization of A such that the image of A inside B is an ideal
of B (cf. [2]). In this section we extend this result to the setting of partial actions of weak
Hopf algebras.

First, recall the definition of a Morita context.
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Definition 2.6.1. Let A and B be unital rings. A Morita context for A and B is a
sixtuple (A, B, M, N, (,),[,]) where M is a (A, B)-bimodule, N is a (B, A)-bimodule, and
(,): M@ N — Aand [,]: N ®4 M — B are homomorphisms of (A, A)-bimodules and
(B, B)-bimodules, respectively, such that

(i) (m,n)m’ = m[n,m'],
(i) [n,m|n’ = n(m,n’),
for all m,m’ € M n,n’ € N.

We will first construct a non unitary monomorphism of algebras from A# H into B#H.
For this we need the following lemma.

Lemma 2.6.2. Let A be a partial H-module algebra and (B, 0) a globalization of A. Then,
Spl(h)>0(a) = Si' (k) - 0(a), for all h € Hy,.

Proof. Note that Sp'(h) - 0(a) = (9(1,4)( '(h) > 6(a)). B
— S-L(h)> (0

ut Sp'(h) hes in Hpg, thus, by
Lemma 2.1.9(1), we have 0(14)(Sz" (h) |>0( ) =Sg (h)>(0(1

2)6(a)) = i (h)>0(a). O

Proposition 2.6.3. Let (B, 0) be a globalization of the partial H-module algebra A. Then,
there exists a non unitary algebra monomorphism V from A#H to B#H.

Proof. Define )
V:AxH — B®y H
(a,h) —0(a)® h.

For alla € A,h € H and z € H;, we have

U(a, zh)

S
2 |

Il
SRS

which shows that U is H r-balanced. Thus, there exists a k-linear map ¥ from A®py, H to
B ®p, H defined by V(a ® h) = 6(a) ® h.

It follows from the injectivity of 6 and similar calculations that the k-linear map
U': 0(A) @p, H - A®p, H given by V'(0(a) ® h) = a ® h is well-defined. Furthermore,
¥ is a monomorphism because V' o U = [, a H-
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It remains to check that W: A#H — B#H is multiplicative. In fact, for all a,b € A
and h,g € H, we have

U((agth)(bitg)) = V(a(h - b)#hag)

Il
TSI D
/—\/—\/SA

]

In the sequel, we will construct the bimodules which will define a Morita context for
A#H and B#H. For this construction we will suppose that #(A) is an ideal of B and
the antipode S of H is invertible. This assumption on S is necessary because in this
construction we will need to make use of [Lemma 2.1.11|(ii).

Now let M = V(A#H) and N be the vector space generated by the elements of the
form (hy>0(a))#he, for alla € A and h € H.

Proposition 2.6.4. With the above notations and assumptions, M is a right B# H -module
and N is a left B#H-module, via the multiplication of B#H .

Proof. Let 0(a)#h € M and k> 0(b)#g € B#H, so
(0(a)#h)(k>0(b)#g) = 6( )E’hk‘ > 0(b))#h2g
0

(a)(hak - 0(b))#hag
= O(a(hik - b))#hag

a
= a

that lies in M.
Let k> 0(a)#h € B#H and g, >0(b)#gs € N. Then we have
(k> 0(a)#h)(g1>0(b)##g2) = (k> 6(a))(higr>0(b))7thage
= hago [(S™H(hagr)k > 0(a))0(D)]#N3g5
that lies in N because §(A) is an ideal of B = H > 0(A).
Now, the assertion follows from the associativity of B#H. [

Proposition 2.6.5. Keeping the same notations and assumptions as above, M is a left
A# H-module and N is a right A# H-module via the actions

b A#HOM — M
ath@m — U(a#h)m

and
<« NQA#H — N
n®a#h — n¥(a#h)
respectively, where ¥ is the non unitary monomorphism defined in 7.3. Moreover, M and
N are bimodules.
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Proof. We need only to ensure that <« is well-defined. The well-definition of » as well as
the other assertions follow from the fact that A#H is a subalgebra of A#H and V¥ is
multiplicative.

Given hy > 0(a)#hy € N and a'#g € A#H, we have

2.1.11)

== haga > [(S™!(hag1)h1 > 0(aa’))0(14)|#hags

that lies in N, because §(A) is an ideal of B, which ensures that < is also well-defined. [J

Jun

(hi>0(a)#ths) w4 (a'#g) = (hi>6(a)#h)(¥(d'#9))
= (hv60(a)#hy)(0(d (g1 - 1A))#92)
— (o B0 R (6(a) (01 - 010 %)
= (hi>60(a)#h)(0(a")(g1>0(14)#g2))
= (o 0(a) (ha > () (g > O(1.0) #ehag
= (h1>6(ad’))(hags > 0(14))#h3ge
[

Now, we consider the maps [,|: N®aggM — B#H and (,): M@pyuyN — V(A#H) ~
A#H given by the multiplication of B#H. Both such maps are well-defined because
M,N C B#H.

Theorem 2.6.6. (A#H, B#H, M, N, (,),[,]) is a Morita context. Moreover, the maps [,]
and (,) are both surjective. In particular, if B also has an identity element, then A#H and
B#H are Morita equivalent.

Proof. The main assertion follows from Propositions 7.4 and 7.5, and from the associativity
of the multiplication of B#H.

For the surjectivity of (,) and [,] it is enough to show that MN = W(A#H) and
NM = B#H.
In fact, clearly W(A#H) C M N. Conversely, given g, >6(b)#g> € N and 0(a)#h € M

we have
(0(a)#h)(g1>0(D)#g2) = 0(a)(higi>0(b))#hago
0(a)(h1g1 - 0(b))#hage
= O(a(higr - b))#hago
0(a(higr - b1a))#hogo
0(a(higy - b)(hags - 14))#hsgs
= U(a(higs - b)#haga)

which lies in W(A#H). Hence, MN = W(A#H).

Clearly, we have that NM C B#H. To prove that B#H C NM it is enough to check
that the equality

(ha > 0(a)##h2)(0(14)7#5(hs)g) = h>0(a)#tg
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holds for all a,b € A and h,g € H. Indeed,

(h1>0(a)##ha)(0(14)#5(hs)g) = (ha>0(a))(ha > 0(14))7#hsS (ha)g
hy>0(a)#hyS(hs)g
11hl>9(a)#1gg

1> he0(a)#lag

(h>6(a)) <S(11)#12g
hDQ(a)#S(ll)bg

= hb&(a)#eR(lH)g

= hp6(a)#g.

Therefore, B#H = NM. The last assertion follows from [41, Theorems 4.1.4 and 4.1.17]
]

%] =
h =
. o]

In [33], J. Garcia and J. Simén has shown that the identity element hypothesis can be
replaced by idempotent ring hypothesis. It can be applied to our case, allowing B to be a
non-unital algebra and keeping the categories equivalent.
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Chapter 3

Partial coactions of weak Hopf
algebras on algebras

In this chapter we explain some points concerning partial coactions of weak Hopf alge-
bras. In we define a partial H-comodule algebra and show some examples. We
also show that for finite dimensional weak Hopf algebras, there is a bijective correspon-
dence between partial H-comodule algebra and partial H*-module algebra. In
we show that every partial H-comodule algebra has a globalization.

The is dedicated to the study of the partial coactions on the ground field.
We characterize all coactions, as well as apply it to particular weak Hopf algebras. This
section is useful to construct new examples of partial coactions.

In we show that if A is a partial H-comodule algebra, the reduced tensor
product A®H is an A-coring.

Along this chapter all coactions will be assumed to be right coactions.

3.1 Partial coactions

We start the section recalling the notion of an H-comodule algebra.

Definition 3.1.1. Let B be an algebra. B is said to be an H-comodule algebra if there
exists a linear map p: B — B ® H such that

(CAL) (I®e)p(a) = a;
(CA2) p(ab) = p(a)p(b);
(CA3) (p@I)p=(I®A)p.

Denote the image of an element b € B by p(b) = 0° @ bl.
We present some trivial examples, which will be used later in the construction of the
globalization.

Example 3.1.2. H is an H-comodule algebra via Ay.
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Example 3.1.3. For any algebra A, the tensor algebra A ® H is an H-comodule algebra
with coaction given by p = 14 ® Ag.

Note that in the case of Hopf algebras, given any algebra B there exists a coaction
given by p(b) = b® 1. This is not a coaction in the case of weak Hopf algebra. Moreover
the following statement holds:

Proposition 3.1.4. Let H be a weak Hopf algebra. Then B is an H-module algebra by

p:B — B®H

if and only if H is a Hopf algebra.

Proof. Supposing B an H-comodule algebra by p, then for any b € B we have b® 1; ® 15 =
(I @ A)pb) =(p1)p(b) =b® 1y ® 1y. Hence A(ly) = 1y ® 1y which implies that H
is a Hopf algebra.

The converse is straightforward. ]

Remember that if H is a Hopf algebra and A is an H-module algebra, then p(1p) =
1p ® 1. For weak Hopf algebras this is not true in general. In this case there exists a
similar result:

Proposition 3.1.5. Let B be an H-comodule algebra. Then p(1g) = 1° @ e (11).

Proof.
10®8L(11) = 10® 1115(112)
— 100 ® 1013(11)
= (11996 (119)'5(1Y)
_ 1/0100 ® 1/1 1015(11)
_ 1/010 ® 1/11115<112)
1010 ® 11 (1Y)
1/010 ® 5(1/1111)1/12
1/00108(1/0111> ® 1/1
(1/0 1)08((1/0 1)1) ® 1/1
1/006(1/01> ® 1/1
1/0 ® 1/1
p(1p).

=
E] 1
c

Then using |17, Proposition 4.10] we obtain some properties:
Theorem 3.1.6. Let B be an H-comodule algebra. The following assertions hold:
(i) (p@ Dp(1) = (p(1) @ (1 © A(1));
(ii) (p@ Dp(1) = (1@ AL))(p(1) @ 1);
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(iii) b° @ Ep(b) = b1° ® 11;
(iv) ®° @ e (b') = 1% @ 11;
(v) p(15) =1°@eL(1');
(vi) p(1p) =1° @ £g(1");
(vii) p(1) € B® Hy;
where Eg is defined by Er(h) = e(hly)1s.
We introduce now the definition of partial H-comodule algebra.

Definition 3.1.7. Let A be an algebra. Then A is a partial H-comodule algebra if there
exists a linear map p: A — A ® H such that:

(PCA'L) (I ®e)pla) = a;

(PCA’2) (p@ D[(a® 1u)p(b)] = (pla) @ 1a)((I © A)p(b)) ;
moreover it is symmetric if

(PCA™3) (p& I)[p(b)(a ® 1x)] = (I ® A)p(b))(p(a) © 15).

Note that in the above definition we do not need A to be unital. Moreover, if A is
unital, it is clear that the above definition is equivalent to the following:

Definition 3.1.8. Let A be a unital algebra. Then A is a partial H-comodule algebra if
there exists a linear map p: A — A ® H such that:

(PCA1) (I ®¢)pla) = a;

(PCA2) p(ab) = p(a)p(b);

(PCA3) (p® I)|p(a)] = (p(1a) ® 1) ((I ® A)p(a));
moreover it is symmetric if

(PCA4) (p@ I)[p(a)] = ((I @ A)p(a))(p(la) ® 1m).

The first definition is more general than the second one as it does not require A to be
unital. However, since we are working with unital algebras, we will use the second one in
order to make the proofs more detailed and easier for the reader.

We adopt the notation p(a) = a® ® a' for the partial coaction.

Remark 3.1.9. [t is straightforward to check that any H-comodule algebra is also a partial
H-comodule algebra

Now we give a characterization which allows us to decide when a partial H-comodule
algebra is an H-comodule algebra.
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Proposition 3.1.10. Let A be a partial H-comodule algebra. Then p(14) = 1°® ey (1Y) if
and only if A is an H-comodule algebra.

Proof. In fact, if p(14) = 1°® e, (11), then for any a € A we have

@A) p)(a) = a®@di®a

|
—_
—_
h
S~—
ol
0%
—~
—_
I
Q
N—
—|
_
&
—~
F=
b
Q
N—
=
[\

g
[a—

I
IS
S
®
s
purt
®
S
.

hence A is an H-comodule algebra.
The converse is exactly |Proposition 3.1.5| O

The following proposition gives us the correspondence between partial module alge-
bras and partial comodule algebras where the weak Hopf algebra is assumed to be finite
dimensional.

Proposition 3.1.11. Let H be a finite dimensional weak Hopf algebra. Then A is a (sym-
metric) partial H-comodule algebra if and only if A is a (symmetric) partial H*-module
algebra.

Proof. Supposing A to be a partial H-comodule algebra via p: A — A ® H, define

T H*®A — A
f®a — f-a:aaf(aT)
then:
LetaeA,
1y a = € a
= a%y(al)
.

(IPMA2) Let f € H* and a,b € A

frab = (ab)"f((ab)")
=200 f(ath?)
_ aﬁfl(aT)bﬁ g(bT)
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(IPMA3) Let f,g e H* and a € A
f-(g-a)

3
o ||E I
<
CICIch
o
\\/‘\
—
s
o
SN—
Na)
—
Q
=
N—

(fi-1a)(f2*xg-a)
Thus, A is a partial H*-module algebra. Moreover, if A is a symmetric partial H-
comodule algebra then

(PMA4) Let f,ge H* anda € A

—~

f-lg-a) = f-(a%(a"))
= a®fa)g(a’)
=7 d"10f (i 1T)g(a"y)
a’fi(a'1)g(a's)1° f(1")
= d’(fixg)(a")1°f(1")
(fixg-a)(fa-1a).

Hence, A is a symmetric partial H*-module algebra.

Conversely, if A is a partial H*-module algebra with action - and {h;}?_, is a basis for
H, define
p:A = A®H

a +— Y.hi-a®h
i=1

where {hf}"_; is the dual basis for H*, then:

(PCAT1)) Let a € A
I ®en)pla) = Yen(hi)hi-a
=1
= Eg - a
= ].H* - a
(PMAT)
— a.

(PCA2)) For all f € H* and a,b € A

(I®f)(pah) = S f(hs)hi - ab
= if:?ab
= (k)
= (;ﬁ(hi)hf : @)(];fz(hj)@ -b)
- zz (b - @) (3 - b) f(hihy)
— (& H(pa)pb)



hence p(ab) = p(a)p(b).
(PCA3) For all f,g € H* and a € A

e fogpelpa) =

|
AN =

then (7@ I)p(a) = (5(1) ® 1)[(I ® A)(p(a))].
Therefore, A is a partial H-comodule algebra. Moreover, if A is a symmetric partial
H*-module algebra then

(PCA4) For all f,g € H* and a € A

Iefogpel)pla) =

IS

8l

~
(=]} =)

=

N—
—lQ

—~

=
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then (p® I)p(a) = [(I ® A)(p(a))](p(1) ®1).
Hence, A is a symmetric partial H-comodule algebra. O

Example 3.1.12 (Induced partial coaction). Let B be an H-comodule algebra with coaction
p and A a unital right ideal of B. Then we can induce

p:A — A®H
a — (la®lg)pa),

which defines in A a partial coaction.

Example 3.1.13. Let Hy=k < g,z | ¢> =1 2> = 0 and gz = —xg > be the Sweedler’s
algebra over a field with characteristic different of 2. Take v = %1 + %g +rxg an element
m Hy, with r € k.

For a weak Hopf algebra H, the map

prH — H®H®®H,
h — h1®h2®v,

defines in H an structure of a partial H ® Hy-comodule algebra.
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3.2 Partial coactions on the ground field

In a similar way we did in for partial actions, we describe and give in this
section examples of partial coactions on the ground field.

Note that if we have a partial coaction of H on its ground field k, then the partial
coaction p : k — k ® H should be k linear, so it is enough to study who is p(1y).

We start with the main theorem which describes all partial coactions of H on k.

Theorem 3.2.1. Let H be a weak Hopf algebra over a fieldk and p: k — k® H a k-linear
map such that p(ly) = 1x @ h. Then p defines on k a partial coaction if and only if the
following conditions hold:

(1) e(h) = Li;
(ii) h = h?;

Proof. We will proceed by showing that the properties (PM A1), (PM A2) and (PM A3)

are one-to-one related with items (7), (i7) and (ii7). In fact,

[(PCATL) < (9)]:

(I@é)ﬁ(lk) =1 & 1k€(h) =1
& e(h) = 1.

((PCA2) < (i1)):

plx) = p(l)p(lk) & 1@h=(1®@h)(1xh)
& h=h%

[(PCA3) < (iit)]:

(P@Ip(lx) = (p(1x) ® 1i)(I ® A)p(1k) L ®@h®h=(p(lk) ® 1x)(1k @ hy @ hy)
1k®h®h: (1k®h®1k)(1k®h1®h2)
Iy @ h®@h =1 @ hhy ® hy

h ® h = hh; ® hs.

teoe

And the proof is complete. ]

Note that under the assumption €(h) = 1, the item (¢i7) implies item (i7) simply
applying I ® € on it. However, we keep the item (ii) because it allow us to proceed exactly
as in the proof of the above theorem, i.e., we can show one-to-one relations between them
and the partial coactions axioms.

We now describe all coactions of the groupoid algebra kG and his dual kG* on the
ground field, for a finite groupoid G. For a better understanding by the reader, we suppose
that the characteristic of the field k is 0 in the next statements. Similar results also work
for any field k.
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Proposition 3.2.2. (Partial coactions of kG* on k) Let G be a finite groupoid, kG the
groupoid algebra and kG* its dual algebra. Take {p, | g € G} the dual basis of kG* and

define p(1x) = 1, ®@x. Then p is a right partial coaction of KG* onk if and only if x = > py
heV
where V' is a group in G.

Proof. Let x = >~ ayp,. Note that 22 = x & a, = 0 or a,, = 1 for each g € G. So we can
geG

suppose x = Y py, for V' a subset of G.
hev
Now we have

EkG* (I) = Ekax (h%;/ ph)

= > pr(lke)

heV

= > (X o)

heV e€Go

= Z Z ph<5e)

heV eeGo

= 2. 2 en

heV eeGy
1 fh=e
0 otherwise

So, if e ¢ V for all e € Gy, exg+(x) = 0. Therefore, the condition (¢) of [Theorem 3.2.1|
is equivalent to say that there is a unique e € V' such that e € G,.
Moreover,

where 9. 5, is the Kronecker’s delta defined by 9. =

(r@1p)A(x) = (2 py @ 1u)A(X pn)

geVv heV

= 2 (py@1u)A(pn)

g,heV

= > (pg@1g)( > »@pin)
g.heV 1€GI-1h

= > (pg ®pg-11)
g,hev

= 2 (Pg® > pg-1n)-

gev heV

But (> pg) @ (> pn) = > (pg ® > pn). Since {p, | g € G} is a basis of kG*, the
hev

gev heVvV gev
condition (4i¢) of [Theorem 3.2.1|is equivalent to Y p, = > py-15 for each g € V.
hev hev

]

For the groupoid algebra kG, it is not so easy to determine all partial coactions on
a field as in the last proposition. We should find special idempotents in the groupoid G.
Then, we can use [Proposition 3.1.11| and apply the result for partial actions of kG*.

Proposition 3.2.3. (Partial coactions of kG on k) Let G be a finite groupoid and kG the
groupoid algebra. If we define p(1x) = 1x ® x, then p is a right partial coaction of kG on k

if and only if x = > ﬁ% where V' is a group in G.
heV
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Proof. Suppose first that we have p : k — k ® kG a partial right coaction where p(1y) =

ly®@x and x = > azh.
heG
So we can define a left partial action of kG* on k by

pg . 1]k = 10pg(11> = 1lk pg (Z Oéhh> = Oég.
heG

In this way we have that
ckGFk — k
Dy X 1k — Qg

is a partial action.
Since it is well known all partial actions of kG* on k (by [Proposition 2.3.7)), we need to
have V = {g € G | aqy) = ay # 0} a subgroup of G and a, = ‘—‘1/| forge V.
So, if p is a partial coaction, we need to have x = > ‘—‘1/|ph where V' is a subgroup of
hev
G.

Conversely, if we have p defined by p(1y) = 1y ® (Z ﬁph> for V' a subgroup of G
hev

and char(k) does not divide |V|, we can define
kGFok — k
‘—‘1/|, ifgeV

Py @1y — ag= .
I I {0, otherwise

a partial action.
The above partial action gives origin to a partial coaction p defined by

ﬁ(hk) = 1[k & (Zpg : 1kg) = 1k ® (th . 1kh> = p(lk)

geq heV

So p = p and p is a right partial coaction. [

3.3 Globalization

In this section we show that every partial H-comodule algebra can be seen as induced
partial coactions, as described in [Example 3.1.12]
We start defining globalization for partial H-comodule algebras.

Definition 3.3.1. Let (A, p) be a partial H-comodule algebra. An H-comodule algebra
(B, p) is said to be a globalization for (A, p) if there exists a non unitary algebra monomor-
phism # : A — B such that:

(GCA1) 0(A) is a right ideal of B;
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(GCA2) B is the H-comodule algebra generated by 6(A);

(GCA3) the partial coaction in #(A) is induced by the coaction in B, i.e., the following
diagram is commutative:

A—2 B
ﬁl l(9(1A)®1H)P

The reader should understand that by an H-comodule algebra generated by an algebra
A we mean the smallest H-comodule algebra containing A.

The next lemma will be useful to construct a globalization for a partial H-comodule
algebra. We will denote by p the coaction of the partial H-comodule algebra on A and by
-, the partial action of H* on A induced by p. Moreover, we denote by H*-, A the k-vector
space generated by the elements {f -, a | f € H*; a € A}.

Lemma 3.3.2 ([3|]Lemma 1). Let A be an H-comodule algebra. If A C A is a subalgebra,
the subcomodule algebra B generated by A is the subalgebra generated by H* -, A. In other
words, the set S ={f-,a;a € A h € H} generates B as an algebra.

The proof of the above lemma for the weak Hopf algebra case does not require a special
attention. It is enough to observe that we are only interested in the coalgebra structure of
H, which does not change replacing a Hopf algebra by a weak Hopf algebra.

We are going now in direction to show that given a partial module algebra A, then
there exists a globalization for it.

First of all recall from [Example 3.1.3|that A® H is an H-module algebra with coaction
given by p = (Ix ® Ag). Moreover, if p is the induced partial coaction on A, then p is
injective by . In other words, the map p: A — A® H is an algebra monomorphism.

Using , take B the comodule algebra generated by p(A). Moreover, since
p is a partial action, then by we have that (p®@ Iy)p = (p(14) @ 1y) (14 @ Ag)p).

In other words, for the immersion p, the diagram

A—" B
pj l(/’(lA)@)lH)p

is commutative and B is the comodule algebra generated by p(A).

It just remains to show the item (GCAI), i.e., we need to show that p(A) is a right
ideal of B. Since p is an algebra morphism, is is enough to show that p(14)b € p(A), for
any generator b of B, to obtain p(A)B C p(A).
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Note that B is generated by the elements

{fppa)| fedae A} = {f,(a"®d)

l
®
S

i
—

~
—~
S
no
N~—

and so the generators of B are of the form b = a
Thus,

p(la) (@ @alif(ay) = (P& 1) (d”®alif(als))
_ 19%° ® 1%al, f (als)
" an(aT)

I
i
—~ o
Q
=]
-
Q
=
SN—
SN—

which lies in p(A). Therefore (GCA1)) hold.
So, B with the coaction p = (14 ® Apy) is a globalization for the partial module algebra

A, called the standard globalization.

Therefore, we have the following theorem:
Theorem 3.3.3. Every partial module algebra has a globalization. ]

Remark 3.3.4. Note that a simple computation, similar to this one we did above, shows
that p(A) is an ideal of B if and only if A is a symmetric partial module algebra.

3.4 The reduced tensor product is an A-coring

Let A be a symmetric partial H-comodule algebra. The vector space

AQH = (A® H)p(1a) = {ZadO@ hill|a; € A; hy € H}
i=1
is called the reduced tensor product of A by H. o
We denote by a®h the element a1’ ® h1' in A®QH. Note that a®@h = al°®@h1!, thus
A®H is a subalgebra of A® H with right unit given by p(14). Then we can define left and
right actions of A on AQH as follows:

a- (b®h) = (ab)®h and  (bRR)-a =b a®®h o'

for all a € A and b®h € AQH.

Note that A®H is an A-bimodule via these actions. In fact, AQH is clearly a left A-
module and since p is an algebra morphism, A®H is a right A-module. The compatibility
between these actions is straightforward.

Thus, we can define two maps

AA@HS A@H — A@H XA A@H
a@h — a@hl Xa 1A@h2
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and
6A@H: A@H — A

a®h —  al%y(h1h).
Proposition 3.4.1. With the above defined maps, AQH becomes an A-coring.
Proof. First of all, we will show that Ay is well-defined. In fact, the map

A:A®H — AQH @4 AQH
a®h — a@h1®A1A@h2

is such that ~
A(a®h)

A (alﬁ ® hli)
1°®hi1Y @4 1A®h21 2
6 6@h111111 @4 1a®hy 11,
h 101 Xa 1A@h211
a@hl 1 Xa 1A@h21T
a®hy ®410 - 1,@hy11
a®hy ®4 190ho1"
a@hy @4 14®hs
Ala® h),

therefore, since A gy = Al agn» the well-definition follows.
Moreover, Aagn is an A-bimodule map, as follows

K
1 T | I (R IIE o
I

a-Apgr(bRh)-c = a-b@h; @4 14R®h; - c

= ab®h; @2 c°®h2c
ab®hy ®A - 1aQhyct
ab®h1 0 XA 1A®h20
= abcoo®h1001 X4 1A®h2C
abcolo®hlc 111 X4 1A®h20 9
ab®@hic'y @4 14@hocly
= Augu(abP@hcl)
= Apgu(a-bxh-c).

Now we will check that A g is coassociative. In fact,

(Angr @ Asgu(a®h) = Asgr(a®@hi) ® 1a®@hs
= a@hl X 1A@h2 X 1A@h3
= a®hi ® Augr(1a@hs)
= ([ &® AA@H)(CL@hl ® 1A@h2)
= (I (29 AA@H)AA@H(CL@h).

To show the well-definition of €4g 5, consider

E:A®H — A
a®h — aecg(h),

29



which is clearly well-defined. Therefore €45y is also well-defined since e gy =

Moreover,
a-eagn(b®h) - c

B
T ||E I
I'N

ab® ey (het)
ab®1° 5 (het1h)
e ann (ab®®hch)
6AéH(a -b&h - ¢).

It just remains to show the counit property.

(Iagn ® €agn)Dagu(a@h)

and

(EA@H & A IA@H)AA@H(G@h)

~

12

= a®hy @4 cagr(la®hs)

= a®hy - €A®H(1A®h2) ®aly

= a®h1 106H<h21 ) ®Xaly

= 100®h1101€H(h2 D ®ala

= 1010 ®h111111 SH(hgll )®A ]-A
= 0,10®h1111€H(h2

2) ®ala
al®@h1t @4 1,4

a@h XA 1A

a®h

(cagn ®a ]A®H)AA®H(CL10®]11 )
€A®H(a1 @0 11) @4 14Rha1'y
14®a €A®H(G1 O®h 1Y ) 14Qhs1t,
14 ®4al®10 en(h 11T )®h211

14 ®4al010e

14 ®4al%1%ey (11,17 )@h11,

14 ®4al% (10 )@hﬂ

14 ®4al’®@h1"

14®4 (I@h

a@h.

Therefore the reduced tensor product is an A-coring.
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Chapter 4

Galois extension and Morita theory

In this chapter we will discuss the existence of a Morita context relating the subalgebra
of invariants of a partial H-module algebra A and the correspondent partial smash product
A# H. We will also show that under some hypothesis, which are trivial in the Hopf algebra
case, the Morita context constructed here extends the one described by S. Montgomery in
[37].

Using the obtained context, we will develop a Galois theory. The main theorem consist
of 3 equivalences, which will be used to define a Galois extension in the partial (co)actions
of weak Hopf algebras case.

Finally, we will construct another Morita context, inspired in the coring’s case given by
S. Caenepeel.

4.1 A Morita context for the subalgebra of invariants

In this section we are interested in a Morita context between the subalgebra of invariants
of a partial H-module algebra A and the partial smash product A#H.

4.1.1 A general context

Definition 4.1.1. Let A be a left partial H-module algebra. The set ‘A = {a € A |
h-a=(h-14)a¥ h € H} is called the subalgebra of invariants of A.

Proposition 4.1.2. Let A be a left partial H-module algebra. Then c lies in A if and only
if h-(ac) = (h-a)c, for alla € A and h € H.

Proof. If ¢ € "A, then for all a € A and h € H

h-(ac) = (hy-a)(hsg-c)
= (hi-a)(hy-14)c
= (h (ZlA)
= (h-a)e
The converse is immediate taking a = 14. [
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It follows easily by IProposition 4.1.2| that “A is, in fact, a subalgebra of A.

Note that A#H is clearly a right A-module via the immersion of A into A#H, given
in |[Proposition 2.5.7]

We are now interested in showing that A is a left A#H module.

Proposition 4.1.3. Let A be a partial H-module algebra. Then A is a left A# H-module
by

- (A#H)®4 A — A
(a#h) = b +— a(h-b).
Proof. Firstly we need to show that — is well-defined. For each b € A, we can define
& i AX H— Aby @p(a,h) = a(h-b) which is Hy, balanced.
In fact, recalling that A is a right Hp-module via a < 2z = Sp'(2) - a (see
tion 2.5.1]), we have

p(a<z,h) = (a<z)(h-b)

= (Sp'(z)-a)(h-b)
=" a(Sz'(2) - 1a)(h D)
= (1,55 (2) - 14) (120 - b)
=" a(1; - 14)(12zh - b)
= a1y - 14)(zh - b)
= a(zh-b)

ov(a, zh)

for all a,b € A, 2 € Hy and h € H. This ensures that the map ¢, : A#H — A given by
wp(a#th) = a(h - b) is well-defined.
So we can define ¢ : (A#H) x A — A by ¢(a#h,b) = @y(a#h) = a(h-b). It is

A-balanced:
gb(aﬁh, bc) = a(h-be)
= CL(hl . b)(h2 . C)
= @c(alhy - b)#ha)
= @c((agth)(b#1))
= o((azth)(b#1), ¢).
Which shows that the map — is well-defined.

It just remains to prove that A is, in fact, a left A#H module. It is our next step:
For any a € A
(1Aﬁ1H) —a = 1A(1H . a) =a

and for any a,b,c € A and h,g € H,

(a#th) = [(b#g) — | = (a#h) = blg-¢)
a(h - (b(g - c)))
a(hy - b)(hag - )
[a(hy - b)#hag] — ¢
(aﬁh)(bﬁg) —c.
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And so A is a left A#H-module, as desired. ]

The next proposition show us an interesting property for the action —. It will be useful
to show that A is a right A#H module as well as in [Theorem 4.1.25( where we will show
an isomorphism concerning A.

Proposition 4.1.4. Let A be a partial H-module algebra. Then for all h,k € H,

[O£R) (14 — 1)1} — 1o = (1R (14K) — Lo
Proof. In fact,

{(1#0)[(14th — 1a)#1a]}t — 14 = {(1#h)[(k - 1a)#1k]} — 14
(h1 -k - 1A)ﬁh2] — 14

h
hok-14)
hi - 14)(hok - 14)
(7

1

“1a)#hok] — 14
#h)(19k) — 14

as desired. n

[
(
(
(
[
(1

Remark 4.1.5. Clearly, A is a right “A-module with action given by

GARA = A
a®b — ab.

Theorem 4.1.6. With the maps — and <, A becomes an (A#H, %)—bimodule.

In fact,

(a#th) — (b<ac) = (a#h) — be

|
=2
Tl
~—

for all a,b € A, h € H and ¢ € "A.

At this point, the savvy readers already noticed that we will use A as one of the modules
of the Morita context. Actually, it is usual to use A as both modules in the Morita context.

For weak Hopf algebras it is not true in general. So our next step is to construct another
module which should be an ("4, A#H)-bimodule.

Proposition 4.1.7. Define

Q = {a#h | (1#9)(a#th) = [(g- La)#1|(a#th), V g € H}
= {a#h | (91 a)#g:h = (9-1a)a#th, ¥V g€ H}.

Then @ s a right ideal in A#H.
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Proof. To show that @ is a right ideal we need to show that given a#h € Q and (b#g) €

A#H, then (1#Fk)[(a#th)(b#9)] = ((k - 1)#1)[(a#h)(b#g)] for all k € H.
In fact, using the associativity of the partial smash product and the fact that a#h € Q

we have
(1#k)[(a#th) (b#g)] = [(1#k)(asth)](b#9)
= [((k- D#L)(a#th)) (b9)
= ((k-D#1D)[(asth) (b#9)]
as desired. n

Remark 4.1.8. By the above proposition Q) becomes a right A#H-module with action
defined by (b#h) — (a#g) = (b#h)(a#g).
We can also define u
D:ARQ — Q
a® (b#h) +— (a#1y)(b#h).
To show that Q is a left “A-module with this map, it is enough to check that a> (b#h) lies
in Q for all a € A and (b#h) € Q.
In fact, let a € “A and (b#g) € Q, then for all h € H we have

(1#h)[a > (b#9)] #h)(a# 1) (b#g)
- a) ha)(b#9)

#
a)#1u)(La#ths)(b#g)
a)#1
(

™~
[ ||H Tl
o)

)((hz ~1a)#1m)(b#9)

Tl
I ||H I
=

[

I

3
o~~~ o~~~ o~ o~ o~
e e e e e e e N T )

Note that with these actions, () becomes an (%,AﬁH )-bimodule.

Now we have two rings and two bimodules, as required in the definition of a Morita
context. It just remains to define the appropriate maps. It is our next goal.

Define

(d#l) ®a — d(l-a)

and

prA®s Q — A#H (4.2)
a® (d) — (aftly)(dtl).
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Proposition 4.1.9. The following properties hold:

(1) The map T defines a morphism of “A-bimodules

(2) The map p defines a morphism of A#fH-bimodules

Proof. We firstly show that 7 is well-defined. In fact, define

T:QxA — A
(d#h,a) +— (d#h) —a=d(h-a).

To show that 7 is well-defined we just need to check that 7 is A# H-balanced.
Let d#l € Q, a#th € A#H and c € A we have that

7((d#h), (afth) = c) = (d#h) #
= (d#h)(a#th) —
= T((d#h
= T((d#h

and it means that 7: Q ®axy A — A is well-defined.
Moreover, Im(7)C “A. In fact, let h € H, d#l € Q and a € A. Then

h-7((d#1) ® a)

ol ||§|| |
=
==
—_

b
SN—

ol
B
Q

It is straightforward that 7 is a morphism of “A-bimodules.

To show that p is well-defined, take

i AXQ — A#H
(a, (d#1)) = (a#t14)(d4Hl).

It is enough to show fi is “A-balanced. Let a € A, ¢ € A and d#l € @, then

fi(ac, d#l) = (ac#1)(d#l)
= (a#1)(c#1)(d#l)
= j(a,c> (dﬁl))

and it follows that u is well-defined.

Moreover, it remains to show that u is A4 H-bilinear
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In fact, let (a#th), (c#fg) € A#H, b€ A and d#l € Q. Then

(afth)u(b @ (d#1))(c#tg) = (&#h)(b#l)(d#l)(%g)
= (a(hy - b)#ho) (d#1) (c#9)
= (a(hy - 0)#1)(1#hs) (d#1)(c#g)
= (a(h1 - b)#£1)((ha - 1)#£1)(d#1)(c#tg)
= (a(h - D)(ha - 1)#1)(d#1)(c#g)
= (a(h-b)#1)(d#!1)(c#g)
= pla(h-b) ® (d#1)(c#g))
= p(((agth) — b) @ ((d#l) = (c#9)))-
O]
Theorem 4.1.10. The sextuple (EA, A#H, A, Q, T, 1) is a Morita context.
Proof. 1t just remains to prove that
pla®@ (d#l) = c = a<7((d#l) ®c) (4.3)
and
T(d#I @ b) > (d#) = (d#tl) — pb @ d#l) (4.4)
for all a,b,c € A and (d#l), (d'#l') € Q. In fact,
pla® (ditl)) = ¢ = (a#1)(d#l) —
= (ad#l) —c
= ad(l-c)
= at((d#l) ® ¢)
= a<7((d#l) ®@c)
and
T(d#l @ b) > (d'#l') = d(l-b)> (d'#l')
= (d(l-D)#1)(d'#')
= (d(ly - b)#1)((lz - D)F#L)(d'#L)
= (d(ly - b)#1)(1l2) (d'#')
= (d(l1 - b)#l)(d'#)
= (d#t) (b 1) (d'#1')
= (dgtl) — (b 1)(d'#1')
= (d#l) — p(b® (d'#1'))
and we have the required result. O
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4.1.2 Recalling the classical context

In this subsection H will be a finite dimensional weak Hopf algebra.

Definition 4.1.11 ([9, Lemma 3.2]). An element ¢ € H is a left integral in H if one of the
following equivalent conditions hold:

(1) ht=er(h) t;
(2) t1 ® h tg = S(h) tl ®t2;
for all h € H. Denote by le the vector space of the left integrals in H.

Remark 4.1.12. If H has an invertible antipode, then applying S~ @ I in the equality
(@ we obtain
Sil(t1> ® h tz = Sil(tl) h ® t2. (45)

Proposition 4.1.13. For allh € H

re [ o InT(hs) = e1,(hn)T(hs). (4.6)

Proof. Supposing T a left integral in H*, then for any f € H*,

f(th(hQ)) = f(hl)T(h2)
= (f*T)(h)
= (ep(f)=T)(h
= e7(f)(h)T(hs)
= fler (h

and so hiT'(he) = er,(hy)T'(h2).
Conversely, if hyT'(hy) = €1 (h1)T (hg), then for any f € H*

(f+T)(h) = f(h)T(hs)
= fleL()T'(ha))
f(eL(ha))T (ho)
= ep(f)(h)T(ha)
= ( 1 (f) «T)(h)
and it means that T is a left integral in H*. ]

Remark 4.1.14. Recall that H is a left H*-module with the action given by h — [ =
fo(h) f1 and also H* is a left H-module with action given by f — h = hyf(hs).

Using the above remark we can define a dual pair of integrals in a weak Hopf algebra.
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Definition 4.1.15. Let t € le and T € le we say that the pair (¢,7") is a dual pair of
left integrals if t - T =1y« and T — t = 1§.

In [9] the definition of dual pair is simplified in a theorem:

Theorem 4.1.16. |9, Theorem 3.18] Let t € le If there exists T € H* such that T —
t = 1y, then it is unique and it is a left integral. Moreover, t — T = 1p-«.

The above theorem says, in others words, that if T'— ¢ = 1y, then (¢,7T) is a dual pair
of left integrals.

Remark 4.1.17. If H is a finite dimensional Hopf algebra, it is well known that the space
le has dimension 1 over the field k. Moreover, the map

0:H o [ — H
ft — f—t

s an isomorphism of vector spaces.
Then there exists an element T € H* such that T — t = 1y and by |Theorem 4.1.16|
the pair (t,T) is a dual pair of left integrals.

The dimension argument does not works for weak Hopf algebras. As an example, note
that for a finite groupoid G, the weak Hopf algebra kG has the integrals t. = > ¢, and
g9~ '=e

te = >, Op and they are linearly independent if e # ¢’. Moreover, the dimension of flkc
hh—1=¢'
over k is the order of Gy.

In [9], the authors show that the existence of a dual pair is equivalent to the weak
Hopf algebra to be a Frobenius algebra. Moreover, in [34], there is an example of weak
Hopf algebra which is not a Frobenius algebra. Hence, there exists a weak Hopf algebra
which do not have a dual pair of left integrals. However, the integrals can be found in the
groupoid algebra, as follows:

Example 4.1.18. Let G be a finite groupoid. Take t = ) 6, in kG and T = > p. in
kG*. Thus (t,T) is a dual pair of left integrals. e -
Remark 4.1.19. Note that, if (t,T) is a dual pair, then

11 ® 1y =t @ T (t3). (4.7)

Proposition 4.1.20 (|9, (3.44)-(3.45) with x=1]). Let (t,T) be a dual pair of left integrals,
so we have the following equality

T(S 't )ty = STHt)T(ts) = 1. (4.8)
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Proposition 4.1.21. Let t be a left integral in H and consider
€ = 1ﬁt2 X 1%5_1@1)
in A#H @4 A#H. Then, for any a#h in A#H, we have that

Proof. Let a#h in A#H, so

14ty @4 (1451 (t1)) (agth) 1ty @4 (1451 (t1)) (alhy - 1)#ths)

13 @4 S71(ta) - a(hy - 1)#S™(t1)ho

1ﬁt3 XA [Sil(tz) . Cb(hl . 1)%1”1%571(751)}@]
(1ﬁt3)[571(t2) . (l(hl : ].)ﬁ]_] Xa 1ﬁsil(t1)h2
t3 : S_l(tg) : CL(hl . 1)ﬁt4 XA 1%5’_1(751)}12

=
||E TR
=

[tsS7 (t2) - a(hy - 1)](ts - 1)#ts @4 1S5 (1) he
= (1 -alhy - D](1s s - D)#t3 @4 1457 (t1)he
= a(hy 1)t D #tt @4 18£S (1)
= [(a(hy - 1)#t2)(1#£1)] @4 157 (1) 1o
= a(hy - 1)#t @4 1#S7(t1)he
2 a(hy - D)#hy ta @4 14#£S71(t1)
(a#th)(14ft2) @4 13£57 (1)
as desired. n

Now let (¢,7") be a dual pair of left integrals and z € Hp, so we have the following
equality
(aﬁzlhl — ].)T(ZQhQ) €1 (aﬁlehl — ].)T(].th)
= (aﬁzhl — 1)T<h2)
= [(a<2)#h — 1T (hy),

which means that the following map

O A#H — A
a#th +—— (afthy — 1)T(hy), (4.9)

is well-defined because it is H-balanced.
Restricting ® to A#H we obtain that

Blagth) = ®(a(hy - 1)4#hy)
= [(a(h1 - 1)#ths) — 1]T'(hs3)
= a(hy - )T (h).
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Proposition 4.1.22. With the above notation, ® is a map of A-bimodules.

Proof. 1t is clear that ® is left A-linear. Now we will check that it is also right A-linear.

O((agth)(b#1))

as desired

®(a(hy - b)#hs)
a(hy - )(h2 DT (hs)
hy - 0)T'(hy)
er(h1) - b)T(he)
er(hy) - VBT (ho)
hy-1)b T'(hs)
(agth)b

=
—~
[

o
e
—

¥
||H
kel
Q
—~

=
&2

]

Proposition 4.1.23. The map ¢ and the element e above constructed have the following

compatibility:

Proof.
(®®al)(e)

= ¥
IIE I IIE 1

¥
o
@

(I ®4 @)(e)

E
||! R
£3

IIE Il IIE

(I @4 ) (14t @4 145
1#t2 ®A <I>(1#S
1#t2[ (1#5
(1£t3)[S™
tg . (S_
(t351

(11 - 1)(1gty - V)t T(S
(t - 1)#tsT(S™
14#6,T(S~
1#1.

(@ @4 1)(14t ®a 1#5
D(14£t2) @A 145~ ( 1)
[é(l#tz)#l][l#é’ Ht )]
[(ta - DT (t3)#1][14£5 7 (t1)]
(ta - DT (ts)#S5(t1)
(t2T'(ts) - 1)#S (1)

(I - D)#SH(11)
1a1,#S71(1,)

141,57 (14)

1#1.

H(t))

H(t))
'(t))
H(t1))#1]
H(t2) - 11T (S™
Ht2) - D#LT(S7H(t))
(t2) - 1)(ta - D#tsT (S (1))
H(t1))

H(t1))

H(t1))
'(t1))
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Now, we are able to equip A with a structure of right A# H-module, via
—i AQAA#FH — A

given by
a ~— b#h = @{(1%&)[(1%5‘1(151) — 1a)a#1y)(b#n)}
which is clearly well-defined.

Proposition 4.1.24. With the above definition, A is a right A# H-module.

Proof. In fact, for all a,b,c € A and g,h € H,

a— (1#1) = S{(1#:)[(1#57 (1) = La)aglu](1#1)}

= O{(1#t)[(1#S7 (1) = 1a)a#tlul}

- @{(1#152)[( —(ty) - 1A)a#1H]}

= O{(ta- ST (t1) - 1a)(ts - a)#ta}
O{(t2S7(t1) - 1a)(ts - 1a)(ta - @)#ts}
=2 0{(t2S7 M (1) - 1a) (1 - @)t}

€ @{(11 A)(1aty - a)#ta}

= O{(t - a)#t}

N

[ ||E
Lol

f—H
H~

(t - )(t2 - 14)T(t3)
(tl . a)T(tg)

tlT(tg) - a
(T'—1t)-a

1H - a

E

[ T (T =

L

and moreover

(a ~ b#th) ~ cftg =

= {(1#L)[(1#S7 () = 1a)a#t1u)(b#h)} — c#g
= O{(14t)[(1#S (tr) — 14)2{(14t2)
(1S (t1) — 1a)a# 1] (b#h) }#1 ] (c#9) }

= o{(1#ty)[@{[(1# S

)
S-
(145~

H
(t1r) = La)#1y]|(1#12)
(1357 (t1) — 1a) a#tlu](b#h)} 4L ul(c#g)}
S (1) [ (1) (1457 (1))
(145 (t
1#ts B
( 1

Y57 (tr)) = 1a)at1u]

= O{ (1) [B{( t1)
}ﬁ H](Cﬁg)}

(A5 (
(b#h)
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) = 1a)#1n] = La)agtlu](b#h)} #1a](c#g)}



1.1.21)

== O{(1# ) [@{ (145 (1)) (1#t2) [(AF#S ™ (t1) — 1a)a#t1x]
(b#h)}## 1] (c#g)}
O{(1#4) (145 (t1)) — 1a)adt 1) (b#h) (14t
[@{(1#S5~ (tr)) } #1ul(c#9)}
O{(1#t)[(1#S™(t1)) — 1a)aF#1u|(b#h)(c#g)}
a < (b#th)(c#g)
and this shows that A is a right AﬁH -module. ]

)

S

1.2

9¢)
)

4.1.2

oY)
)

Theorem 4.1.25. Let H be a finite dimensional weak Hopf algebra, (t,T) a dual pair of
left integrals and A a symmetric partial H-module algebra. Then A ~ @) as (EA,AﬁH)—
bimodules via

a:A — Q
a — ala) = (1#t) (145 (1) = 1a)a#1y). (4.11)

Proof. First of all, we need to show that « is well-defined, that is, Im(«) C @. In fact,

(g-1)#1] ala) = [(g- 1)#1a) (1) (1S (t1) = 1a)a#1y]
S (1) {[(1#S (1) [(9 - 1a)#Lm] — Lala#t 1y}
— (1) {[(1#5 71 (1)) [(1#g — 1) #1n] = Lala#ly}
(1) { (1S (1)) (1#g) — Lalaly}
B (14g) (1) {[1#S 7 (1) — Lala#tly}
—  (1#9) a(a).

Take S as the restriction of ® to (). We are going to show that (3 is the inverse of a. In
fact, foralla € A

Bla(a)) = ®(a(a))
= O[(1#t:)[(1#S " (t1) — 1a)a#tly]]
= aflAﬁlH
and moreover, if a#h € Q,
a(Bagth)) = (L#t)[(1#£S ' (t) — 1a)B(ath)#14]
= (1#)[(1#S7 (1) — 1a)®(a#h)#1y]
B (L) [R{[(1#S 7 (1) — La)#1u](a#th) Y441 4]
= (1) [@{[(S7 (1) - La)#1u] (adth) 41 4]
(1#t2) [D((1#S (1)) (ath))#15]
P (agth) (1) [P(1#S 1 (1)) #11)
CLE (apn).
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It just remains to prove that « is (EA, A4 H )-bilinear. In fact, let ¢ € Aand a € A, so

1%571@1) — 1,4)0&%1}[]
-14)ca#t1y]

a(ca)

2) - ¢)(S™ (tl) 1a)a#1p]

tz) 'C)#S Ht1) = 1a)a#t1y]
t1))(c#1) = 1a)a#1y]

A1) (144t) [(14£S 71 (1)) — 1a)a#14]

N
TR ||H ol
=

)

Iz

)
-

and this means that « is left “A-linear.

For the right A# H-linearity we use a dirty trick which consist in apply [ to the element
and discard it later using its injectivity. Moreover, remember that @ is a right A#H ideal.
If a € A and b#h € A#H, then -

Blala ~ bﬁh)) a ~— bi#h

O{(14ta) [(A#S ™ (t1) — 1a)a#t1u](b#h)}
Pla(a)(b#h)]

Bla(a)(b#h)]

Bla(a) — (b#h)).

Since 3 is injective, we have a(a <~ b#th) = a(a) ~ (b#h) as desired. O

The above theorem says that we can see the Morita context from [['heorem 4.1.10)
switching @ for A.

We will now use the definition of a to make clear who is 7 and p in the Morita context.

Consider ( ,): A®auny A — A defined by (a,b) = 7(a(a) ®b) and [ ,] : AQu A —
A#H defined by [a,b] = pu(a ® a(b)). Then

[a, b] ®04(b))

® (14t2) [(14S 71 (t1) — 14)b#14])
(1#t2)[(1ﬁ5_1(t1) — 14)0#14]
((1#5 Y1) (a# 1) — 14)0#14]
(((S7'(t2) - a )#5_1(751))41&1%111]
(S7H(t2) - a)(S™H(t1) - 1a)b#1H]
(S Y(t1) - a)b#1y]
Ht1) - a)b)#ts

) - a)(ts - b)#ty

@EE
:ﬁ:
—_

FEE
” B o el n

£
~
<~
[N}
0‘3/\
AN
—~
~

<~
[\

N N N /N

)
[
ts)]
3l
2)[(

<+~
N = = =
<+

1= {1

E

IE

=

—~
—_

)

S
RElRE = 7

=
=
00

—~



and

[
= 7t [(1#S (1) = La)al#tts @ D)

I
—~

<+~
N

[
1y [2%5—1( 1) = 14)ab]

Il
~
)

(PMA4)

- ab)

S S N N

So the Morita context (EA, A#H, A A, (,),],]) for partial actions of weak Hopf algebras
with a dual pair of integrals extends the one described by S. Montgomery in [37] for actions
of Hopf algebras as well as the one described by M. Alves and E. Batista in [3] for partial
actions of Hopf algebras.

Now we are able to start thinking about Galois theory for partial actions of weak Hopf
algebras.

4.2 (Galois theory

Galois theory is largely studied is several contexts. Starting from the classical theory,
where the structures are field extensions, several authors gave new approaches to the theory
using groups, groupoids, Hopf algebras, weak Hopf algebras and corings (cf. [3]7,/13-20],
25-27,1301,137]) usually acting on algebras. In some cases we can also have partial actions
on algebras.

All those theories are centered in a main theorem which give equivalent conditions for
an extension to be Galois. Our purpose now is to construct such a theorem for partial
actions of weak Hopf algebra.

Along this section H will be a finite dimensional weak Hopf algebra, (¢,7") will be a
dual pair of left integrals and A will be a symmetric left partial H-module algebra and
consequently a symmetric right partial H*-comodule algebra. We will denote by - the
partial action and by p the corresponding partial coaction.

Since T is a left integral in H*, so T" = T o S™! is a right integral in H*.

Note that H is a right H*-module algebra with action given by h < f = f(h1)hs.

Moreover, using the fact that (¢,7") is a dual pair, one can show that ¢t + 7" = 1. In
fact,

t«T = t+ToS!
= T(Sil(tl))tg



To show our main theorem, we first need to show that the reduced tensor product
A®H* is isomorphic to the partial smash product A#H as vector spaces. We draw the
attention to the fact that the partial smash product was obtained from the tensor product
over H;, and no more over the ground field like in the case of Hopf algebras.

To achieve the aim, we should define the following maps:

a: ARH* — A#H

a®f +— a#(t < f)
and
B:A#H — AQH”
aﬁh — Cl(hl : 1)@T’1(S<h2))T’2

Theorem 4.2.1. With the above notation, « is an isomorphism of vector spaces whose
mverse is 3.

Proof. First of all, we need to show that « is well-defined. For it, consider the map

G:AQH — A#H
a® f — a#(t<+ f)

which is clearly well-defined. Now let us see that &(AQH*) C A#H. In fact, for alla € A
and f € H*, o

a(a®f) = a(al®® f*1h)
al%%[t « (f 1)
alg?%f(tl)ll(tg)tg
al®1(t2)# f (t1)ts
a(tz - 1a)#f(t1)ts
(a#t f(t1)t2)(La#1ln)
a#t f(t1)t2
af(t < f) € A#H

where in (x) we used that the partial action and the partial coaction are related to each

other by h-a = a%l(h).
Note that a can be defined as the restriction &, .

—
*
~

Next, we will prove that 3 is well-defined. With this aim in view, we will first define a
map
B:A@y, H — AQH*
a®h — a®T'1(S(h))T"s.

To show that B is well-defined, we just need to show that it is H-balanced.
Recall from classical linear algebra that for a finite dimensional vector space the map
AN H — H*
ko= k:H* — k
fo= fk).
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is an isomorphism.
Let z € Hy, and h,k € H.

(I ®k)(Bla® zh))

N
||E
O

™~
T TR R ||H
(9%

T =
HE Il ||H 1 | A N |
5 S

(I® k
(I®k
al®T’,
al®T’,
al®1

(a@T"1(S(zh
(a10®T’(
(S(zh))[T"2
(S(zh)T" (
11 (ko)T"(S(zh)
a(ky - 1)T'(S(h)S(
a(loky - )T

(S ( )
a(zlaksy - 1)
a(zkg )

)
)

11 (ky)
( NT'y *
)19

1]

then clearly B is well-defined, i.e., it is H-balanced. Note that 8 = B|A#H and so it is also
well-defined. Now just remains to show that [ is the inverse of «. In fact, for all a € A,

ke Hand f € H*,

(I @ k)[Boalanf)]

=
=
=

L | e | R Y | B |

i

(I @ k)[Bagt(t < [f))]
(I ® k)[Blagt f(t1)t2)]
(I ® k)la(ts - 1)@f( )T'1(S(t3))1"9) -
(I® k)[aﬁt D1°® f(t)T'1(S(t 37))T’2 * 11
a(ts - 1)12f7t1)T 1(S(t3))T" 5 (Ky )1 (k)
a(ty - 1)1°1 (ka) f(t1)T'(S(ts)k1)
aty - 1) (kg - 1) f(t)T'(S(t3)k1)
a(f(t)te - 1) (ke - 1)T'(S(t3)k1)
al(ty < f) -1 (ko - T'(S(S™ (k1)t2))
al((kit1) <= f) - 1(ka - )T'(S(t2))
al((kit1) < f) - (ko - 1)T(22)
al((k1t:1T'(t2)) < f) - (k2 - 1)

al(k1(T — 1)) < f) - (k2 - 1)

al(ky < f) - 1(k2 - 1)
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I
o

I
Q
—_ Y~/

and

a(Blagth)) = a(ﬁ(a(hl : 1)ﬁhz))

|
Q
=
:
S
!
45
>
<
=

|
o

(t T 1(S(h2))T"2)
(S(ha)t1)ts

(t1) hats

haT' (1)t
hot  T")
ho

T’
T’

()

I
2 o
=
S

1)
1)
1-1)
1)
1)

#*
#
#*
#
#
#

= atth
Therefore, AQH* ~ A#H as vector spaces. O

For a partial H-comodule algebra A, the subalgebra of the partial coinvariants is defined
as

A% — {q € A| pla) = (@ 1n)p(1a)},
Note that if A is a partial H-module algebra, then it is a partial H*-comodule algebra
and A = A<l

Consider now the following maps:

Can: A® geonx A — A@H*i
a®b +— ab® @bt

and
[,]: A®H A — A#H

a®b > (a#l)(lﬁt)(bﬁl).
Then:
Lemma 4.2.2. The image of | ,] is a left ideal in A#H.

Proof. It is enough to show that (A#H)(1#t) C (A#1)(1#t).
In fact,

(afth)(144t) = a(hy - V)fthat
= a(h - 1)#€L(h2)
= la(hy - 1)] aep(ha)t
= a(hy-1)(ep(ho) - 1)#t
D a(lih-1)(L - )
=" a(h- gt
= (a(h-D#1)(1#1).
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Now we are able to announce the main theorem of this section:

Theorem 4.2.3. Let A be a partial H-comodule algebra. The following statements are
equivalent:

(1) Can is surjective;
(2) [,] is surjective;

(3) There exists {z;,y;}7_y in A such that Y x;(h-y;) =T (h1)hy - 14.
=1

1=

Moreover, in this case the maps | ,] and Can are bijective.

Proof. Note that the following diagram is commutative:

Can

A ® yeon= A AQH*
O
[ ] @
A#H
In fact,
a(Can(a®b)) = alab®Qb?)
= ab(t < b)
= ab"#bl ()t
= ab®bl(t,)#t,
= alt, b)#ts
= (a#t)(b#1)
= (aﬁl)(lﬁt)(bﬁl)
= [,](a®D).
Since « is bijective, it is clear that & .
Moreover, from the usual Morita theory if [ ,] is surjective then it is bijective. Using

again that « is bijective we have Can is bijective.

Supposing that holds, then

L @y) = 3 () (1) (i)

=1 =1

= D mi(ti - yi)#ta
=1

= T'(t)ts - Lagtts
= 1#T'(t1)ts

= 1#t« T

= 1#1
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and this implies 1#1 € Im([ ,]). By [Lemma 4.2.2 it is clear that [ ,] is surjective.

Conversely, if Can is surjective then there exists {x;, y;}"; such that Can(> x; ®@y;) =
i=1
1®T". So,
>oxi(h-y) = iny,ﬁy;(h)
i=1 =

=1

= (I® ib)( xi?/i6® 3/?)
=1

and this means that holds.
O

The elements in item (3) of the above theorem are called the Galois coordinates of A.

4.3 Morita Theory for partial comodule algebras

4.3.1 Some categorical results
We saw in that C = AQH = (A® H)p(la) is an A-coring. We will first

discuss the relation between comodules over C, whose categories will be denoted by ‘M
and the relative partial Hopf module.

Definition 4.3.1. Let M a vector space and A a symmetric partial H-comodule algebra.
We say M is a relative partial Hopf module if

(PRHM1) M is a right A-module;
(PRHM2) There exists py : M — M ® H such that:

(a) U ®em)pu = Iur;
(b) (par ® Dpar(m) = m® - 1° @ m" 1" @ m'y;

(PRHM3) p(m -a) =m° - a® @ m'a.

Definition 4.3.2. Let M and N relative partial Hopf modules. A morphism of relative
partial Hopf modules is a linear map f : M — N such that

(i) f(m-a)=f(m)-a;
(ii) pyof=(f®I)opu.
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It is clear that M% = {M | M is a relative partial Hopf module} becomes a category
with the morphism given in |Definition 4.3.2|

Our next aim is to show that the categories M and M are equivalent.
Let M be an object in MC, i.e., there is a coaction p: M — M ®,4C(= M ®@4 (AQH)).

Supposing p(m) = > m; @4 (a;®@h;) we have
i=1

p(m) = imz ®a (a;2h;)

=1

= Zml ®A (al-16® hllT)

=1

= Smi®4a;1° (14 ® hyl")

=1

= Zmz . aila Xa 1A X hi1T7
i=1

then we can define
p:M — M®H

m Zmz : ai16® hl]_T
i=1

Conversely, given p : M — M ® H with p(m) = m® ® m! we can define

p-M — M®sC
m mO®A1A@m1.

Remark 4.3.3. Using the notation p(m) = m°®@m' and p(m) = mO@ml, p and p satisfy
the following relation:

mO ® mT = mP @4 (16@7”1 1T)
= m'®, (1a@m") (4.12)
= m' @4 (1°@m'1h).

Remark 4.3.4. Note that from the definition of p we have p(m) = m°- 1°@m!'1L. In fact,

p(m) = Zf:lmi ®a (a;®h;)

= Zmz ®A (CLZ‘]_6® hl]_l)
=1

= S @4 (a;1710 @ h1T1T)
=1

= Y- a 1719, 14 ® h1T1T
=1

= Zmz . ailﬁl . 16 XA 1A X hi1T11T
i=1 _ _

= mo : 10 XA 1A®m111

80



then
m’ @ 10 @m' = p(m) B
mO . 10 ®A 1A ®m111

and so p(m) =m° -1 @ m'1L.

Proposition 4.3.5. With the above construction, (M, p) is a relative partial Hopf module
if and only if (M, p) lies in MC.

Proof. Note that M is an A-module by construction. Then (PRH M 1)) is satisfied.
(PRHM2))(a) < (CM2)

(I ®aec)p(m)

(4.12)

(I ®aec)(m®®@410m!)
m® @4 ec(1@m?b)

mP - 59(1@m1)7®,4 14

= mo-logH(mlll) ®aly
mPg(mb) @4 14.

Then (I ®4ec)p(m) =m ®4 14 if and only if meg(m!) = m.
(PRHM3)«< (CMI1)) We have

pm-a) = (m-a)f@s(m-a)
= (ma)) @4 140(m - a)!
= (m-a)? 1°Q414® (m-a)'1’
(m-a)®®@414® (m-a)
and, on the other hand
p(m) - a (m® @, ml)-a

IEH
&

m® @4 (1a@m') - a
— MmO ®4 (P@m'dl)
m®-a® @414 @ mtal,

then p(m-a) = (m-a)’ @ (m-a)' =m° - a® ® m'a® if and only if p(m - a) = p(m) - a

(PRHM2)(b) < (CM3)) Note that

(4.12)

(I®alc)p(m) =" m’@aldc(la@m')
= m'®y (1A®m 1) ®A (1a@m'y)
m® @4 (17 @ m'i17) @4 (19 @ m517)
= mO@4 (1717 @ m!1710T) @4 (14 @ m,17)
= m®@4(10@m" 1) @, (14 @ mialh)
= [m® 1m®A (1a @m! 11ﬁ)] @4 (14 @ mlyll)
= [m° 1010®A(1A®m1111)]®A(1A®m211)
=" [m®-1°@4 (1a@m!1")] @4 (14 @ mhy)
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and, on the other side

(p@Dpm) = pm°) ®4la@m'

= m’®a140m" @4 1a@m! ~
[TTLO . 100 ®a (1A ® m()ll()l)] R4 1A ® mlll
(PRHM3) [mo ®A (1A ® m01)] ®A 1A ® m1

then (p®@ I)p(m) = m®-1°®@m' 1T @m', if and only if (I @4 Ac)p(m) = (p@1)p(m). O
Using the above stated we have the functor
F:M¢ — M%
(M,p) — (M,p)
= f
remaining only to prove that if f : M — N is a morphism in M then f is a morphism in

M%, and that given f: M — N a morphism in M% then f is a morphism in MC.
In fact,

pn(fm)) = f(m)° @4 f(m)°

=2 f(m)° ®A L@ f(m)!

= f(m)*-1°®414® f(m)'1"

Fm)° @414 ® f(m)!

and on the other hand
(f @ I)pa(m) (f@I)(m°®am!)

= (fel)(m’®ils@m')
= (fRDmM’ 1°®,4 1, @ m'1!)
=  f(m°-19) @414 @m'1t
f(m®) @414 @m!

Then px(f(m)) = (f ® Ipar(m) if and only i (f @ Dns(m) = p (f(m)).
And this completes the proof of the following theorem:

Theorem 4.3.6. The categories M and M are isomorphic.

4.3.2 Morita theory

Recall now that if M € MC where C is any coring with a fixed grouplike z, then the
corresponding subcomodule of comvarlants is MC ={m e M| p(m)=m®ax}.

On the other side if M € M then M = {m e M | p(m) =m -1° @ 11}

Then, for the coring C = A®H and the grouplike p(1) we have M ol — ppeeC In fact,
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Mco(A@H)

{meM]|pm)=meaip(l)}
{meM|m°@,m' =m®,1°®1'}
meM|ml @ 10m' =m- 190, 1, @11}
meM|me,1%@m' 1T =m-1°®,4 1, ® 11}
meM|ml-1°@,1,@m'1  =m-1°®,4 1, @11}
fmeM|ml-1°9m'1' =m-1°® 1"}
meM|m'@m'=m-1°2 1}
{meM|pm)=m- 1°21'}

ME,

Note that A € ./\/l% and the action of A on A is given by multiplication. So

Consider now the set *(AQH)
= £[(a®hy) -

by (v#¢)(a®h)

_ Aco(A@H) )

coH coH

=4 Hom(A®H, A) with an associative product # defined
Y(1®hs)].

We also have the algebra Hom(H, A) with a multiplication # given by f#g(h) =

F(h2)g(ha f (ha)b).

Note that it is associative. In fact,

[(f#9)#k](R)

= (f#9)(ha) k(1 (f#g(h2))") o

= [f(h3)°g(hof (hs))°k(ha[f (hs)°g(haf (hs))]T)

= f(h3)"1%(haf(h3)'2) k(M (h3)01119(h2f(h) 2)")
= f(h3)°g(haf(hs)'a) k(hy f (hs)*1g(haf(hs))t)
= f(h2)°g((h1f(h2)")2) k(1 f(h2)?)1g((ha f (h2)1)2)!)
= f(f2)(g#k)(h1 f(h2)")

= [f#(g#k)](h).

Consider Hom(H, A) = {f € Hom(H,A)| f(h) = 1°f(h1')} that is a subalgebra of
Hom(H, A). In fact, let f,g € Hom(H, A), so

(f#9)(h)

Now given an element § € *(A®H) we can consider the map ag :

ag(h) = £(18h).

= f(h2)0g(haf(h2)") o

= [1°F (ha1)°g(ha[1°f (ho11)]1)

= 100f( 211)%g (71 1%V f (ha 210
11 F (g1 Ty)0g (A 11,17 (hp1Ty)T)
= 1% (ha1'9)’g(ha1'1 f(hal's)")

= 19F((R1)2)°g((h11)1 f((R11)2)")
= 1°(f#g)(h1).

H — A given by
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Note that o lies in Hom(H, A), in fact

POac(hl?) = 1

Converselly, given a map f in Hom(H, A) we can define a map Sy in *(AQH) by
Br(a®@h) = al’f(h1') = af(h), so we have

B:Hom(H,A) — *(A®H)
[ = B

Proposition 4.3.7. With the above notation, we have that Hom(H,A) isomorphic to
“(AQH) as algebras.

Proof. Consider the maps a : *(AQH) — Hom(H,A) and 8 : Hom(H,A) — *(A®H)
given above. Let f € Hom(H, A) and h € H, so

a(B(f))(h) = B(f)(1®h)
= 1af(h)
= f(h)

and for £ € *(A®H) and a®h € AQH,
pla(§))(agh) = aa(§)(h)
ag(1&h)

£(a- (19h))
= &(a@h).

Now, let 7,£ € *(A®H) and h € H, so

a(y#&)(h) = (v#8)(1h)

= £[(18h1) - A(

Ey(10he) ' @hy(1®hs)! ]

E(18he)° - (1001 (10ho)")]

= (1®h2)§[ @hw(l@fw)i
a(y)(h2) (&) [ha(y) (ha)']

= [a(y)#a()](h).

Since « is an isomophism that respects the product, clearly a(e¢) = 1gom(,4), therefore
an algebra isomorphism. O]

1®hs)]

'®
)0

84



In [14], Caenepeel constructed the subalgebra Q = {q € *C| ¢1-q(c2) = q(c¢) -z, Yc € C}
where z is a group-like element in C. In our case, we have that

Q {¢ € "(A2H)| (a®M) - E(18hy) = &(a®h) - p(1a)}
{€ € "(ARH)| a {(18h,) @M E(18h,)" = {(a®h)1°1'}

{€ € "(AvH)| a a()(ha)’ @ (§)(he)' =

Now consider

Q = a(Q) = {g € Hom(H, A)| q(h2)’®@h1q(ha)" = q(h) - p

—~

—_
~—
——

and
om(H, A)

— Hom

= jla)(h) =la(e,y,)(h)la
10a EH(h 11)
aepy(h al)

j A
a

which is clearly well-defined and, moreover, an algebra morphism. In fact, let a,b € A and
h € H, so

(4(a)#5(b))(h)

Clearly, j(14) = afe
7 1s injective. _
Note that, for all ¢ € Q, f € Hom(H, A), h € H and a € A, we have that

wen) = LHom(H,4) and, moreover, since a = j(a)(1y), we have that

(a#5(a))(h) = q(h)a (4.13)
((@)#f)(h) = a’f(ha'), (4.14)
In fact, _ _
(a#i(a))(h) = q(h2)’j(a)(hy f(h2)')
2 g(%(a)(1t
= q(h)1%g(1Y)a
= q(h)a
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and

(J(a)#f)(h)

Proposition 4.3.8. With the above notation, Q is a (Hom(H, A), A°H)-bimodule via
fra<a=[f#q# ja) (4.15)

Proof. First of all, we need to show that f ¢ <a lies in Q. In fact, for f € Hom(H, A)
and ¢ € ), we have

= [f(h3) f(hs 7)]0 ® hy [f(hs)’q(he f(Rhs)")]!
= f(hg)foq( f(h3)')° ® h f(h:a)mg(hg ftha))t
= f(h3)210Q(h2 f(h3)12)£) ® h f(hs)lgl q(hs f(h?))lg)li
= f(h2)q((hy f(h2)")2)° @ (hy f(h2)")rq((ha f(D2)")2)!
£ flha)0q(hy f(ha))10 @17
= (f#4)(h)

and, for a € A®H,

(0% 5(@)(ha) @ hia # j(@)(h2)T Z2 [g(ha) a © fa(ha) o'
= q(h2)° a® ® hyq(hs)' o
£ g% a® ® 11 a®

A:H q(h) a® @ a'

q(h) a 1°® 1T, )
(q#j(a))(h) 1° ® 1%,

Since j is an algebra morphism and Hom(H, A) is an associative algebra, then @ is a

IE
<

(Hom(H, A), A°2)-bimodule. O
Proposition 4.3.9. A is an (A°E, Hom(H, A))-bimodule via
a— b+ f=ab’f(bh). (4.16)
Proof. Let a be an element in A2 b in A and f in Hom(H, A), then
b 1ypma = b aleagn)

a(eagn) ()
b €A®H(1®bl)

€A®H(bo®bl)
Woe g (bh)
b

0e)
(=}



and, for f, g € Hom(H, A),

b f)e=g = @fO) =g
= (0°f(0"))°g((°£(0')")
— WO )
= BP10F(b)0g(b1 1 £ (01)T)
= () g6 f(B)Y)
= 0(f#q9)(0")
= b+ f#g.
Clearly, it is a bimodule, as follows
(a—=0b)« f ab<+ f
= " Of(a’ b)
AZE 100 £ (1T bY)
= ablf(bh)
= a—= b+ f)
O
Now consider the following maps
T A®Hﬂ(H,A) @ — Acoﬂ
a®q — a’q(a") (4.17)
T Q@ peon A — Hom(H, A)
g®a — q#ja). (4.18)

First of all, we need to check that 7 and p are well-defined. In fact,

p(t(a®q))

Q2 2 2 T

Therefore Zm(r) C A®Z. Now let
f € Hom(H, A), then

(a < )((a+ £))

ol —~
=

o o o

,\
‘ IS

Il
QR
o o o o

0]
3



and taking b € A«

q#j(b—a) = q#j(ba)
q#j(b)#3(a)
(¢ < D)#j(a).

Therefore 7 and p are well-defined.

Proposition 4.3.10. With the above notation, 7 is a (A®Z A°D) linear map and p is a
(Hom(H, A), Hom(H, A))-linear map.

Proof. By the above discussion, 7 and p are well-defined. B
For the linearity of 7, suppose a,a’ € A2 and b ® ¢ € A @pom(m,4) Q- Then

T(a— (b®q) «+ d)

I
\]
—~
=
1
=
X
QL —~
=)
/]\
Q\
S—
S—

Bl
&

N
=
|

[f = wlg@a) < gl(h) = [f#u(g® a)#g](h)
[f#aq#i(a)#g](h
(f#q)(hz) (7 a

I

/N /N
—

F =
R

— — — —
/\/-\
\_/\_/

=] o\ o\

[l
Ry
izﬁt
Q
Sil:
ﬁ./—\g
Q QO‘
s
=2

I
~
I
)

and it shows the desired. O]

Theorem 4.3.11. Let H be a weak Hopf algebra, and A a symmetric partial H-comodule
algebra. Then _
(A2, Hom(H, A), A, Q, T, p)

defines a Morita context.

Proof. 1t just remains to prove the relation between 7 and pu.
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In fact,
a4 plg®b)

and
[1(g ® a) = ¢'|(h)

— /N /N
SRR S
> 3= I
N L .
—~
2 &
S~—
—
<~ o
S
SN—
=l
[}
=
=
—~
o
(5SS
—~
L
SN—
N—
—~
>
[N}
N—
=l

—_—— —

]

Now it is clear that [Theorem 1.2.7| can be simply applied to the above context, giving
rise to some new Galois correspondences.
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